FF

w
4
)
-
|9
e
=
I
v
0
<
2
>
<
=z
o
=
<
)
=
[+
|
|
-
()
=
w

UNIVERSITY OF SPLIT

-
<
=
4
<
I
U
w
=
J
=
2
]
w
=
)
=z
w
=
<
)
o
=
o)
w
-
w
L
(@]
>
=
|
=)
U
<
[

¢

Slavko Vujev

e
—
-
Ll
Z
U
<
=
o,
o
—
U
LL]
—
LL







[
-
e

-
o
-
m
<

UNIVERSITY OF SPLIT
FACULTY OF ELECTRICAL ENGINEERING, MECHANICAL
ENGINEERING AND NAVAL ARCHITECTURE

Slavko Vujevi¢

ELECTROMAGNETICS

Split, April 2026




FES3

Publisher
FACULTY OF ELECTRICAL ENGINEERING, MECHANICAL
ENGINEERING AND NAVAL ARCHITECTURE

Editor

Associate Professor Ivo Marini¢-Kragic¢

Author

Professor Emeritus Slavko Vujevi¢

Reviewer
Professor Dragan Poljak

Proofreader
Ana MrSi¢ Zdilar, Senior Lecturer

Graphic Design and Illustrations

Professor Emeritus Slavko Vujevi¢

ISBN 978-953-290-150-4 (PDF)
ISBN 978-953-290-146-7 (Print)

This work is licensed under the CC BY-NC-ND 4.0 International license, which
@ @@@ permits downloading and sharing the work with others, provided that the authors
are credited, and that the work is not modified or used for commercial purposes.

The authors and the publisher of this book have made every effort in its preparation with the desire to convey
accurate and authoritative information regarding the book's topic. In no case shall the authors or the publisher be
held liable for incidental or consequential damages related to the execution or application of the procedures

described in the book.



To my family: Eda,
Andrija, Andela, and
Petar

I would like to thank
Professor Dragan Poljak for
his review, and Professor
Mateo Basi¢ for his careful
reading of the manuscript
prior to the review



PREFACE

This is the English-language edition of a textbook originally published in Croatian in 2024, listed as
the final reference in the bibliography of this textbook. This university-level textbook is the result of my
forty years of work in electromagnetic theory and numerical modeling of electromagnetic phenomena.
It is primarily intended for electrical engineering students specializing in electric power engineering and
fully covers the content of the current course Theoretical Electrical Engineering. Today, a more suitable
name for this course might be Engineering Electromagnetics.

The structure of the course and textbook is based on the lectures of Professor Mate Kurtovi¢, Ph.D.,
a highly respected supervisor whose approach served as the foundation for the material. Significant
influence also came from renowned university textbooks authored by Professors Zijad Haznadar, Zeljko
Stih, Tomo Bosanac, Jovan Surutka and Dragutin M. Veli¢kovi¢. Among problem collections, the one
compiled by Professor Sead Berberovi¢, Ph.D., was particularly valuable.

This textbook stands out from other works on electromagnetism in several important respects.
Maxwell's equations are originally formulated for conducting media that contain sources of the
electromagnetic field — an approach not satisfactorily addressed in existing literature. In addition,
electromagnetic fields are systematically classified based on the rate of their temporal variation.

Another key distinction lies in the definition of phasor magnitude, which is taken here as the root-
mean-square (RMS) value of the corresponding sinusoidal quantity. This approach aligns with
definitions used in foundational courses such as electrical engineering fundamentals and electric power
systems.

Split, April 2026

Author
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1. FUNDAMENTAL TERMS OF VECTOR ANALYSIS

Vector algebra is a branch of mathematics that enables the algebraic representation of vectors in
three-dimensional (3D) space and supports algebraic operations on vectors, whereas vector analysis,
also known as vector calculus, deals with the differentiation and integration of vector and scalar fields.
Linear algebra is a branch of mathematics concerned with the study of vectors, vector spaces, matrices,
linear transformations, linear operators and systems of linear equations.

A scalar is a quantity defined solely by its magnitude. A scalar function of one or more variables is
a function that assigns numbers to ordered n-tuples of numbers. In a narrower sense, scalars are real
numbers, but complex numbers are also referred to as scalars, or more precisely, complex scalars.
Accordingly, a complex scalar function of one or more variables is a function that assigns complex
numbers to ordered n-tuples of numbers.

A vector is a quantity defined by both magnitude and direction. For practical purposes, a vector is
often expressed as the sum of the products of its scalar components and the corresponding unit vectors
of a chosen coordinate system. The scalar components of a vector may be real or complex numbers. A
vector function is a function that assigns a vector to each real number (or, more generally, to each point
in its domain).

A scalar field is a scalar function that assigns a real or complex number to each point in space. A
vector field is a vector function that assigns a vector to each point in space, with components that may
be real or complex numbers.

1.1. Coordinate Systems

The fundamental coordinate systems are three-dimensional (3D) coordinate systems, whereas two-
dimensional (2D) and one-dimensional (1D) systems are considered subsets of the corresponding 3D
systems. Therefore, it is sufficient to provide a brief description of the 3D coordinate systems used in
this textbook.

Three-dimensional coordinate systems can be categorized as follows:
*  Orthogonal rectilinear coordinate systems,
*  Orthogonal curvilinear coordinate systems,
* Non-orthogonal rectilinear coordinate systems,

* Non-orthogonal curvilinear coordinate systems.

3D orthogonal coordinate systems are coordinate systems in which the unit vectors at every point
in space are orthogonal, i.e., mutually perpendicular.

This textbook employs only the following three 3D orthogonal coordinate systems:
* Cartesian (also known as Descartes or rectangular) coordinate system: (x, y, z),
* Cylindrical (or circular cylindrical) coordinate system: (r, ¢, z) or (r, @, 2),

* Spherical coordinate system (r, 3, @) or (r, 3, ¢).

In a cylindrical coordinate system, r represents the shortest distance from the field point to the z-axis,
whereas in a spherical coordinate system, » denotes the distance from the field point to the origin of the
coordinate system. The polar coordinate system (r, @) or (r, ¢) is a 2D coordinate system and can be
viewed as a subset of the cylindrical coordinate system (7, ¢, z) or (7, ¢, z).

The Cartesian coordinate system is an orthogonal rectilinear coordinate system, whereas the
cylindrical and spherical coordinate systems are orthogonal curvilinear coordinate systems. All three are
classified as right-handed orthogonal coordinate systems because the orientation of their unit vectors
follows the right-hand rule:

&, =&, x&; (1.1)

where €, €, and e are the unit vectors of the corresponding coordinate system.



1.2. Differential Vector Element Along an Oriented 3D Curve

The differential vector element along an oriented (directed) curve in an orthogonal 3D coordinate
system (ul,uz,u3 ), also known as the infinitesimal displacement vector, is given by the following

expression:
dr' = hy Ulu, (&, + hy [u, (&, + hy [Hus [, (1.2)
For a Cartesian coordinate system, the following expression holds:
(9, u3) - (%, y,2) 5 by =hy=hy=1 (1.3)
whereas for a cylindrical coordinate system, the following expression holds:
(g u3) = (n@2) + W=13 my=r ; hy=1 (1.4)

and for the spherical coordinate system, the following expression holds:
(,up,u3) - (r,8,8) =1 hy=r ; hy=rGEind (1.5)

From expressions (1.2) - (1.5), it follows directly that the differential vector element along an oriented
3D curve in the Cartesian coordinate system (x, y, z) is given by the following expression:

di = i,lr = dx0+dy§+dzk (1.6)
whereas the differential vector element along the oriented 3D curve in the cylindrical coordinate system
(r, @, z) is given by the expression:

dr = fUr = drié, +rldgé, +dz[E, (1.7)
and the differential vector element along an oriented 3D curve in the spherical coordinate system (r, 3,

@) is given by the expression:

di = [lr = dri& +r U9 &y +rBind lg (&, (1.8)

where ¢, is the unit vector tangent to the oriented 3D curve at the point of interest.

Let the parametric representation of the 3D curve in the Cartesian coordinate system (x, y, z) be
given by:
xX= x(t) ;Y= y(t) ; Z= z(t) (1.9)

and let the parametric representation of the 3D curve in the cylindrical coordinate system (r, ¢, z) be
given by:

r=rlt) : ¢=0(): z= z(t) (1.10)
and let the parametric representation of the 3D curve in the spherical coordinate system read (r, 3, ¢) be
given by:

r=r() 5 9=9(); ¢=¢() (1.11)

If the curve is oriented in the direction of increasing parameter ¢, it is said to be positively oriented.
Otherwise, the curve is negatively oriented.

From expressions (1.6) and (1.9), the differential arc length d7 in the Cartesian coordinate system

(x, y, z) is readily obtained as:
2 2 2
dr = ﬂ + a_y + % (¢ (1.12)
ot ot ot

whereas, based on the expressions (1.7) and (1.10), the differential arc length d/ in the cylindrical
coordinate system (7, ¢, z) is given by:




2 2 2
dr = ﬂ + rﬂ + % Lt (1.13)
ot ot ot
and, based on the expressions (1.8) and (1.11), the differential arc length d7 in the spherical coordinate
system (r, 3, @) is given by:

2 2 2
dr = \/[arJ + (raz—ﬂ +(r@im9aagJ At (1.14)

or

If the 3D curve in the Cartesian coordinate system (x, y, z) is parametrically described by the
equations y = y(x) and z = z(x), then the differential arc length d/ is given by the following expression:

2 2
dr = \/1+ (O_y} +(%J [ x (1.15)
Ox Ox

1.3. Differential Vector Element of an Oriented 3D Surface

The differential vector element of an oriented surface in an orthogonal 3D coordinate system
(ul, U, u3) is given by the expression:

d»§ = h2 D'l3 Diuz Diu3 El +h1 Dl3 Wul Diu3 Ez +h1 U’lz Blul Diuz E3 (116)

From expressions (1.16) and (1.3), it follows directly that the differential vector element of an
oriented 3D surface in the Cartesian coordinate system (x, y, z) is given by the following expression:

dS = ndS=dy@z0+dx@z0+dxyXk (1.17)

whereas from expressions (1.16) and (1.4), it follows that the differential vector element of an oriented
3D surface in the cylindrical coordinate system (r, ¢, z) is given by the expression:

dS = ilS=rpldz 8 +dridz By +rUrgle, (1.18)

and from expressions (1.16) and (1.5), it follows that the differential vector element of an oriented 3D
surface in the spherical coordinate system (r, 9, @) is given by the expression:

dS = ilS=r’Bind ¢ HIE, +rBindWr ¢ By +rlHrAIE, (1.19)

where 7 is the unit normal vector to the oriented surface at the point of interest.

Let the parametric representation of the 3D surface in the Cartesian coordinate system (x, y, z) be
given by:
x= x(u, v) ;Y= y(u, v) VS z(u, v) (1.20)

The operational expression for the differential surface area dS of a surface S in the Cartesian
coordinate system, as derived from expressions (1.20) and (1.16), is given by the following equation:

ds = 11n§ + ni +nz2 Ll u Ldlv (1.21)

where:



i j k

. _|0x 0dy 0z

i ={ny, ny,n,}= e (1.22)
o o o
dv Ov oOv

If a 3D surface in the Cartesian coordinate system (x, y, z) is defined by the equation z = z(x, y), then
the differential surface area dS is given by the following expression:

0z (azY
ds = 1+ | 25| +| 22| ey (1.23)
O0x dy

1.4. Differential Volume Element

The differential volume element in an orthogonal 3D coordinate system (ul, Uy, u3) is given by the

expression:
dVv = hl Ulz U13 Biul Biu2 Biu:; (124)

From expressions (1.24) and (1.3), it follows directly that the differential volume element in the
Cartesian coordinate system (x, y, z) is given by the following expression:

dV=dxldyldz (1.25)

whereas from expressions (1.24) and (1.4), it follows that the differential volume element in the
cylindrical coordinate system (r, ¢, z) is given by the expression:

dV=rldrldgldz (1.26)

and from expressions (1.24) and (1.5), it follows that the differential volume element in the spherical
coordinate system (7, 9, @) is given by the expression:

dV = r*Gind Wr WS¢ (1.27)

1.5. Hamiltonian Operator

The Hamiltonian operator (nabla operator) is a vector differential operator that, in an orthogonal 3D
coordinate system (ul, Uy, u3), is given by the following expression:

O izélgl—a‘a—wzgl—a‘a—wﬂl—a"— (1.28)
h’l aul h2 au2 h3 au3

From expressions (1.28) and (1.3), it follows directly that the nabla operator in the Cartesian
coordinate system (x, y, z) is given by the following expression:

msa=fai+3a°;+1za°; (1.29)
0x dy 0z

whereas from expressions (1.28) and (1.4), it follows that the nabla operator in the cylindrical coordinate
system (r, ¢, z) is given by the following expression:

Dsizéraa—+é¢daa—+ézaa— (1.30)
or r 09

0z

and from expressions (1.28) and (1.5), it follows that the nabla operator in the spherical coordinate
system (r, 3, @) is given by the following expression:
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O=0=¢ [—f;+esEll—Ef;

"or

1.31
% er:? 0 (1.31)

1.6. Gradient of a Scalar Field

The gradient of a scalar field is a vector field that is collinear with the normal to the level surface of
the scalar field and points in the direction of the steepest increase of the field. A level surface is a surface
on which the scalar function has a constant value.

The gradient of the scalar field ¥ in an orthogonal 3D coordinate system (ul, Uy, u3) is given by the
following expression:

grad¥ =¥ =— ! &El ! [—fﬂ[éz ! [—f;[@ (1.32)

hl aul 2 auz h3 au3

From expressions (1.32) and (1.3), it follows directly that the gradient of the scalar field ¥(x, y, z) in
the Cartesian coordinate system (x, y, z) is given by the following expression:
oV - 0¥ -  o¥

dy =0 = 0 + + k 1.33
& 0x oy 3 0z (139

whereas from expressions (1.32) and (1.4), it follows that the gradient of the scalar field ¥(r, ¢, z) in the
cylindrical coordinate system (r, @, z) is given by the following expression:

grad ¥ = D‘/J——E +—&E¢ +—@ (1.34)
or 0z

and from expressions (1.32) and (1.5), it follows that the gradient of the scalar field ¥(r, 4, ¢) in the
spherical coordinate system (r, 3, ¢) is given by the following expression:

grad ¥ = DQU——[E +—[—f;|} w[éq)
or rBlnﬂ ¢

(1.35)

1.7. Directional Derivative of a Scalar Field

The directional derivative of a scalar field ¥ in the direction of a vector s is given by the following
expression:
(A4 6 Y_

— =5, 0¥ =5, [grad ¥ (1.36)
as 6

where 5, is the unit vector in the direction of the vector s, whereas the gradient of the scalar field ¥'is
defined by expressions (1.32) - (1.35).

It follows from expression (1.36) that the directional derivative of the scalar field ¥ in the direction
of the vector s is equal to the scalar projection of the gradient of ¥ onto the vector s.

From expression (1.36), it follows that the gradient of the scalar field ¥ can also be expressed as:

o

grad¥ =0Y¥Y =—1"0& (1.37)
on
where:
n - the unit normal vector to the level surface of the scalar field ¥, directed along the direction of
the steepest increase of ¥,
oY L I . . S _
—— - the directional derivative of scalar field ¥ in the direction of the vector 7.
n



1.8. Directional Derivative of a Vector Field

The directional derivative of the vector field a in the direction of the vector § is given by the
following expression:
94 .94 _(s m)a (1.38)
Js 05§

where 5, is the unit vector in the direction of the vector s.

From expression (1.38), it follows that:
a

(m)a=s (1.39)
S

(=3

where s is the magnitude of the vector s.

1.9. Divergence of a Vector Field

The divergence of a vector field is a scalar field that represents the net rate at which the vector field
flows out of an infinitesimal volume around a point. It quantifies the strength of a source or sink of the
field's radial component at that point. In other words, divergence represents the volume density of the
outward flux of a vector field from an infinitesimal volume surrounding the point.

ds

oV

Figure 1.1. Volume V around point P, bounded by an oriented closed surface 0V

Let the point P be located inside a volume V, which is bounded by an oriented closed surface dV
(Figure 1.1). The divergence of the vector field a at point P is defined by the following expression:

§am§

diva =00 = lim &—— (1.40)
V0 \%

According to expression (1.40), the divergence of the vector field @ can be expressed as the scalar
product of the nabla operator and the vector field a. If the vector field a represents the surface density
of some physical quantity, then Ola represents the corresponding volume density of that quantity.

From the definition of divergence (1.40), it follows that the divergence of the vector field
a ={ay, a,,az} in an orthogonal 3D coordinate system is given by the following expression:

diva=OG=—_1 Eﬁa(hz (I (2 + 0 s sy ) + 0 hy (2, (1.41)
hl |]12 U@ aul auz au3

From expressions (1.41) and (1.3), it follows directly that the divergence of the vector field
a ={ay,ay, a,} in the Cartesian coordinate system (x, y, z) is given by the expression:

z

0
Oa, , %4y , 04, (1.42)
0x 0y 0z

diva=00L =

whereas from expressions (1.41) and (1.4), it follows that the divergence of the vector field
a={a,,ay,a,} inthe cylindrical coordinate system (r, ¢, ) is given by the expression:



9
diva = 0 < L) | 1 9%  dq, (143)
r or r 0¢ 0z

and from expressions (1.41) and (1.5), it follows that the divergence of the vector field a ={a,, ag, ag }
in the spherical coordinate system (7, , ¢) is given by the expression:

Dlzr)+ 1 plingtay) 1 94

- - (1.44)
r r Bind 0 rBind 0¢

2
diva = O =i25*’(’
R

1.10. Curl of a Vector Field

The curl of a vector field is a vector field that represents the circulation density at each point in space.
At a given point, the curl is represented by a vector whose direction indicates the axis of rotation
(following the right-hand rule), and whose magnitude corresponds to the maximum circulation per unit
area. The magnitude of the curl at a point provides information about the intensity of the local rotational
field source.

Let the point P lie on a surface S bounded by an oriented closed curve C (Figure 1.2). Let the
orientations of the surface § and the curve C be consistent with the right-hand rule.

dr
Figure 1.2. The surface S, on which the point P lies, bounded by the closed curve C

The curl of the vector field a at the point P, which lies on the surface S, is defined by the following
expressions:
fawar
curla=0xa ; nlurla=1lim< (1.45)
s-0 S

where 7 is the unit normal vector to the oriented surface S at the point P. According to expression
(1.45), the curl can be expressed as the cross product of the nabla operator and the vector field a.

From the definition of curl (1.45), it follows that the curl of the vector field a ={a,, a,,a;} in an
orthogonal 3D coordinate system (ul, Uy, u3) is given by the following expression:

hl |}1 h2 EZ h3 E:‘;
! go 9 0
hl D’lz D’l3 aul auz au3

hl B11 h2 BZZ h3 |]l3

curla=0xa = (1.46)

From expressions (1.46) and (1.3), it follows directly that the curl of the vector field a ={a,, ay,a, }
in the Cartesian coordinate system (x, y, z) is given by the following expression:

i ]k

curla = Oxa = 6_ 6_ 6_ (1.47)
dx 0y 0z
a, ay a



whereas from expressions (1.47) and (1.4), it follows that the curl of the vector field a ={a,, ay, a, }in
the cylindrical coordinate system (7, ¢, z) is given by the following expression:

e rlgy ¢,

curla =0xa =l[]a— 6_ 6_ (1.48)
r|or 0¢ 0z
a, rldy a,

and from expressions (1.41) and (1.5), it follows that the curl of the vector field a ={a,, ag, ag } in the
spherical coordinate system (r, 3, ) is given by the following expression:
e rléy r Bind [€,

! 9 9_ 9 (1.49)

r? Bind | or 0 0¢
a rla,  rBindl4,

curla=0xa =

1.11. Laplacian of a Scalar Field and Laplacian of a Vector Field

The Laplacian of the scalar field ¥ is given by the following expression:
AY=0*¢ = (0mM)¥ =000 ¥)=div (grad ¥) (1.50)

where A is the Laplace differential operator.

The Laplacian of the scalar field ¥ in an orthogonal 3D coordinate system (ul, Uy, u3) is given by
the following expression:

_ 1 0 E@ E@"U E@"U
AY=—" [N— 1.51
hl |]12 BZ3 Eﬁaul (pl aul ] auz ( P2 auzJ au3 [p3 au3 j:| ( . )

hy [h hy Lh hy Th
p =t = ;p3=1h32

hy hy
From expressions (1.51), (1.52), and (1.3), it follows that the Laplacian of the scalar field ¥ in the
rectangular coordinate system (x, y, z) is given by the following expression:

where:

(1.52)

2 2 2
Aw:ifﬂlf#’af (1.53)
X y Z

whereas from expressions (1.51), (1.52) and (1.4), it follows that the Laplacian of the scalar field ¥ in
the cylindrical coordinate system (r, ¢, z) is given by the following expression:

A‘,U——Ba—( B(a_J+_B(92_w+a2w (1.54)

orl_ or ) r* a¢* 97°

and from expressions (1.51), (1.52) and (1.5), it follows that the Laplacian of the scalar field ¥ in the
spherical coordinate system (r, 3, ) is given by the following expression:

2
=%£(,,2E@L'Uj+ 1 (smﬂﬂﬁ j Eﬁ v (1.55)
r2 or or 03

r? Bind Gin%8 0¢°




The following expression is valid for the Laplacian of the vector field a :

Aa=(0mM)a=0000E)-0x(0xa) = grad (div @) — curl (curl a) (1.56)

1.12. Types of Vector Fields

Conservative vector field is a vector field that is the gradient of some scalar field:
a=-0% =-grad¥ (1.57)

where the scalar field ¥ is the potential of the conservative vector field a.

A conservative vector field is always an irrotational vector field, and the vector field @ is an
irrotational vector field if:
Uxa=0 (1.58)

A vector field a is a solenoidal vector field if its divergence is equal to zero:

Ola=0 (1.59)

1.13. Ostrogradsky-Green-Gauss Integral Theorem

The Ostrogradsky-Green-Gauss theorem is the first major integral theorem of vector analysis, also
known as the Ostrogradsky-Gauss theorem, Green-Gauss theorem, Gauss's theorem or the divergence
theorem. This theorem relates the volume integral of the divergence of a vector field a over volume V
to the surface integral of the second kind of the same vector field a over the closed surface 0V that
bounds the volume V (Figure 1.3), and can be written as:

fatas = [(OG)wy = [diva @v (1.60)
1% |4 \%

—

ds

Figure 1.3. Volume V bounded by an oriented closed surface 0V

According to expression (1.60), the Ostrogradsky-Green-Gauss theorem is a tool for converting
between surface integrals of the second kind and volume integrals. This theorem transforms the flux of
a vector field a through a closed surface 0V into the volume integral of the divergence of the vector
field a within the enclosed volume V. It follows directly that the flux of the vector field through the
closed surface dV is a consequence of the existence of sources of the vector field a inside the
volume V.

If the volume V tends to zero around point P (Figure 1.1), then the Ostrogradsky-Green-Gauss
theorem takes the differential form given by expression (1.40), which is the definition of the divergence
of the vector field a.



1.14. Stokes' Integral Theorem

Stokes' theorem is the second important integral theorem of vector analysis. This theorem relates the
line integral of the second kind of a vector field @ along a closed curve C, which bounds the surface S,
to the surface integral of the curl of that vector field a over the surface S (Figure 1.4). It can be expressed
as follows:

fatus = [(Oxa)ws = [curla S (1.61)
C S s

ds l
C S
dr

Figure 1.4. Oriented surface S bounded by an oriented closed curve C

According to equation (1.61), Stokes' integral theorem serves as a tool for converting between line
integrals of the second kind and surface integrals of the second kind. Specifically, the theorem relates
the circulation of a vector field a along a closed oriented curve C to the flux of the curl of that vector
field a through the surface S, oriented according to the right-hand rule. It follows that the circulation of
a vector field a along a closed oriented curve C implies the presence of rotational sources of the vector
field a within the curve C.

If the surface S shrinks to zero around the point P (Figure 1.2), Stokes' theorem reduces to the
differential form given by equation (1.45), which represents the definition of the curl of the vector
field a.

1.15. Solved Example

Example 1.1. For a scalar field ¥ = < @2 (4, determine the magnitude and direction of the gradient at
the point T(2, 3 4) in the Cartesian coordinate system.

Solution:

According to (1.33), in the Cartesian coordinate system, the gradient of a scalar field ¥ is given by
the expression:
oY - ¥ - 0¥ -
+ +

d¥ =0 = B (k 1.62
& 0x 0y 3 0z (162)

The partial derivatives of a scalar field % are given by the following expressions:

a—wzngzﬁ ; a—w=2&3w ; a—w=x3@2 (1.63)
O0x Oy 0z
and the values of these derivatives at the given point 7 are:
o =432 o =192 ; o =72 (1.64)
x| 0y |p 0z |,
The gradient of the scalar field ¥ at the point T is given by:
OW|, =4320 +192G+72k (1.65)
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so the magnitude of the gradient is:

(Ow),| =4322 +192% +72? =478.1966123 (1.66)

The direction of the gradient vector can be expressed in terms of the cosines of the angles it makes
with the coordinate axes:

(DW)O=cosaﬁ+cos,8j+cosylj: (1.67)

and at the given point 7, the following holds:

cosa = — B2~ 00033941 = a=253921431° (1.68)
478.1966123
192 o
0sf= ——= = 04015085 = [B= 663274846 (1.69)
478.1966123
72 .
0s y = 0.1505657 = y=81.3402898 (1.70)

= 478.1966123
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2. THE MOST IMPORTANT ELECTROMAGNETIC QUANTITIES

For the sake of clarity, it is helpful to list the most important electromagnetic quantities, along with
their symbols and units of measurement, at the very beginning of the textbook. These include:

- electric field intensity vector, (V/m),

- vector of the surface density of the electric current, (A/m?),

- electric displacement vector; electric flux density vector, (C/m?),
- electric polarization vector, (C/m?),

- magnetic field intensity vector, (A/m),

>~TRN e TR T w TR TR o

- magnetic flux density vector; magnetic induction vector (T = Vs/m?),

=

- magnetization vector, (A/m),

~I

s - vector of the surface density of the source (impressed) electric current, (A/m?),

g8y =—U D;S - volume density of the source leakage electric current’, (A/m?),

A - magnetic vector potential, (Tm = Vs/m),

@ - electric scalar potential, (V),

@., - magnetic scalar potential, (A),

P - volume electric charge density, (C/m?),

P, - volume density of the source (impressed) electric charge, (C/m?),

0 - surface electric charge density, (C/m?),
A - linear electric charge density, (C/m),

q, Q - electric charge, (C),

T - linear density of the electric current, (A/m),

K - electrical conductivity of a medium’, (S/m),

& =&, L&, - permittivity of a medium, (F/m),

£, =8,8541878128%107'2 F/m - vacuum permittivity,

&, 21-relative permittivity of a medium,

M = U, L}4. - magnetic permeability of a medium, (H/m = Vs/Am),
M, =4UTx 107" H/m - vacuum magnetic permeability,

M. - magnetic permeability of a medium.

The quantity g, was introduced into electromagnetism by the author of this textbook to provide a
correct formulation of Maxwell's equations and the equations for the electric scalar potential in a
conducting medium that contains impressed electric currents. It represents the volume density of the
source leakage electric current injected into the surrounding medium by the source. An analogous
quantity appears in fluid dynamics. This interpretation is consistent with the physical meaning of vector
field divergence.

* A new physical quantity in electromagnetics, introduced by the author of this textbook.
¥ In electromagnetic theory, the symbol ¢ is commonly used to denote the electrical conductivity of a medium.
However, in this textbook, the symbol ¢ is used to represent surface electric charge density.
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3. CONSTITUTIVE RELATIONS

The constitutive equations describe the relationships between two or more electromagnetic field
vectors through the properties of the medium. The following three constitutive equations are commonly
used:

D=g, (E+P (3.1)
J.=K[E (3.2)
B= y, i +m) (3.3)

where:
J . - the vector of the surface density of the conduction electric current,

P - the electric polarization vector,
M - the magnetization vector.

Therefore, in the general case, the following holds:

b=D(E) (34)
i, =7.(E) (3.5)
B=5(d) (3.6)

A medium can be:
* Isotropic or anisotropic,
e Linear or nonlinear,
* Homogeneous or inhomogeneous (heterogeneous).

If a medium is anisotropic, its properties vary with direction, whereas an isotropic medium has the
same properties in all directions. For example, cold-rolled sheet metal exhibits different magnetic
permeability along the rolling direction compared to the direction perpendicular to it.

If the medium is nonlinear, its characteristics depend on the intensity of the electric or magnetic field.
For example, the magnetic nonlinearity of a ferromagnetic medium is described by a magnetic hysteresis
curve. In contrast, if the medium is linear, its characteristic is independent of the field intensity, and the
hysteresis curve reduces to a straight line.

If the medium is homogeneous, it has the same properties at every point. In contrast, the properties
of an inhomogeneous medium vary from point to point.

If the medium is anisotropic, its properties are represented by tensors”, and the vectors on the left-
and right-hand sides of the constitutive relations are not collinear. In that case, the following equations
hold:

Dx ‘gx,x gx,y gx,z Ex
Dyr=l&,x &y &, |BE, (3.7
Dz | “z.x z,y 7,7 Ez
cX Kx,x Kx,y Kx,z Ex
Joy (= | Kyx Kyy Ky, |BE, (3.8)
cz _Kz,x Kz,y Z,Z Ez

* A tensor is an algebraic object that describes a multilinear relationship between sets of algebraic quantities
associated with a vector space, whereas a matrix is a second-order tensor.
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Bx :ux,x :ux,y :ux,z Hx
By 1= Hyx Hyy Hyz |SHy (3.9)
Bz :uz,x /uz,y /uz,z Hz

where:
Dy, Dy, D, - the components of the electric displacement vector,
E., E,, E, - the components of the electric field intensity vector,
Jexs Jey, Jez - the components of the vector of the surface density of the conduction electric current,
By, By, B, - the components of the magnetic flux density vector,
H,, Hy, H, - the components of the magnetic field intensity vector.

In equations (3.7) - (3.9), the properties of the medium are described by tensors (3x3 matrices). The
permittivity, electrical conductivity, and magnetic permeability tensors are symmetric, which means, for
example, that & =& ,. By rotating the coordinate system, these tensors can be transformed into
diagonal matrices.

For a nonlinear medium, the history of events within the medium also plays an important role, and
in that case, the following equations hold:

e=e(E) ; k=«x(E) : p=p(H) (3.10)

If the medium is both nonlinear and anisotropic, its characteristics are described by tensor functions,
i.e., the components of the relevant tensors depend on the intensity of the corresponding field.

If the medium is isotropic, its properties are represented by scalar constants or scalar functions. In a
linear and isotropic medium, the constitutive equations can be written as:

D=¢(E (D=¢[E); J=k[E (J=«[E) ; B= uH (B= uH) (3.11)

In this case, the medium properties are scalar constants or scalar functions. If the medium is linear,
isotropic, and homogeneous, its properties are scalar constants.

With respect to linearity, isotropy, and homogeneity, the properties of media of the same type can
still differ from one another.
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4. VECTOR OF THE SURFACE DENSITY OF THE TOTAL ELECTRIC CURRENT

In a stationary medium, the vector of the surface density of the total electric current” can be
expressed as:
oD

onv + at

T =T+ T +, (4.1)

where:

J ot - the vector of the surface density of the total electric current,
J s - the vector of the surface density of the source (impressed) electric current,

J. - the vector of the surface density of the conduction electric current,

J the vector of the surface density of the convection electric current,

conv ~

J dgisp - the vector of the surface density of the displacement electric current.

The displacement electric current arises from the time variation of the electric displacement vector,
and its surface density is described by the partial derivative of the electric displacement vector with
respect to time ¢:

- 0D
Jdisp = —— 4.2)
disp ot

According to equation (3.2), the surface density of the conduction electric current can be expressed
using the following constitutive relation:

J.=K[E (4.3)

which represents Ohm’s law in differential form. In a linear, isotropic, and homogeneous (LIH) medium,
the electrical conductivity « is a scalar constant.

Surface density of the convection electric current can be written as:

JCOHV

and represents the surface density of the electric current resulting from the motion of electric charge
with volume density p at velocity v,, under the influence of forces that are not electromagnetic in nature.

Conduction electric current is the movement of charged particles (electrons, positive and negative
ions, etc.) under the action of electromagnetic forces. Convection electric current, on the other hand,
refers to the movement of charged particles caused by forces that are not electromagnetic in nature.
Convection currents typically occur in gases and liquids.

This textbook does not address electric currents in gases and liquids; therefore, problems involving
convection electric currents will not be considered. When convection electric currents are excluded, the
vector of the surface density of the total electric current in stationary media can be described by the
following expression:

jtot:js+jc+‘,disp=js+‘lc+_ (4.5)

* The first complication in the physically correct naming of linear, surface, and volume densities of the electric
current is the use of the term surface current density to denote the linear density of the surface electric current,
measured perpendicular to the current direction - where surface electric current refers to an electric current flowing
along a surface. Surface current density is a vector quantity whose direction coincides with that of the surface
electric current. The second complication is the inconsistent use of the terms electric current density and volume
electric current density to describe surface or volume densities of the electric current. To avoid physical ambiguity,
this textbook adopts longer, unambiguous names for all three types of electric current densities.
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If convection electric currents are excluded from consideration, the surface density of the total
electric current in a slowly moving medium - moving at a constant relative velocity v with respect to the
observer — can be described by the following expression:

- dD D

jtot:js+‘]c+jdisp:j j dl (46)

where, in comparison to expression (4.5), the partial time derivative is replaced by the full time
derivative, given by the following expression:

db_0D g 0Dy, aDBa_ b = Gm)b + 2 4.7)
dr~ ox or dy dr 0z Or Ot t

where the nabla operator in the Cartesian coordinate system is given by the following expression:

- 0 - 0
O0=0=—0 + — — [k 4.8
0x ('3yq ¥ 0z (48)
Furthermore:
Ox(x D)= vdod)- (Fm) b (4.9)

where v is is the vector of the constant velocity relative to the observer.

From expressions (4.9) and (4.7), the following expression can be readily obtained:

C;_?__Dx(vxD)H[ﬁmm) %’f (4.10)

It follows that the surface density of the total electric current in a slowly moving medium, which
moves with a constant relative velocity v with respect to the observer, can be written as:

Jo =T 4T, + ‘ih =J.+7, -0x(FxD)+ v o)+ ‘Z’? @.11)

U
|
|

For the vector of the surface density of the total electric current, the continuity equation is valid and
can be written as:

divJ, =00, =0 (4.12)

which is consistent with Maxwell’s first differential equation, from which Maxwell’s third differential
equation can be derived.
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5. PHASOR TRANSFORMATION OF SINUSOIDAL QUANTITIES

In both electric circuit analysis and electromagnetism, sinusoidal (time-harmonic) quantities
commonly appear. These include scalar functions of time, vector functions of time, scalar fields, and
vector fields. Sinusoidal functions are described by sine or cosine functions.

Sinusoidal quantities in the time domain can be mapped to the phasor domain using the phasor
transform, developed in the late 19th century by American mathematician and electrical engineer
Charles Proteus Steinmetz while working at General Electric. He was inspired by Heaviside’s operator
calculus, which closely resembles the Laplace transform.

Let the sinusoidal electric voltage be described by the following scalar function of time:
u=u(t)=U,,, os(wd+6)=2 W kos(wl+6) (5.1

where:

u - the instantaneous value of the electric voltage, (V),

t - the time, (s),

Umax - the maximum value (peak value) of the electric voltage, (V),

U - the root-mean-square (RMS; effective) electric voltage, (V),

o - the angular frequency, (rad/s),

@ - the phase angle, (rad).

Euler's formula, which relates sine and cosine functions to complex exponential functions, can be
written as:

16) = cos(wid + 6) + jGin(w(d +6) (5.2)

where j=4/—1 is the imaginary unit.

Thus, the cosine is the real part, and the sine is the imaginary part of the exponential function:
cos(w +6) = Re[e/12)] sin(a)ﬂ+t9)=lm[eng)] (5.3)
It follows that:

u =2 W Ros(w + ) =Re[v2 W /0| =Re [V2 W /| =Re[0,,,] (54

7=U3/® (5.5)
Upae =2 =U,,,, @7 (5.6)
Upae =2 W /2=7 (2707 (5.7)

where:
U - the electric voltage phasor whose modulus is the RMS (effective) electric voltage,
U,.. - the electric voltage phasor whose modulus is the maximum value of the electric voltage,

U max - the rotating phasor whose modulus is the maximum value of the electric voltage.

A phasor is a complex number (scalar) expressed in Euler notation. Although a phasor is sometimes
referred to as a vector, this terminology is not appropriate — especially because this textbook also uses
phasors of vector quantities. A phasor is, in fact, a phase vector. The rotating phasor is a complex
function in Euler notation. However, rotating phasors will not be used in this textbook.
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The electric voltage phasor u (corresponding to a sinusoidal scalar function) can be defined in four
different ways:

* The electric voltage is described in the time domain by a cosine function, and the modulus of
the phasor U is the RMS (effective) value of the electric voltage;

* The electric voltage is described in the time domain by a sine function, and the modulus of the
phasor U is the RMS (effective) value of the electric voltage;

* The electric voltage is described in the time domain by a cosine function, and the modulus of

the phasor U, is the maximum value of the electric voltage;

* The electric voltage is described in the time domain by a sine function, and the modulus of the

phasor U ., is the maximum value of the electric voltage.

This textbook adopts the first definition of the phasor of a sinusoidal scalar function, which states
that the sinusoidal function in the time domain is described by a cosine function, and the modulus of the
phasor corresponds to the RMS (effective) value of the sinusoidal function.

The phasor representation of sinusoidal quantities enables the transformation of integro-differential
equations in the time domain into algebraic equations in the phasor domain. For the electric voltage
described by expressions (5.1) and (5.5), the following relation holds:

% - jl (5.9)
d*u =2 e —
- - ()W =-a*W (5.10)
fur - ——w=-Lar 5.11)
j v w
because it is:
de/W8 . d?e /@ 5
= jwl/@0 =(j ) /@0 5.12
d1 oy 612
. joi
[er®P==—+c (5.13)
j v

Let the sinusoidal vector (a vector function of time) in the time domain be described in the Cartesian
coordinate system by the following expression:

i=a,0+a,0+a, k={a,,a,a, (5.14)
where:
a, =2, Gos(wd+86,) (5.15)
a, =2 T, [os (wii +,) (5.16)
a, =2 A, Bos(w@ +86,) (5.17)

where Ay, Ay i A, are the RMS (effective) values of the components of the vector a.
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Thus, the components of the vector a are sinusoidal scalar functions of time, which can be
represented by phasors in the phasor domain. This means that a sinusoidal vector can be mapped from
the time domain to the phasor domain as follows:

i=AO+A G+ k={A,A4,A4, (5.18)
where:

a - the phasor of the vector a,
Z - the phasor of the x-component of the vector 4,

Ay - the phasor of the y-component of the vector 4,
ZZ - the phasor of the z-component of the vector a.

The phasor of a vector is a complex vector. In this textbook, vector phasors are used in which the
moduli of the components correspond to the RMS (effective) values of the associated cosine functions.

In a cylindrical coordinate system, the phasor of the vector a is described by the following
expression:

Q=408 + Ay By + 4,8, ={ 4,4, A, (5.19)

whereas in a spherical coordinate system, the phasor of the vector a is described by the following
expression:

Q=4 [8, + Ay By + Ay By ={ A, Ay, Ay} (5.20)

Phasors of sinusoidal scalar fields formally have the same form as phasors of sinusoidal scalar
functions that depend only on time, but the magnitudes and phase angles of the phasors of sinusoidal
scalar fields depend on the spatial coordinates of the chosen coordinate system.

Similarly, phasors of sinusoidal vector fields have the same formal structure as phasors of time-
dependent sinusoidal vector functions, but their magnitudes and phase angles vary with spatial
coordinates.

Since sinusoidal functions can be expressed using either sine or cosine functions of time, it is useful
to know the following two trigonometric identities:

sin (w(d + 8) = cos (wd + 6 - 71/2) = cos (a)ﬂ +6- 900) (5.21)

cos (w2 +6) =sin (wd+ 8 + 71/2) =sin (wm +6 +90°) (5.22)

19



6. MAXWELL'S EQUATIONS IN THE TIME DOMAIN

Maxwell’s equations are the fundamental equations of classical electromagnetism, or classical
electrodynamics. They can be expressed in differential form (valid at a single point) and in integral form
(valid over a 3D region). The equations are named after Scottish physicist James Clerk Maxwell, whose
most significant works are his two publications: A Dynamical Theory of the Electromagnetic Field
(1864) and the two-volume A Treatise on Electricity and Magnetism (1873). Building on previous
theoretical and experimental knowledge, Maxwell developed electromagnetic theory, unifying the
theories of electricity and magnetism. Maxwell’s equations reveal the wave nature of the
electromagnetic field, and his electromagnetic theory of light demonstrates that light is an
electromagnetic wave of very high frequency.

After Maxwell’s death, his ideas and equations were refined and modified to make them simpler and
more accessible. The most notable contributors to this process were the German physicist Heinrich
Rudolf Hertz, the Irish physicist George Francis FitzGerald, the British physicist Oliver Joseph Lodge
and the English self-taught electromagnetist, mathematician, and physicist Oliver Heaviside. Heaviside
referred to himself, FitzGerald, and Lodge as “The Maxwellians”.

In his electromagnetic theory, Maxwell formulated a system of twenty differential equations. These
equations were later condensed by Oliver Heaviside in 1884 into the four well-known vector differential
equations. Independently, American physicist Josiah Willard Gibbs and German physicist Heinrich
Rudolf Hertz arrived at the same idea of reducing Maxwell’s system to four vector equations. It is
therefore not surprising that the four differential equations — now universally known as Maxwell’s
equations — were once also referred to as the Hertz-Heaviside equations, the Maxwell-Hertz equations,
or the Maxwell-Heaviside equations.

6.1. Maxwell’s Differential Equations in a Slowly Moving Perfect Dielectric

A perfect dielectric, or insulator, is a dielectric material with zero electrical conductivity (x = 0). In
other words, a perfect dielectric is a non-conducting medium.

Maxwell's differential equations in a slowly moving perfect dielectric containing sources, which
moves at a constant relative velocity v with respect to the observer, can be written as follows:

curlﬁ=DXH=ftot=js+d—D (6.1)
dt
curlE=D><E=—d—B (6.2)
dt
div D =0 = p, (6.3)
divB=0B=0 (6.4)

where:
H - the magnetic field intensity vector,
E - the electric field intensity vector,
D - the electric displacement vector,
B - the magnetic flux density vector,

J ot - the vector of the surface density of the total electric current,

J - the vector of the surface density of the source (impressed) electric current,

P, - the volume density of the source (impressed) electric charge.
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According to equation (4.10), the following expression holds for the total derivative of the electric
displacement vector with respect to time:

@:-Dx(ﬁxﬁ)+ﬁ[ﬁﬂ@)+@ (6.5)

which, in a slowly moving perfect dielectric, according to (6.3) and (6.5), can be written as:

dD _ oD
—==-0OxWxD)+p.0+— 6.6
= [5xD)+ p, = (6.6)

where v is the vector of constant relative velocity with respect to the observer.

Analogous to expression (6.5), the following expression holds for the full derivative of the magnetic
flux density vector with respect to time:

9B - - 1xfyx5) 5 fE) + 2 ©7)

which, in a slowly moving perfect dielectric, according to equations (6.4) and (6.7), can be written as:

dB .\ 0B
Z=-0OxWxB) +— 6.8
dt (v ) ot (©:8)

where v is the vector of constant relative velocity with respect to the observer.

If expressions (6.6) and (6.8) are substituted into Maxwell’s differential equations (6.1) and (6.2),
then Maxwell’s differential equations in a slowly moving perfect dielectric can be written as follows:

DXH=f3+pSEF+%—DX(\7XB) (6.9)
DXE=—%+ DX(\7><I§) (6.10)

0D = p, (6.11)

OB =0 (6.12)

Which, in a linear, isotropic, and homogeneous (LIH) perfect dielectric, can be written as follows:

DXH=]S+pSEF+£Bas£—£E£DX(17XE) (6.13)
t
DXE”z—,uB%ﬂﬁuDDX(\?xFI) (6.14)
t
0E= (6.15)
£
O =0 (6.16)

where u and ¢ are the properties of the perfect LIH dielectric.
Since the following relation is valid:
div(curla)=0ff0xa)= 0 ; Oa (6.17)

It follows from Maxwell’s first differential equation (6.1) and equation (6.9) that the continuity
equation in a slowly moving perfect dielectric is given by the following expression:
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D%L+ig}5£i+gW+%qzo (6.18)

from which it follows that:

O, _4@D) (6.19)

‘ dt

Since, according to expression (6.3), in a perfect dielectric:

O = p, (6.20)

from expressions (6.6) and (6.17) - (6.20), it follows that:

- dp 0p 00,
O, = ——=—-—=-00p,0)=———-v 0O 6.21

(= e - Olp, ) =~ - v [{0p,) (6.21)

and it represents the continuity equation that connects the sources of the electromagnetic field.

6.2. Maxwell's Differential Equations in a Stationary Perfect Dielectric

From Maxwell's differential equations (6.1) - (6.4) for a slowly moving perfect dielectric containing
sources, one can easily obtain the corresponding equations for a stationary perfect dielectric (a stationary
system). In this case, the full-time derivative should be replaced by the partial time derivative.
Accordingly, Maxwell's differential equations in a stationary perfect dielectric can be written as follows:

Dxﬁsz=ﬁ+92 (6.22)
ot
Dsz—QE (6.23)
ot
O = p, (6.24)
OB =0 (6.25)

and these are the four well-known Maxwell differential equations.

From Maxwell's differential equations (6.13) - (6.16) in a slowly moving perfect LIH dielectric, the
following Maxwell's differential equations in a stationary perfect LIH dielectric can easily be obtained
for v =0:

DXH=fS+£€? (6.26)
t
OXE=-— gﬂi (6.27)
ot
0E =% (6.28)
£
O =0 (6.29)

In fact, the condition v =0 is included in Maxwell's differential equations (6.13) and (6.14).

From expressions (6.20) and (6.21), it follows that the continuity equation for a stationary perfect
dielectric is:
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07, =- 94 (6.30)
ot

which expresses the law of conservation of electric charge in mathematical form.

6.3. Maxwell's Differential Equations in a Slowly Moving Conducting Medium

Maxwell differential equations for a slowly moving conducting medium containing sources, moving
at constant relative velocity v with respect to the observer, take the following form:

ab

OxH=J=J,+J, + (6.31)
dt
OxE=-48 (6.32)
dt
0 EEfC +d—DJ =-00, = g (6.33)
dt
OB =0 (6.34)

where J . 18 the vector of the surface density of the conduction electric current, whereas g, =— ULJ,
is the volume density of the source leakage electric current”.

There is no free charge in a conducting medium (0, =0). If a free charge is introduced, it is rapidly
dissipated or redistributed over the surface of the conductor. According to equations (6.32) and (6.33),
in a conducting medium, the sources of the electric field can be a time-varying magnetic field and a
leakage electric current injected by an independent source into the surrounding conducting medium.

A novelty in this textbook is Maxwell’s third differential equation in a slowly moving conducting
medium (6.33), which is derived from the first of Maxwell’s differential equations for such a medium,
in such a way that:

DD}tot:DEEjs+jc+cil_l:J:DEﬁDxﬁ):o (635)

Therefore, the divergence of the curl of any vector field is equal to zero.

Maxwell’s differential equations in a slowly moving perfect dielectric, (6.1) - (6.4), represent a
special case of Maxwell’s differential equations in a slowly moving conducting medium, (6.31) - (6.34).
This is a physical requirement that must be satisfied. If fc =0 is substituted into equation (6.31),
equation (6.1) is obtained. Equations (6.2) and (6.32) are identical, as are equations (6.4) and (6.34). It
remains to be shown that equation (6.3) is a special case of equation (6.33). In a slowly moving perfect
dielectric, equation (6.33) can be written as:

fD _dOD) _ 5

00, (6.36)
dt dt )
From (6.30) and (6.36), the following equation follows:
4(OD) _ dp; b = p, (6.37)
dt dt )

* The components of the vector divergence are the derivatives of the vector components in the Cartesian
coordinates x, y, and z. So, it is easy to conclude that the unit of gs is A/m?, which indicates its physical meaning.
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If equations (6.5) and (6.8) are substituted into equations (6.31) and (6.32), Maxwell’s differential
equations in a slowly moving conducting medium can then be written as:

OxH = is+ic+vi5®)+%—mx(vx5) (6.38)
OxE = - aa—lfmx(vxé) (6.39)

DEEfC +vtﬁmm3)+%j: 2. (6.40)

OB =0 (6.41)

which, in a slowly moving conducting LIH medium, can be written as:

DX(H+£EPxE):fs+KEE+£EF[ﬁD@)+£Ba§—£DDx(§XE) (6.42)
Dxﬁz—ygz—[?+ym]x(\7><19) (6.43)

DEEKEE+£EF[6D[E)+£E%—?]=gH (6.44)

O =0 (6.45)

where 4, k, and ¢ are the physical properties of the conducting LIH medium.

6.4. Maxwell's Differential Equations in a Stationary Conducting Medium

From Maxwell’s differential equations (6.31) - (6.34) for a slowly moving conducting medium, the
corresponding equations for a stationary conducting medium (a stationary system) can be readily
obtained. In this case, the full-time derivative is replaced by the partial time derivative. Thus, Maxwell’s
differential equations in a stationary conducting medium can be written as follows:

OxH=J =J,+J, +%—It) (6.46)
Oxg=_98 (6.47)
ot
0 EEfC + a—DJ =g (6.48)
ot
O& =0 (6.49)

Maxwell’s differential equations in a stationary perfect dielectric (6.22) - (6.25) represent a special
case of Maxwell’s differential equations in a stationary conducting medium (6.46) - (6.49).

From Maxwell's differential equations (6.46) - (6.49), Maxwell’s differential equations for a
stationary conducting LIH medium can be readily obtained and written as follows:
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DxH=j5+KEE+gaaa—§ (6.50)
OxE=- (6.51)
0 [EK[E+£%]=[K+£%j(D E) = g (6.52)

O =0 (6.53)
where y, k, and ¢ are the physical properties of the conducting LIH medium.

6.5. Maxwell's Differential Equations in a Slowly Moving Good Conductor

In a good conductor, displacement electric currents can generally be neglected; that is, the following
approximation is used

dD
—=0 6.54
1 (6.54)
because:
J.>>4P (6.55)
dt

From expressions (6.31) - (6.34), (6.54), and (6.8), Maxwell’s differential equations for a slowly
moving good conductor can be readily obtained and written as follows:

OxH=J, =J +J, (6.56)

oxE=-2B=_98 , gx(;x5) (6.57)
dt ot

00, = g (6.58)

OB =0 (6.59)

which, in a slowly moving good LIH conductor, can be written as:

OxH=J, +k[E (6.60)
DXEz—uﬂil—Ij:—uB(;—Ij—yE[DX(ﬁXﬁ) (6.61)
OE = 8st (6.62)

K
OF =0 (6.63)
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6.6. Maxwell's Differential Equations in a Stationary Good Conductor

From Maxwell’s differential equations (6.56) - (6.59) for a slowly moving conducting medium, the
corresponding equations for a stationary good conductor (stationary system) can be readily obtained. In
equation (6.57), the full time derivative should be replaced by the partial time derivative, or equivalently,
the condition v =0 should be applied. Thus, Maxwell’s differential equations for a stationary good
conductor can be written as:

OxH=J =J, +J, (6.64)
nxg=-98 (6.65)
ot
00, =g, (6.66)
OB =0 (6.67)
which, in a stationary good LIH conductor, can be written as:
OxH=J +k[E (6.68)
DXE“z—,uBaﬂ (6.69)
ot
OE =8 (6.70)
K
0@ =0 (6.71)

6.7. Maxwell's Integral Equations in a Stationary Perfect Dielectric

Maxwell’s differential equations in a stationary perfect dielectric are given by the well-known
expressions (6.22) - (6.25). By applying Stokes’ integral theorem, as defined in expression (1.61) and
illustrated in Figure 1.4, to the first two equations, and the Ostrogradsky-Green-Gauss integral theorem,
as defined in expression (1.60) and shown in Figure 1.3, to the remaining two equations, the following
Maxwell integral equations for a stationary perfect dielectric can be obtained:

§H 7 =[J s + ja—D S =iy =iy +igiep (6.72)
C S S at
e=35EBz'f=— 9B - 9% (6.73)
- 3 ot ot
§DUS = [ p, v =g (6.74)
)% %4
§é @S =0 (6.75)
ov

where:

I, - the total electric current flowing through the surface S (Figure 1.4),

iy - the source electric current flowing through the surface S (Figure 1.4),
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lgisp - the displacement electric current flowing through the surface S (Figure 1.4),
e - the electromotive force (EMF) induced in the closed contour C (Figure 1.4),
@ - the magnetic flux through surface S (Figure 1.4),

g, - the source electric charge inside volume V (Figure 1.3).

According to expression (6.72):

i, = [ J, (6.76)
s
. oD _ -
iaisp = | AL (6.77)
3 t
According to expression (6.73):
e=§EDU/ (6.78)
c
®= j BLUS (6.79)
s
According to expression (6.74):
q,= [p, v (6.80)
14

Maxwell’s first integral equation in a stationary perfect dielectric (6.72) represents the generalized
Ampere’s law, which states that the circulation of the magnetic field intensity vector around a closed
curve C is equal to the total electric current flowing through an arbitrary surface S bounded by the curve
C, in accordance with the right-hand rule.

Maxwell’s second integral equation in a stationary perfect dielectric (6.73) represents Faraday’s law
of electromagnetic induction, which states that the circulation of the electric field vector around a closed
curve C is equal to the negative time derivative of the magnetic flux passing through an arbitrary surface
S bounded by the curve C, in accordance with the right-hand rule. According to Faraday’s law of
electromagnetic induction in a stationary system, the electromotive force (EMF) induced in a closed
contour C is equal to the negative time derivative of the magnetic flux through the surface S bounded
by that contour, also respecting the right-hand rule.

Maxwell’s third integral equation in a stationary perfect dielectric (6.74) represents Gauss’s law for
electricity, which states that the flux of the electric displacement vector through the closed surface S
enclosing a volume V is equal to the total electric charge contained within that volume.

Maxwell’s fourth integral equation in a stationary perfect dielectric (6.75) represents Gauss’s law for
magnetism, which states that the magnetic flux through the closed surface S enclosing a volume V is
equal to zero. This implies that magnetic monopoles do not exist.

The well-known differential continuity equation in the case of a stationary perfect dielectric is given
by expression (6.30). By applying the Ostrogradsky-Green-Gauss integral theorem, as defined in
expression (1.60) and illustrated in Figure 1.3, to this equation, the following integral form of the
continuity equation for a stationary perfect dielectric can be obtained:

jgstm\/:—j(mﬁs)uiv:% (6.81)
\% \%

In the case of a perfect dielectric, the volume density of the leakage electric current injected by the
source into the surrounding medium is equal to the volume density of the displacement electric current
injected by the source into the surrounding dielectric.
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6.8. Maxwell's Integral Equations in a Slowly Moving Perfect Dielectric

Maxwell’s differential equations in a slowly moving perfect dielectric are given by expressions (6.9)
- (6.12). By applying Stokes’ integral theorem, as defined in expression (1.61) and illustrated in
Figure 1.4, to the first two equations, and the Ostrogradsky-Green-Gauss integral theorem, as defined
in expression (1.60) and shown in Figure 1.3, to the remaining two equations, the following Maxwell
integral equations for a slowly moving perfect dielectric are obtained:

§Hmzf:j(fs Fp T+ %}m - §{ixD)ms (6.82)
C N C
- 0B o tf- =\s_ d®
e=iEDW =—SEBiS +i(vx3)w = (6.83)
§DS = [ p, v =g, (6.84)
)% Vv
§Eﬂi§=0 (6.85)
ov

Maxwell’s second integral equation in a slowly moving perfect dielectric, given by expression (6.83),
represents Faraday’s law of electromagnetic induction in a slowly moving medium. According to this
law, the electromotive force (EMF) induced in a closed contour that is moving through a time-varying
electromagnetic field or undergoing deformation can be expressed as:

e=§ED\if=—ﬂ :_6_¢+ (ﬁxé)ﬂif=etr+emo (6.86)
- dt o -

where e, is the induced EMF due to the transformation (time-dependent change of the magnetic field):

i :—a_¢ = - a_BBig (687)
ot o1
whereas e, is the induced EMF due to relative motion and/or deformation of the closed contour:
emo = § 7% B)7 (6.88)
c

The differential continuity equation for a slowly moving perfect dielectric is given by expression
(6.21). By applying the Ostrogradsky-Green-Gauss integral theorem, as defined in expression (1.60) and
illustrated in Figure 1.3, to that equation, the following integral form of the continuity equation in a
slowly moving perfect dielectric can be obtained:

[eu@v=-[(0F,)av =% (6.89)
\4 \%4

6.9. Maxwell's Integral Equations in a Slowly Moving Conducting Medium

Maxwell’s differential equations in a slowly moving conducting medium are given by expressions
(6.38) - (6.41). By applying Stokes’ integral theorem, as defined in expression (1.61) and illustrated in
Figure 1.4, to the first two equations, and the Ostrogradsky-Green-Gauss integral theorem, as defined
in expression (1.60) and shown in Figure 1.3, to the remaining two equations, the following Maxwell
integral equations for a slowly moving conducting medium can be obtained:
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iﬁW: {(fs+fc+\7[ﬁDEZl3)+%—?]Bi§—i(\7XB)Bif (6.90)
L B -  tf-sz\-_ dD
=fEwi=- [ ws +§fxB)mi=-42 6.91)
¢ i g ot i(v ) dt
§ (ie 7 [ﬁDDﬁ)+%J 85 = [ g, @V (6.92)
av \%
§BLES =0 (6.93)
ov

6.10. Maxwell's Integral Equations in a Stationary Conducting Medium

Maxwell’s differential equations in a slowly moving conducting medium are given by expressions
(6.38) - (6.41). By applying Stokes’ integral theorem, as defined in expression (1.61) and illustrated in
Figure 1.4, to the first two equations, and the Ostrogradsky-Green-Gauss integral theorem, as defined
in expression (1.60) and shown in Figure 1.3, to the remaining two equations, the following Maxwell
integral equations for a slowly moving conducting medium can be obtained:

§H = [| T + T, + 9P Vs =i, +i, +igg, (6.94)
- S ot
§EW=— 9B 5 =_9% (6.95)
- 3 ot ot
- 9D\ _ - )
§| e +— WS =g Qv =iy (6.96)
av 01 \%
§1§ @S =0 (6.97)
ov

where:
i. - the conduction electric current flowing through the surface S (Figure 1.4),
iy, - the source leakage electric current flowing into the surrounding conducting medium within the
considered volume V.

From expression (6.96), it follows that the electric current flowing out of the volume V through the
closed surface dV is equal to the electric current originating within the volume V (Figure 6.1).

Figure 6.1. Graphical illustration of the expression (6.96)
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The preceding integral equations can also be obtained from Maxwell’s integral equations for a slowly
moving conducting medium, given by expressions (6.90) - (6.93), by setting v = 0.

From Maxwell’s third integral equation (6.96), it follows that the sum of the conduction and
displacement electric currents flowing out of volume V is equal to the total (conduction and
displacement) leakage electric current injected by the independent source into the surrounding stationary
conducting medium.

6.11. Maxwell's Integral Equations in a Slowly Moving Good Conductor

Maxwell’s differential equations in a slowly moving good conductor are given by expressions (6.56)
- (6.59). By applying Stokes’ integral theorem, as defined in expression (1.61) and illustrated in
Figure 1.4, to the first two equations, and the Ostrogradsky-Green-Gauss integral theorem, as defined
in expression (1.60) and shown in Figure 1.3, to the remaining two equations, the following Maxwell
integral equations for a slowly moving good conductor can be obtained:

fawr=[(7,+ 7. )@s =i, +i, (6.98)
C S
§E@r =~ a—gm§+§(v><1§)w (6.99)
C S or C
§7. S = g v =i (6.100)
v |4
§BLES =0 (6.101)
oV

From Maxwell’s third integral equation (6.100), it follows that the conduction electric current
flowing out of volume V is equal to the conduction leakage current injected by the independent source
into the surrounding slowly moving good conductor.

6.12. Maxwell's Integral Equations in a Stationary Good Conductor

Maxwell’s differential equations in a stationary good conductor are given by expressions (6.64) -
(6.67). By applying Stokes’ integral theorem, as defined in expression (1.61) and illustrated in Figure
1.4, to the first two equations, and the Ostrogradsky-Green-Gauss integral theorem, as defined in
expression (1.60) and shown in Figure 1.3, to the remaining two equations, the following Maxwell
integral equations for a stationary good conductor can be obtained:

fi s =[(7,+ 7, )ws =i +i, (6.102)
C S
§E@r =~ 9B 145 (6.103)
- S ot
JUS = [ g, TV =i (6.104)
)% \%4
§BLUS =0 (6.105)
oV

The preceding integral equations can also be obtained from Maxwell’s integral equations in a slowly
moving good conductor, given by expressions (6.98) - (6.101), by applying the condition v =0.
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7. MAXWELL'S EQUATIONS IN THE PHASOR DOMAIN

If the electromagnetic field is sinusoidal (time-harmonic), Maxwell’s differential and integral
equations can be transformed from the time domain to the phasor domain. The phasor representation of
sinusoidal scalar and vector fields is discussed in detail in Chapter 5.

7.1. Maxwell's Differential Equations in a Slowly Moving Conducting Medium

Maxwell’s differential equations in a slowly moving conducting medium, in the time domain, are
given by expressions (6.38) - (6.41), and their phasor-domain equivalents can be expressed as:

OxH=J,+] +7{0D)+ j @D -0x(FxD) (7.1)
OxE= - jwB+0x(ixB) (7.2)

0q7, +v{oB)+ jmD)=-07, = 3, (1.3)
OB =0 (7.4)

g
=
o
-~
o

H - the phasor of the magnetic field intensity vector,

- the phasor of the electric field intensity vector,

o It |

- the phasor of the electric displacement vector,

- the phasor of the magnetic flux density vector,

o~ the phasor of the vector of the surface density of the source (impressed) electric current,

|~ I~ |o3

. - the phasor of the vector of the surface density of the conduction electric current,

8 - the phasor of the volume density of the leakage electric current injected by an independent
source into the surrounding conducting medium,
& - the angular frequency,
v - the vector of constant velocity relative to the observer,
j - the imaginary unit.
Maxwell’s differential equation (7.3) also represents the differential form of the continuity equation
in a slowly moving conducting medium.

7.2. Maxwell's Differential Equations in a Slowly Moving Good Conductor

Maxwell’s differential equations for a slowly moving good conductor in the phasor domain can be
obtained from those for a slowly moving conducting medium in the phasor domain by incorporating the
condition D =0 into expressions (7.1) and (7.3), as a consequence of neglecting displacement electric
currents. The resulting differential equations are as follows:

OxH=J,+J, (7.5)
OxE = j QB +0x(ixB) (7.6)
0. =gy (7.7)
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0B =0 (7.8)
which, in the case of a slowly moving good LIH conductor, can be written as:

OxH=J, +K[E (7.9)
OxE =~ jIuH + uMx(xA) (7.10)
OF =&t (7.11)
K
(@ =0 (7.12)

Maxwell’s differential equation (7.3) also represents the differential form of the continuity equation
in a slowly moving good conductor, while equation (7.11) serves the same role in the case of a slowly
moving good LIH conductor.

7.3. Maxwell's Differential Equations in a Stationary Conducting Medium

Maxwell’s differential equations in a stationary conducting medium in the phasor domain can be
obtained from those in a slowly moving conducting medium in the phasor domain by applying the
condition v =0 in expressions (7.1) - (7.3). The resulting differential equations are as follows:

OxH=J +J + QD (7.13)
OxE=-jwB (7.14)
0fJ, + j D)=z, (7.15)
OB =0 (7.16)

which, in the case of a stationary conducting LIH medium, can be written as:

OxH=J +(k+jRE)E (7.17)
OxE =~ jouH (7.18)
D@zﬁf_ﬁ (7.19)

0@ =0 (7.20)

where k + jlalg is the complex conductivity of the conducting LIH medium.”

* In electromagnetic theory, the symbol X =0 + j[&[& is commonly used to denote the complex conductivity of
a medium, where o represents the electrical conductivity of the medium. However, this notation is avoided in this
textbook, since the symbol o is reserved for surface electric charge density.
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7.4. Maxwell's Differential Equations in a Stationary Good Conductor

Maxwell’s differential equations in a stationary good conductor in the phasor domain can be obtained
from those for a stationary conducting medium in the phasor domain by setting D=0 in expressions
(7.13) and (7.15), as a consequence of neglecting displacement electric currents. The resulting
differential equations are as follows:

OxH=J,+J, (7.21)
OxE=- jwB (7.22)
OF =&t (7.23)

K
0B =0 (7.24)

OxH=J +k[E (7.25)
OxE =~ jwuH (7.26)
OE =&t (7.27)

K
& =0 (7.28)

7.5. Maxwell's Differential Equations in a Slowly Moving Perfect Dielectric

Maxwell’s differential equations in a slowly moving perfect dielectric, expressed in the time domain
by equations (6.9) - (6.12), can be transformed into the following phasor-domain form:

OxA=J +p, 0+ j@D-0x(5xD) (7.29)
OxE = j B +0x(ixB) (7.30)

0D = p, (7.31)

OB =0 (7.32)

where p, is the phasor of the volume density of the source (impressed) electric charge.

Taking the divergence of both sides of Maxwell’s differential equation (7.29) yields the following:

Om =
D o

(7.33)

By substituting expression (7.33) into expression (7.31), the following differential form of the
continuity equation in a slowly moving perfect dielectric can be obtained:

g, =-00, = jwip, + 0tp, 7)= jip, + 7 {07,) (7.34)
From Maxwell’s differential equations (7.29) - (7.32), the following Maxwell’s differential equations

for a slowly moving perfect LIH dielectric can be readily obtained:
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OxA=J +p 0+ wEE-sMx(ixE) (7.35)

OxE =~ jIuH +uMx(xA) (7.36)
nE = (7.37)

£
0@ =0 (7.38)

7.6. Maxwell's Differential Equations in a Stationary Perfect Dielectric

Maxwell’s differential equations in a stationary perfect dielectric in the phasor domain can be
obtained from those in a slowly moving perfect dielectric in the phasor domain by applying the condition
v =0 to expressions (7.29) and (7.30). The resulting differential equations are as follows:

OxH=J +jwD (7.39)
OxE=- B (7.40)
0 = p, (7.41)

OB =0 (7.42)

which, in the case of a stationary perfect LIH dielectric, can be written as:

OxH=J +jwEE (7.43)
OxE=- jwluH (7.44)
OE =5 (7.45)

&
O =0 (7.46)

If the condition v =0 is applied to the differential continuity equation for a slowly moving perfect
dielectric in the phasor domain, given by expression (7.34), the following continuity equation for a
stationary perfect dielectric in the phasor domain can be obtained:

ge=-00, = jp, (7.47)

7.7. Maxwell's Integral Equations in a Slowly Moving Conducting Medium

Maxwell’s differential equations in a slowly moving conducting medium are given by expressions
(7.1) - (7.4). By applying Stokes’ integral theorem, as defined in expression (1.61) and illustrated in
Figure 1.4, to the first two equations, and the Ostrogradsky-Green-Gauss integral theorem, as defined
in expression (1.60) and shown in Figure 1.3, to the remaining two equations, the following Maxwell
integral equations for a slowly moving conducting medium can be obtained:

fawr=[(7, +i, +voD)+ jaom)ws - §{5x5)wr (7.48)
C N C
fEW =- jat{ BaS +§{ixB)wr (7.49)
C S C
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§l7 +vdob)+ j om)ws = [z, @v (7.50)
v \%

§BLIS =0 (7.51)
1%

7.8. Maxwell's Integral Equations in a Slowly Moving Good Conductor

Maxwell’s integral equations in a slowly moving good conductor in the phasor domain can be
obtained from those for a slowly moving conducting medium in the phasor domain by setting D=0 in
expressions (7.48) and (7.50), as a consequence of neglecting displacement electric currents. The
resulting integral equations are as follows:

§H = [J WS+ [J WS =1, +1, (7.52)
C S S
§Ew@r = - jot BuS + {5 xB)wr (7.53)
C S C
§J S = [gyav =1, (7.54)
ov |4
§B @S =0 (7.55)
av

where:
I s - the phasor of the source electric current flowing through the surface § (Figure 1.4),
I .- the phasor of the conduction electric current flowing through the surface S (Figure 1.4),

] « - the phasor of the source leakage electric current flowing into the surrounding conducting
medium within the considered volume V.

7.9. Maxwell's Integral Equations in a Stationary Conducting Medium

Maxwell’s integral equations in a stationary conducting medium in the phasor domain can be
obtained from those for a slowly moving conducting medium in the phasor domain by setting v =0 in
expressions (7.48) - (7.51). The resulting integral equations are as follows:

§H U = [J WS + [ ] S + j DS = I + I + I (7.56)
C S S S
§E@: = - jo BUS (1.57)
C N
§(7, +joD)ws = [g,@v =1, (7.58)
ov |4
§BLIS =0 (7.59)
1%

where I disp 18 the phasor of the displacement electric current flowing through the surface S (Figure 1.4).
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7.10. Maxwell's Integral Equations in a Stationary Good Conductor

Maxwell’s integral equations in a stationary good conductor in the phasor domain can be obtained
from those for a slowly moving good conductor by setting v =0 in expression (7.53). The resulting
integral equations are as follows:

§H U =[] @S + [ WS =1 +1, (7.60)
C S S
§EW@r =~ jll BUS (7.61)
C S
§70uS =gy Lav =1 (7.62)
ov \%
§E @S =0 (7.63)
)%

7.11. Maxwell's Integral Equations in a Slowly Moving Perfect Dielectric

Maxwell’s differential equations in a slowly moving perfect dielectric are given by expressions
(7.29) - (7.32). By applying Stokes’ integral theorem, as defined in expression (1.61) and illustrated in
Figure 1.4, to the first two equations, and the Ostrogradsky-Green-Gauss integral theorem, as defined
in expression (1.60) and shown in Figure 1.3, to the remaining two equations, the following Maxwell
integral equations for a slowly moving perfect dielectric can be obtained:

fawr =, +p 0+ 2oD)@s - §{5x D) (7.64)
C S C
fEW =- jat{BwS +§[ixB)wr (7.65)
C S C
§Drs = [p, v =0, (7.66)
ov \%4
§Emi§:o (7.67)
av

where Q is the phasor of the source electric charge within volume V (Figure 1.3).

The differential continuity equation in a slowly moving perfect dielectric in the phasor domain is
given by expression (7.34). By applying the Ostrogradsky-Green-Gauss integral theorem, as defined in
expression (1.60) and illustrated in Figure 1.3, to this expression, the following integral form of the
continuity equation in a slowly moving perfect dielectric in the phasor domain can be obtained:

§(15s E[;)ljig = jgstmv —-J B‘)qﬁs LaV = I_st —J m@s (7.68)
ov Vv Vv

7.12. Maxwell's Integral Equations in a Stationary Perfect Dielectric
Maxwell’s integral equations in a stationary perfect dielectric in the phasor domain can be obtained

from those for a slowly moving perfect dielectric by setting v =0 in expressions (7.64) and (7.65). The
resulting integral equations are as follows:

§HU =[] WS + jo] DS = I, + Iy, (7.69)
C S S
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§EW@r = - jlo BUS (7.70)
C S

§D s = [p, v =0, (7.71)
oV \4
§BLIS =0 (7.72)
v

The integral continuity equation for a stationary perfect dielectric in the phasor domain can be
obtained from the corresponding equation for a slowly moving perfect dielectric, given by expression
(7.68), by substituting v =0 into it. The resulting integral continuity equation is:

Iy =gy v = j ol p, [V = j f DS = j IO, (7.73)
|4 \% oV

which asserts that the electric current introduced by an independent source into volume V corresponds
to the displacement current generated by that source within the same volume.

37



8. LORENTZ FORCE

Maxwell’s equations, the Lorentz force law, and Newton’s second law together provide a complete
classical description of the dynamics of charged particles and the electromagnetic field.

A point electric charge g, moving with velocity v in an electromagnetic field as observed from a
stationary reference frame, is subjected to the Lorentz force:

F=qUlE +7xB) (8.1)
where:

E - the electric field intensity,

B - the magnetic flux density.

The Lorentz force is the electromagnetic force acting on an electric charge ¢, and it is equal to the
sum of the electric force Fe acting on the charge:

F,=q[E (8.2)

and the magnetic force ﬁm acting on the same charge moving with velocity v in a magnetic field:

F,=qyxB) (8.3)

The magnetic force acts on a charge only when the charge is moving within a magnetic field, whereas
the electric force acts on a charge both when it is at rest and when it is moving within an electric field.

In the general case, the differential form of the Lorentz force law is given by the following
expression:

7=plE + v xB) (8.4)

where ]? is the volume force density vector acting on an electric charge with volume density p, moving
in an electromagnetic field. Since the surface density of the electric current resulting from the motion of
an electric charge can be described by the expression:

It follows that the volume force density may also be expressed as:
f=plE+JxB (8.6)

which leads to the integral form of the generalized Lorentz force law:

F=[fwv=[pdE+ixB)av =[(pE+JxB)av (8.7)
\%4 \%4 \%4
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9. ELECTROMAGNETIC POTENTIALS

To represent the electromagnetic field in a linear, isotropic, and homogeneous (LIH) medium,
auxiliary functions known as electromagnetic potentials are also employed. Several different pairs of
electromagnetic potentials can be defined, each associated with a different gauge conditions. Each pair
consists of one vector potential and one scalar potential.

_ The most commonly used pair of electromagnetic potentials consists of the magnetic vector potential
A and the electric scalar potential ¢, which, in accordance with Maxwell’s equations, are defined in a
slowly moving reference frame by the following expressions:

B=0xA 9.1)
E=-0¢- aa (9.2)
dt
whereas in a stationary reference frame, they are defined by the following expressions:
B=0OxA (9.3)
E=-0¢-— (9.4)

Electromagnetic potentials are not unique functions. If a correction is added to one potential, a
corresponding correction must be applied to the other in order to keep the magnetic flux density and the
electric field intensity unchanged.

Let us consider a stationary system where:

B=0xA=0x(4+4,) 9.5)
E:—D¢—‘;—j‘:-m(¢+¢c)—ﬂ%) 0

From expression (9.5), it follows that the correction to the magnetic vector potential is given by the
gradient of a scalar field:

A =0Y¥ 9.7)
because:

OxA, =0x(0%)=0 (9.8)
and from expression (9.6), it follows that the correction to the electric scalar potential is:

oY

o 9.9)

9. =

9.1. Electromagnetic Potentials in a Stationary Perfect Dielectric

According to (6.26) and (6.28), Maxwell’s first and third differential equations in a stationary perfect
LIH dielectric can be written as:

DxE=,uEVS+,ug~a‘2£ (9.10)
t
nE=~ ©.11)
E

where js and p, are the source densities of the electromagnetic field, which satisfy the continuity
equation (6.30).
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If the definitions of the electromagnetic potentials (9.3) and (9.4) are substituted into Maxwell’s
equations (9.10) and (9.11), the following expressions are obtained:

Dx(DxA)=yEVS—mea—(D¢+a—AJ (9.12)
ot ot
D[ED¢+ a—;‘J =P 9.13)
ot £
It holds that:
0x(0xA)=0(0d)-(0m)i=0(p H)-a4 9.14)

and expressions (9.12) and (9.13) then take the following form:

-
AA—y&G‘E—f—D(Dm+y@G‘;—fJ=—yD?S (9.15)
t
ap+ 2 (ooi)=-2 9.16)
or £

If the Lorenz gauge condition™:

OA +y@9‘;—f:0 (9.17)

is inserted into expressions (9.15) and (9.16), the following inhomogeneous undamped wave equations
for the potentials are obtained:

-

AA - yum‘;—f = —ul, (9.18)
t
2

ap - pzdl =~ (9.19)
or’ £

This is a complete system of equations if the densities of sources J s and p, are known.

The Lorenz gauge condition ensures that the source of the magnetic vector potential is solely the
surface density of the source electric current, and that the source of the electric scalar potential is solely
the volume density of the source electric charge. Electromagnetic potentials that satisfy the Lorenz
gauge condition are referred to as Lorenz potentials.

From the inhomogeneous undamped wave equations (9.18) and (9.19) in the time domain, the
inhomogeneous Helmholtz differential equations can be easily derived in the phasor domain:

AA-P TA=-pul, (9.20)
AF-Pp=-F (9.21)
2
where:
P=—k’=-? U ; k=owQluE ; y=jk (9.22)

The real constant k is the wave number, and the complex constant y is the propagation constant. In
the case of a perfect dielectric, the wave number is real, whereas in a conducting medium, the wave
number is complex.

* The Lorenz gauge condition is named after the Danish physicist and mathematician Ludwig Valentin Lorenz.
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9.2. Electromagnetic Potentials in a Stationary Conducting Medium

According to (6.50) and (6.52), Maxwell’s first and third differential equations in a stationary,
conducting LIH medium can be written as:

DX§=,UD73+,uD(D§+yDtB%—f (9.23)
(K+ gBZ—J(D@F -0, =g, (9.24)
t

where equation (9.24) also represents the continuity equation in a stationary, conducting LIH medium.

If the definitions of the electromagnetic potentials (9.3) and (9.4) are substituted into Maxwell’s
differential equations (9.23) and (9.24), the following expressions are obtained:

Dx(DxA): D(D D&)-AA:;{D?S —,LJD([ED¢+%—'§J—;{B‘%(D¢+%—?J (9.25)

(K +€Ii] [ED¢ +EJ:—gst (9.26)
which can be transformed into the following form:

- -
Aﬁ—yzmg—f—yma?—m(mui+yg~g‘;ﬁ+yu([¢j=-ymf
t t t

(. -
(K +e ES—J (A¢ + E(DDél)J =-g, (9.28)

If the Lorenz gauge condition in a conducting LIH medium:

9.27)

Dm+y&a‘;_f+yu(t¢=o (9.29)

is inserted into expressions (9.27) and (9.28), the final form of the inhomogeneous differential equations
for the electromagnetic potentials in a conducting medium is obtained:

,- .
Aﬁ—yﬁa‘;—f—yma‘?pyﬁs (9.30)
t t

(K+£&J(A¢—ﬂ|}d}2—?—ﬂﬂ(ﬂ]=—gst 9.31)
ot ot ot

which, in a good LIH conductor where displacement electric currents can be neglected, reduce to the
so-called inhomogeneous diffusion equations for the electromagnetic potentials:

A;l—,uD(B%—A:—,uEVS (9.32)

t

Ap- kPP - 8s (9.33)
ot K
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In a source-free, stationary, conducting LIH medium, the inhomogeneous differential equations
(9.30) and (9.31) reduce to homogeneous damped wave equations for the potentials:

,- -

Aﬁ—yzma—f—yu(aaﬁw (9.34)
ot ot
2

A¢—,L1B‘E—f;f—,uu( ¢:0 (9.35)
ot ot

From the inhomogeneous differential equations (9.30) and (9.31) in the time domain, the
corresponding inhomogeneous Helmholtz differential equations can be derived in the phasor domain:

AA-PA=-pul, (9.36)
AF -2 = st 9137
p-y 9 PEYI (9.37)
where:
=2 __ 72 _ . . . — .
Vr=-ki=joutk+ jiwE) ; p=jk (9.38)

From the inhomogeneous differential equations (9.32) and (9.33) in the time domain, the following
inhomogeneous Helmholtz differential equations can be derived in the phasor domain:

AA-P TA=-pul, 9.39)
A - =-S5 (9.40)
K
where:
yr=-k’=jukx ; y=jk (9.41)

From expressions (9.38) and (9.41), it follows that in a conducting medium, both the propagation
constant y and the wave number k are complex constants.
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10. WAVE FIELD EQUATIONS IN SOURCE-FREE LIH MEDIA

According to (6.50) - (6.54), in a source-free stationary conducting LIH medium, Maxwell’s
differential equations can be written as:

DxH=KEE+gG‘;—f (10.1)
ngz_#g"a_i’ (10.2)
OEF =0 (10.3)
O =0 (10.4)
It holds that:
Ox(0xA)=0(00)-Af =-Af (10.5)
Ox(0xE)=0(0E)- AE =- AE (10.6)

and from expressions (10.1), (10.2), (10.5), and (10.6), it follows that:

AH:—K[ﬂDxE)—eB‘M (10.7)

ot
AE=,uBa(Da+H) (10.8)

After substituting expression (10.2) into (10.7) and expression (10.1) into (10.8), the following
homogeneous damped wave field equations in a source-free conducting LIH medium are obtained:

- .

AE—y&G"—f—yu@aﬁw (10.9)
ot ot
) - .

Aﬁ—yﬁa‘;—f—yma?:o (10.10)
t t

which, in a source-free stationary perfect LIH dielectric, reduce to homogeneous undamped wave field
equations:

.

AE—y@B‘Z—fw (10.11)
t
) -

AH —ycmaa—?:o (10.12)
t

whereas the homogeneous damped wave field equations (10.9) and (10.10), in a source-free stationary
good LIH conductor and neglecting displacement electric currents, reduce to homogeneous diffusion
equations:

AE—yD(B‘;Em : Aﬁ—yu(aaaﬂm (10.13)
t t
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11. CONDITIONS AT THE BOUNDARY BETWEEN TWO STATIONARY MEDIA

On the boundary surface S between two homogeneous stationary media (Figure 11.1), the boundary
conditions must be satisfied for the field quantities £, H, D, B,and J.

medium 1

medium 2

Figure 11.1. Boundary surface between two homogeneous stationary media

The boundary conditions between two stationary media follow from Maxwell’s integral equations
for a stationary medium and depend on the properties of each medium. In the general case, the boundary
conditions can be expressed in vector form as [2]:

ix(E, - E,)=0 11.1)
ix(d, - H,)=K (11.2)
ilD, - D,)=0 (11.3)
ii B, - B,)=0 (11.4)
ﬁ[ﬁj]—jz)mmm: - ‘Z—f (11.5)

where:

K - the linear density of the surface electric current” on the boundary surface S,

K - the vector of the linear density of the surface electric current,

O - the surface density of the free electric charge on the boundary surface S,

Uep [X - the 2D divergence of the vector K in the tangential plane, which appears only if one of the

two media is superconducting.

If the normal and tangential components of the field vectors are used instead of the vectors
themselves, then the general boundary conditions (11.1) - (11.5) can be expressed in scalar form as:

Ey=Ep (11.6)
H,=H, +K, (11.7)

Dy =Dy 0 (11.8)

B, =B,, (11.9)
Jnlzjnz—%—f—mtﬂ% (11.10)

* This physical quantity is commonly known as surface current density, but this abbreviated term is not used in

this textbook to avoid confusion.
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where:

E.,, E,,H,, and H, are the tangential components of the field vectors,

D,.D,,.B,.B,,.J

10 > and J, are the normal components of the field vectors.

nl>

A surface electric current of linear density K is generated by the electromagnetic field at the
boundary between two media only when one of the media is a superconductor. However, a surface
electric current can also be produced by an independent source located at the boundary, in which case
we refer to it as an impressed surface electric current.

11.1. Conditions at the Boundary Between Two Conducting Media

Let both stationary media be conducting (Figure 11.1), and let an impressed surface electric current
exist on the boundary surface. Assume that neither medium is superconducting. Then the boundary
conditions can be written as:

ix(E, - E,)=0 (11.11)
ix(d, - H,)=k (11.12)
ilD, - D,)=0 (11.13)
i B, - B,)=0 (11.14)
i fl—fz):—%—f (11.15)

where K is the vector of the linear density of an impressed surface electric current. In this case, there
is no surface electric current generated by the electromagnetic field.

From equation (11.13), it follows that a free electric charge with surface density o accumulates at the
boundary between two conducting media placed in an electromagnetic field.

In the static case, the time derivative of the surface electric charge density in boundary condition
(11.15) is equal to zero, whereas boundary conditions (11.11) - (11.14) remain unchanged.

11.2. Conditions at the Boundary Between a Conducting Medium and a Perfect Dielectric

Let medium 2 be a stationary conducting medium and medium 1 a stationary perfect dielectric
(Figure 11.1), with an impressed surface electric current present on the boundary surface. Assume that
neither medium is superconducting. Then the boundary conditions can be written as:

iix(E, - E,)=0 (11.16)
ix(d, - H,)=k (11.17)
ilD, - D,)=0 (11.18)
i B, - B,)=0 (11.19)

ﬁEVZ:%—c: (11.20)
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because:
J; =0 (11.21)

which means that no electric current enters a perfect dielectric. In this case, there is no surface electric
current generated by the electromagnetic field.

In the electrostatic case, when the conducting medium 2 is placed in an electrostatic field, the
boundary conditions can be written as:

ixE =0 (11.22)
iD, =0 (11.23)

because:
E, =0 (11.24)

which means that a conductor in an electrostatic field is equipotential.

The magnetostatic field can be considered independently of the electrostatic field, and boundary
conditions (11.17) and (11.19) apply to it.

11.3. Conditions at the Boundary Between Two Perfect Dielectrics

Let both stationary media be perfect dielectrics (Figure 11.1), and assume that there is neither an
impressed surface electric current nor an impressed surface electric charge at the boundary between
them. Then the boundary conditions can be written as:

ix(E, - E,)=0 (11.25)
ix(d, - H,)=0 (11.26)
i D, - D,)=0 (11.27)
i B, - B,)=0 (11.28)

11.4. Conditions at the Boundary Between a Superconductor and a Perfect Dielectric

Let stationary medium 2 be a superconductor and stationary medium 1 a perfect dielectric. Since a
time-varying electromagnetic field cannot penetrate the superconductor, the boundary conditions can be
written as:

ixE =0 (11.29)
ixH =K (11.30)
iD, =0 (11.31)
7B, =0 (11.32)

- do
0, K =-— 11.33
P o1 (1139

where DtpD’z is the 2D divergence of the vector K in the tangential plane.



In this case, the following holds:
Jy=J,=0 (11.34)

and both the surface electric current and the surface electric charge at the boundary are generated by the
electromagnetic field.

In the static case, the electrostatic and magnetostatic fields are treated as mutually independent. The
electric field intensity in a superconductor is zero, but a magnetic field can penetrate the superconductor
if a steady electric current flows through it. The boundary conditions can then be written as:

ixE =0 (11.35)
ix(d, - f,)=K (11.36)
ilD, =0 (11.37)
i, - B,)=0 (11.38)
0, K =0 (11.39)

11.5. Conditions at the Boundary Between Two Media in the Phasor Domain

The previously stated boundary conditions at the interface between two media are valid in the time
domain. If the electromagnetic field is sinusoidal (time-harmonic), then the general boundary conditions
(11.1) - (11.5) in the phasor domain can be written as:

ix(E,~E,)=0 (11.40)
ix(d,-H,)=K (11.41)
idD,-D,)=7 (11.42)
B, -B,)=0 (11.43)

itld, - 1,)+ 0, K =~ j @ (11.44)
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12. ELECTROMAGNETIC ENERGY AND POYNTING'S THEOREM

The electromagnetic field is fully described by Maxwell’s equations, which also allow the calculation
of the energy stored in the field. Poynting’s theorem, representing the law of conservation of
electromagnetic energy, has both integral and differential forms and is applicable to time-harmonic
electromagnetic fields as well.

12.1. Energy Stored in an Electromagnetic Field

The time derivative of the energy W stored in the electromagnetic field is given by the following
expression [6, 12]:

or or ot

oW _ oW, , oW, jLEGa—JfHBa—jDW (12.1)

where W, is the energy stored in the electric field, and W, is the energy stored in the magnetic field.

From expression (12.1), it follows that, in the general case, the energy stored in an electric field can
be described by the following expression:

t = D
We:”EBa— DWDH:HE"@ISBW . oD= a—DBit (12.2)
ov Vo ot
and the energy stored in the magnetic field is given by:
t = B =
Wm:jjﬁa‘)ﬁ @v = [HBBGY o5 =98 (12.3)
A v ot
The energy stored in an electromagnetic field within a volume V can also be expressed as:
W= [wiav (12.4)
14

where w is the volume energy density stored in the electromagnetic field, which, according to (12.2) and
(12.3), is given by the expression:

D — — —
j @D + | H (BB (12.5)
0

which, in the special case when the medium is isotropic and nonlinear, can be written as:

O'—.U:J

D B
w=[EDBD+ [H 8B (12.6)
whereas, in the special case when the medium is isotropic and linear, it can be written as:
D B
D B 1
w:j—mp+j—m53:—EQE[D+HEB) (12.7)
0 € oM 2
and, in the special case when the medium is anisotropic and linear, it can be written as:
w=%[ﬁED§+FID§) (12.8)
It follows that the energy stored in an electromagnetic field in an anisotropic and linear medium can

be described by the following expression:
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W=We+wm=%E£(EED + HOB)av (12.9)

whereas the energy stored in an electromagnetic field in an isotropic and linear medium can be described
by the following expression:

W=We+wm=%E£(EED+HEB)WV=%[£(5EE2+ym2)mzv (12.10)

The energy stored in the electromagnetic field of a stationary perfect dielectric can also be computed
by integrating over the sources and a closed surface that bounds the volume V, without integrating over
the volume itself. If expressions (9.3) and (9.4) are substituted into expressions (12.2) and (12.3), and
Maxwell’s differential equations in a stationary perfect dielectric ((6.22) - (6.25)) are taken into account,
the following expression for the stored energy in a stationary nonlinear perfect dielectric can be
obtained:

W:jﬁ;mfps +Tfsmﬁ}miv— §[T¢D§5+TFIXJAJDH§ (12.11)
Vo 0 avV\ 0 0

where:
@ - the electric scalar potential,

A - the magnetic vector potential,

- _0A . . .
OA = o [dt - the variation of the magnetic vector potential,
t

J - the vector of the surface density of the source (impressed) electric current,

P, - the volume density of the source (impressed) electric charge,

op, = % [dt - the variation of the volume density of the source (impressed) electric charge.
t

It follows from expression (12.11) that the energy stored in the electromagnetic field of an unbounded
nonlinear perfect dielectric can be described by the following expression:

W=I[T¢ [Bp, +Tis uﬁ}mv (12.12)

Vo 0

From expression (12.11), it is straightforward to obtain that the energy stored in the electromagnetic
field of a linear perfect dielectric can be described by the following expression:
W= %Ef(ﬁbs+fSDK)DliV—%D§(¢D3+FIXA)Dl§ (12.13)
14 av

from which it follows that the energy stored in the electromagnetic field of an unbounded linear perfect
dielectric can be described by the following expression:

- %EW p, +J, O )av (12.14)
Vv

According to expressions (12.12) and (12.14), in the case of an unbounded perfect dielectric, the
energy stored in the electromagnetic field can be fully computed by integrating over the sources, instead
of integrating over the field, i.e., over the entire volume V. However, if the perfect dielectric is bounded,
then, according to expressions (12.11) and (12.13), the integration must be performed over the closed
surface that bounds the volume V, and not solely over the sources.

It is important to note that in a conducting medium, the energy stored in the electromagnetic field
can never be computed in a way that completely avoids integration over the entire volume V.
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12.2. Poynting's Theorem in the Time Domain

Poynting’s theorem is named after the British physicist John Henry Poynting, who introduced the
so-called Poynting vector” I into electromagnetic theory, which can be written as:

[ =ExH (12.15)

where E is the electric field intensity vector, and H isthe magnetic field intensity vector. The direction
of the Poynting vector represents the direction of electromagnetic energy flow, or equivalently, the
direction of propagation of the electromagnetic wave. Physically, the Poynting vector is the vector of
the surface density of instantaneous electromagnetic power, and its unit is watts per square meter
(W/m?2).

According to expressions (6.46) and (6.47), in a stationary conducting medium, at points where no
independent sources are present, the following Maxwell differential equations hold:

OxH=Jy =J, + 9D (12.16)
ot
nxg=-28 (12.17)
ot
Furthermore, the following holds:
00" =0dExA)=A {0 E)- Eqox ) (12.18)

from which, after substituting expressions (12.6) and (12.17) into expression (12.8), it follows that:
Du::—éﬁc—éa@—ﬁaaﬁ (12.19)
ot ot
and this is Poynting’s theorem in differential form, which can also be written in the more commonly
used form:

DU:+EE170+E%2+HB‘;£:0 (12.20)
t t

If the considered volume V contains independent sources (generators) that transfer energy to the
electromagnetic field within that volume, then Poynting’s theorem in differential form can be written as
follows:

s _nrrig +idP+ i (12.21)

where:

D, - the instantaneous electromagnetic power delivered to volume V' by independent sources,

d . . . .
4Ps_the volume density of the instantaneous electromagnetic power from independent sources.

If the Ostrogradsky-Green-Gauss integral theorem, given by expression (1.60) and illustrated in
Figure 1.3, is applied to expression (12.21), Poynting’s theorem in integral form can be obtained, which
can be written as follows:

ps=§fw§+jéﬁcwv+j(éaa—b+ﬁ fjwv (12.22)
S \% \%4

* The Poynting vector is sometimes referred to as the Umov-Poynting vector, after John Henry Poynting and the
Russian physicist and mathematician Nikolay Alekseevich Umov.
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or, more concisely:
ow

Ps = Pout + Py + a[ (1223)

where:
Dout - the instantaneous electromagnetic power flowing out of volume V,
pj - the instantaneous Joule loss power in volume V,
W - the electromagnetic energy stored in volume V,

0

a—W - the time derivative of the energy W, as described by expression (12.1),
t

S =0V - the closed surface enclosing volume V.

According to (12.22) and (12.23), the instantaneous electromagnetic power flowing out of volume V
through the closed surface S is given by the following expression:

pow = [0 )@y =§ 7 ws (12.24)
14 S

and the instantaneous power of Joule losses in the considered volume V is given by the following
expression:

py = [ED @V (12.25)
\4

where, by definition, Joule losses are heat losses that occur in ohmic resistance when an electric current
flows through it. This means that Joule losses in the considered conducting medium of volume V are
caused by the electric current flowing through that medium. It is easy to conclude that, in the special
case when the medium is a perfect dielectric, Joule losses do not exist.

According to expression (12.23), the instantaneous electromagnetic power delivered to volume V by
independent sources is equal to the sum of the instantaneous electromagnetic power flowing out of
volume V, the instantaneous power of Joule losses within volume V, and the time derivative of the energy
stored in the electromagnetic field within volume V.

The instantaneous electromagnetic power flowing into volume V through the closed surface S is
given by the following expression:

pw == [OF)@v == §7 @S == p,, (12.26)
1% S
and expression (12.23) can be rewritten in the following form:
ow
Pst Pin =D +F (12.27)

which means that the sum of the instantaneous electromagnetic power delivered to volume V by
independent sources and the instantaneous electromagnetic power flowing into volume V through the
closed surface S is equal to the sum of the instantaneous power of Joule losses within volume V and the
time derivative of the energy stored in the electromagnetic field within volume V.

If the medium is linear and isotropic, then according to expressions (12.10) and (12.22), Poynting’s
theorem in integral form can be written as:

£0E® + utH?)
ot

ps:§fmi§+jxm2mv+lqa(
S 14 2 1%

v (12.28)

Therefore, Poynting's theorem in integral form describes the flow of instantaneous electromagnetic
power”.

* The flow of instantaneous electromagnetic power is sometimes referred to as the flow of electromagnetic
energy.
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12.3. Complex Poynting’s Theorem

The Poynting vector is defined in the time domain by expression (12.1) and, in its physical meaning,
represents the vector of the surface density of instantaneous electromagnetic power. If the
electromagnetic field is sinusoidal (time-harmonic), a phasor transformation is applied. In the phasor
domain, the complex Poynting vector is given by the following expression:

_ O

X

[~
|t
==

(12.29)

where:

- the phasor of the electric field intensity vector,
- the phasor of the magnetic field intensity vector,

o the complex conjugate of the phasor of the magnetic field intensity vector H,

Ty [ It

- the symbol denotes complex conjugation of complex scalars and complex vectors.

The real part of the complex Poynting vector is equal to the average value of the Poynting vector in
the time domain:

h =1 TExFI [ =Re(l |=Re ExED (12.30)
= grme=_q
0 0

where T = 1/f is the time period of the sinusoidal function, whereas ff is the frequency of the sinusoidal
electromagnetic field.

'ﬂ|~

In its physical meaning, the complex Poynting vector represents the vector of the surface density of
the complex apparent electromagnetic power, and its unit is volt-amperes per square meter (VA/m?).

According to expressions (7.13) and (7.14), in a stationary conducting medium, at points where no
independent sources are present, the following Maxwell’s differential equations hold for the sinusoidal
electromagnetic field in the phasor domain:

OxH=J_+jwD (12.31)
OxE=- B (12.32)
From Maxwell’s equation (12.31), it follows that:

OxH =J. - D (12.33)

Furthermore, the following holds:
DD’_ DEQEXH j H [ﬁDxE EQDXH j (12.34)
Substituting expressions (12.32) and (12.33) into expression (12.34) yields:

0T =-Ed, —]@)[éénim—émj (12.35)

==

0T +EJ +]D;JE€EEED—ED§):0 (12.36)

Therefore, the complex Poynting’s theorem is the phasor-domain representation of Poynting’s theorem.

If the considered volume V contains independent sources (generators) that transfer energy to the
electromagnetic field within that volume, then the complex Poynting’s theorem in differential form can
be written as:
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0220+ £, +jwf b0 -ED) (12.37)
where:
S, ap,s - the complex apparent electromagnetic power delivered to volume V' by sources,
0Saps _

- the volume density of the complex apparent electromagnetic power S, .

If the Ostrogradsky—Green—Gauss integral theorem, given by expression (1.60) and illustrated in
Figure 1.3, is applied to expression (12.37), the complex Poynting’s theorem in integral form is obtained:

R gt , ~ -0 = =[]
Sap’S:§£DiS+J.EELBiV+JDwEI(§@ -ED )DVV (12.38)
S |4 |4

which, in the case when the stationary conducting medium is linear and isotropic, can be written as:

Sups =§L TS + [k (EG Dliv+ijqu(,uEH§f —EDZezf)DliV (12.39)
S \%4 \%

where:
E.; - the RMS (effective) value of the sinusoidal electric field intensity,

H . - the RMS (effective) value of the sinusoidal magnetic field intensity.

The complex Poynting’s theorem in integral form (12.39) can be written in condensed form as:

N = §ap,out +P+ J [0l |:ﬁvvm,av - We,av) = §ap,out +P+ ] @ (12-40)

ap,s

where:
S

ap,out - the complex apparent electromagnetic power flowing out of volume V,

P - the active (average) electromagnetic power in the considered volume V,

W,

m.av - the average value of the energy stored in a magnetic field,

W, .y - the average value of energy stored in an electric field,
Q - the reactive electromagnetic power in the considered volume V,
o - the angular frequency of a sinusoidal electromagnetic field.

According to expressions (12.39) and (12.40), the complex apparent electromagnetic power flowing
out of volume V is given by the following expression:

Sup.ou = § WS (12.41)
S

whereas the active electromagnetic power P is equal to the average power of Joule losses within a linear
and isotropic conducting medium:

. T
Pzaavzjﬁﬂjcwv=jkm§fm\/:lqmm (12.42)
’ T
14 4 0
where pj is the instantaneous power of Joule losses within a linear and isotropic conducting medium:
1
py=[«kEQY ;  EG=—[E* (12.43)
v T3

whereas E is the instantaneous value of the sinusoidal electric field intensity.
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According to expressions (12.39) and (12.40), the average value of the energy stored in the magnetic
field within volume V is given by the following expression:

D T | s 1.k
Wiy == BIH DVV—EEfV,uEHefDW—?E{WmDW (12.44)

m,av =2
2 \%4

where W, is the instantaneous value of the energy stored in the magnetic field within a linear and
isotropic medium:
1

W 5

JutH? v (12.45)
14
whereas H is the instantaneous value of the sinusoidal magnetic field intensity.

According to expressions (12.39) and (12.40), the average value of the energy stored in the electric
field within the volume V is described by the expression:

T
Weo =2 JED @v =1 ferrl v =L qw, (1246)
’ 2 Vv 2 Vv T 0

where W, is the instantaneous value of the energy stored in the electric field within a linear and isotropic
medium:

W, :% Eje (E @V (12.47)
\%

whereas E is the instantaneous value of the sinusoidal electric field intensity.

According to expressions (12.39) and (12.40), the reactive electromagnetic power within volume V
is given by the following expression:

0=w2UW, 4 ~Wea) (12.48)

The complex Poynting’s theorem in integral form, in a stationary conducting linear and isotropic
medium, as described by expression (12.40), can also be written in the following form:

Sap,s + Sap,in = Sap =P+ ] @ 5 Sap,in = _Sap,out (12‘49)
where:
Eap’in - the complex apparent electromagnetic power entering the volume V,
S, ap - the total complex apparent electromagnetic power received by volume V from independent

sources within the volume and from the surrounding space.

From expression (12.49), it follows that for a sinusoidal electromagnetic field in a stationary,
conducting, linear, and isotropic medium, the total complex apparent electromagnetic power received
by volume V from an independent source located within the volume and from the surrounding space
through the surface is equal to the sum of the active electromagnetic power P consumed within volume
V and the reactive electromagnetic power Q within volume V.

12.4. Complex Apparent Power in Sinusoidal Electric Circuits

The complex Poynting's theorem (12.49) is also valid for sinusoidal linear electric circuits. Let us
consider a series connection of a resistor with resistance R, an inductor with inductance L, and a capacitor
with capacitance C (Figure 12.1). Let a sinusoidal voltage u, with angular frequency w, be applied to
this series RLC circuit, and let a sinusoidal current i flow through it. In this case, the instantaneous power
p is given by the following expression:

p=uli (12.50)
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According to the complex Poynting's theorem (12.49), in the phasor domain, the complex apparent
power is given by the following expression:

S, =U0"=Z0%= P+ j2Wy . ~ Weu) (12.51)
where:

U - the branch voltage phasor across the RLC series circuit,

I - the phasor of the electric current flowing through the branch,

I =1 - the modulus of the electric current phasor; the effective (RMS) value of the sinusoidal

electric current,
Z - the complex impedance of a series RLC circuit,

Win.av - the average value of the energy stored in the magnetic field of an inductor,
W,

e,av

- the average value of the energy stored in the electric field of a capacitor.

Figure 12.1. Series RLC circuit powered by a sinusoidal electric current

The average value of the energy stored in the magnetic field of an inductor is described by the
expression:

La? 1% 1§ LG?
1%m:—3—:?qmng?q S (12.52)
0 0

where the instantaneous value of the energy stored in the magnetic field of an inductor, through which
a sinusoidal electric current i flows, is given by the following expression:

LI
mT)

(12.53)

The average value of the energy stored in the electric field of a capacitor is given by the following
expression:

Q2 lT 1T2
Weo = 2o = — W, @r=—0 2 (12.54)
TV T 320

where Q. is the effective (RMS) value of the sinusoidal charge on the electric capacitor, whereas ¢, is
the instantaneous value of the charge on the electric capacitor.

From the definition of electric current i=dg/dt in the time domain, it follows that in the phasor
domain:

7 70 750 2
» — —q_ I 1 a 1
= = E = =
QC QC |@C J m} _ J m) a)z a)z
If expression (12.55) is substituted into expression (12.54), a new expression for the average value
of the energy stored in the electric field of the capacitor is obtained:

(12.55)

12
We,av =
2 [T

If expressions (12.52) and (12.56) are inserted into expression (12.51), the following expression for
the complex apparent power of a series RLC circuit is obtained:

(12.56)
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Sp=20%=1 De+j[€aﬂ— Ljuz (12.57)
wlC

where the active power of the RLC circuit is given by the following expression:

P=I’[R (12.58)
According to expression (12.57), the complex impedance of a series RLC circuit can be written as:
7=V -+ jifon- =R+ [{x, - X¢) (12.59)
I— J W J L C :
where:
X, =wlL (12.60)

is known as inductive reactance, whereas:

1
Xo=—— 12.61
¢ wlC ( )

is known as capacitive reactance.

Therefore, from the expression for the complex apparent power (12.51), the expression (12.59) is
obtained for a series RLC circuit, which is the well-known expression for the complex impedance of a
series RLC circuit.

12.5. Transmission of Electromagnetic Energy from the Source to the Load

Let the source and the load be connected by a two-wire superconducting transmission line
(Figure 12.2). Inside a superconductor, there is neither electromagnetic field nor energy. The energy is
transmitted through the surrounding space from the source to the load. Let the surrounding space be a
perfect dielectric. If displacement electric currents are neglected, the same principles apply to both time-
constant and time-varying voltage sources.

—

E
) Source Load I:I

——] —

(-

Figure 12.2. Transmission of electromagnetic energy from source to load

If the source and load are connected by a two-wire conductor with finite electrical conductivity, then
in addition to the normal (transverse) component of the electric field intensity — which ensures the
transmission of electric energy through the surrounding dielectric from the source to the load — there
also exists a tangential (longitudinal) component of the electric field intensity vector. This component
generates a Poynting vector component that is perpendicular to the outer surface of the conductor and
directed inward (Figure 12.3). It causes Joule losses and contributes to the energy stored in the
electromagnetic field inside the conductor.

Good conductors with finite electrical conductivity store negligible amounts of electric energy, and
the magnetic energy stored within them is insignificant compared to the Joule losses. Therefore,
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electrical energy is primarily transmitted from the source to the load through the surrounding insulator
(dielectric). As such, both superconductors and good conductors with finite electrical conductivity serve
the important role of directing energy from the source to the load.

!
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t
Figure 12.3. The part of electromagnetic energy entering a conductor with finite conductivity

Displacement electric currents exist in the case of a time-varying voltage source and give rise to the
so-called reactive electrical energy stored in the dielectric. If the dielectric is imperfect, the transverse
electric current also has an active component, which causes Joule losses in the lossy dielectric.

12.6. Charging and Discharging a Parallel-Plate Electric Capacitor

The charging of the electric capacitor is illustrated in Figure 12.4. During the charging process,
electrical energy flows from the surrounding space into the dielectric between the conducting plates of
the capacitor. The discharging of the electric capacitor is shown in Figure 12.5. During discharge,
electrical energy flows from the dielectric between the plates back into the surrounding space.
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Figure 12.5. Discharging a parallel-plate electric capacitor

During the charging and discharging of an electric capacitor, the direction of the electric field
intensity depends on the polarity of the electric charge on the conducting plates, whereas the direction
of the magnetic field intensity depends on the direction of the displacement electric current flowing
through the dielectric between the plates.

57



13. CLASSIFICATION OF ELECTROMAGNETIC FIELDS

Electromagnetic fields are classified in various ways in the literature. They can generally be
categorized as follows:

* Static fields (electrostatic, magnetostatic, and stationary current fields),

* Quasistatic fields (electroquasistatic, magnetoquasistatic, and fully quasistatic fields),
* Magnetodynamic fields,

* Hybrid or Darwin fields,

* Dynamic fields.

Dynamic problems are electromagnetic problems described by the complete set of Maxwell's
equations, without any approximations or simplifications. The hybrid or Darwin electromagnetic field
is derived from Maxwell's equations by partially neglecting the displacement electric current.

Quasistatic electromagnetic problems are dynamic electromagnetic problems that can be treated as
static problems without introducing significant numerical error. The entire region where the
electromagnetic field exists must be taken into account. If the region under consideration is unbounded,
the quasistatic conditions are the most restrictive.

It is important to define the criterion of quasistaticity in an unbounded region: Quasistatic
electromagnetic fields are those which, like static fields, are described by Poisson’s differential
equations for the Lorenz potentials. The solutions to Poisson’s differential equations are undamped and
undelayed Lorenz potentials — changes in the field appear simultaneously at all points within the
unbounded region.

If the region in which the electromagnetic field exists is bounded, then a disturbance at any point
within the region must be felt almost simultaneously at all other points in the region for the quasistatic
condition to be satisfied.

In the literature, the electromagnetic field in good conductors, described by the diffusion equations
for the Lorenz potentials (9.32) and (9.33), is sometimes referred to as a quasistatic field. However, such
a field does not satisfy the previously introduced definition of quasistaticity in an unbounded region.
The diffusion equations for the Lorenz potentials are derived from Maxwell’s differential equations by
neglecting the displacement current. This kind of neglect leads to a quasistatic field — described by
Poisson’s differential equations for the Lorenz potentials — only in a perfect dielectric.

In the literature, the electromagnetic field in good conductors described by the diffusion equations
for the Lorenz potentials is also referred to as a magnetodynamic field, and this terminology is adopted
in this textbook as well. In a magnetodynamic time-harmonic field, the potentials in the phasor domain
are attenuated and phase-shifted. The phase shift in the phasor domain corresponds to a time delay in
the time domain.
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14. ELECTROSTATIC FIELD

A static electric field, also known as an electrostatic field, is a field created by stationary electric
charges in a perfect dielectric. The differential equations governing the electrostatic field are derived
from Maxwell’s differential equations for a stationary perfect dielectric (6.22) - (6.25), taking into
account that in this case there is no magnetic field and that the time derivatives of electromagnetic
quantities are zero.

From Maxwell’s differential equations (6.23) and (6.24), the integral form of the electrostatic field
equations can be readily derived, and can be written as follows:

OxE=0 (14.1)

Ob=p,=p (14.2)

In electrostatics, for the sake of simplicity, the symbol p is used to denote the volume density of the
source (impressed) electric charge.

From Maxwell’s integral equations for a stationary perfect dielectric (6.73) and (6.74), the integral
form of the electrostatic field equations can be readily derived and written as follows:

§E 7 =0 (14.3)
C

§5 (@S = jpmzv:Qenc (14.4)
S 1%

where Qe is the charge within a volume V, which is enclosed by the surface S =0V. Expressions (14.2)
and (14.4) represent Gauss’s law for the electrostatic field in its differential and integral forms,
respectively.

From expression (9.4), it follows that the electric field intensity, which is a conservative vector field,
can be expressed as the negative gradient of the electric scalar potential:

E=-0¢=-grad ¢ (14.5)

According to expression (9.19), in a stationary perfect LIH dielectric, the potential distribution is
governed by Poisson’s differential equation:

A¢ :—&:—B ; P EP (14.6)
& &

and for a perfect LIH dielectric, according to expression (3.1), the constitutive equation can be
written as:

D=¢,k [E=¢[E (14.7)

where ¢ is the permittivity of the medium, &, is the permittivity of vacuum, and &, is the relative
permittivity of the medium.

The general solution of Poisson’s differential equation is the sum of the general solution of the
Laplace differential equation (the homogeneous form of Poisson’s equation) and a particular solution of
Poisson’s differential equation, where the particular solution can be written as follows:

$ = qpmv (14.8)
\%

4Tl r

where r is the distance between the source point and the field point.
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14.1. Electric Scalar Potential Due to a Point Electric Charge

For a point electric charge Q, located at the origin of a spherical coordinate system, the following
holds:

p= QL) (14.9)
where O(7) is the Dirac delta function associated with a point located at the origin of the spherical
coordinate system.

If expression (14.9) is substituted into expression (14.6), the following Poisson’s differential equation
is obtained for a point charge in a stationary perfect LIH dielectric:

ap=-2 @) (14.10)
&
and its particular solution can be written as:
Y
= 14.11
/ A7 ( )

where r is the distance of the field point from the location of the electric charge at the origin of the
spherical coordinate system.

Expression (14.11) describes the distribution of the electric scalar potential in an unbounded perfect
LIH dielectric produced by a point electric charge Q. In this case, the potential distribution is centrally
symmetric with respect to the origin of the coordinate system.

If a point electric charge Q is located at point 7, = (xs, Ve zs) in the Cartesian coordinate system
(Figure 14.1), then Poisson’s differential equation can be written as:

ap = -2(R) . R=7-7

: (14.12)
£

where:
7 - the radius vector of the field point 7 = (x, v, z),
1, - the radius vector of the source point 7, = (xs, Ve Zs ), at which the electric charge QQ is located.

The particular solution of Poisson's differential equation (14.12) is:

PR N
47l [R 4DT|}~[|}7_;-;|

(14.13)

where R is the distance between the source point and the field point.

z/
Q
R=7F-F
3
y ) T
P
X

Figure 14.1. Point electric charge in the Cartesian coordinate system
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14.2. General Integral Equation of the Electric Scalar Potential

In the general case, the distribution of electric charge may exist within a volume V (volume charge
with volume density p), on a surface S (surface charge with surface density o), along a curve C (line
charge with linear density 1), and as a set of discrete point charges. Accordingly, the general integral
equation of the electric scalar potential can be written as:

p 1 EEIpDWJrIUDVSJ,I/‘W +i%} . 0=D, (14.14)
|4

4 OrlE r s 7 o T Orn

where r is the distance between the source point and the field point.

The general integral equation can also be written in the following form:

p 1 [EJ.'OWV"'J‘JWS'*J.AWZ +i%} (14.15)
5 i1 K

4TlE R s R v R

where, in this case, R = |F - FS| is the distance between the source point and the field point.

14.3. Conductor in an Electrostatic Field

A conductor in an electrostatic field has a constant electric potential, whereas the electric field
intensity inside the conductor is zero. The entire electric charge is distributed on the surface of the
conductor.

If a neutral conducting body (conductor) is placed in an electric field, the field causes a redistribution
of the neutral electric charge inside the conductor (Figure 14.2). This phenomenon is known as
electrostatic influence or electrostatic induction.

Figure 14.2. Conductor in an electrostatic field

14.4. Coulomb's Law

In 1875, French physicist Charles-Augustin de Coulomb experimentally formulated a law describing
the force between two stationary point electric charges. In his experiments, Coulomb used a torsion
balance — also known as a torsion pendulum — a device capable of detecting and comparing very small
forces. This law became one of the key foundations for James Clerk Maxwell in the development of his
electromagnetic theory.

Let there be two isolated point electric charges Q) and O, in the air, separated by a distance r, and

let both charges be positive (Figure 14.3).

ﬁi,z 2 r O, Fz,l
< @ L

Vgl

Figure 14.3. Coulomb force between two positive point electric charges
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According to Newton's law of action and reaction, the following holds:

Fp=-Fy, (14.16)
where:

151,2 - the force with which an electric charge (, acts on an electric charge O,
17”2,1 - the force with which an electric charge @, acts on an electric charge Q,.

It is a physical fact that like electric charges repel each other, whereas unlike electric charges attract.
The amount of force between charges Q; and Q, is given by the following expression:

F=F,=F, =k [—»'er%%' (14.17)

where k, is Coulomb's constant, which in the air (or vacuum) can be expressed as:

1

k, =————= 8.9875517923%10° N On*/C? (14.18)
407k,
which, for some other perfect dielectric, is given by:

P S 1
¢ Anx 4z, &,

(14.19)
The force acting on electric charge O, can also be described by the following vector expression:
Fyy =k, Es% 7, (14.20)
r

where 7 is the unit vector directed from charge Q; towards charge O, (Figure 14.4).

O 5 ¥ %2 FZ,I

Figure 14.4. Vector representation of Coulomb's force between two like point charges

Vd

Based on expressions (14.27) or (14.20), it is easy to see that the force between two point electric
charges has the same mathematical form as Newton’s gravitational force. However, the electric force
between two charges can be either attractive or repulsive, whereas the gravitational force between two
bodies is always attractive. It is important to emphasize that the gravitational force between charged
particles is completely negligible compared to the electric force described by Coulomb’s law. This also
holds true for elementary particles, such as protons and electrons.

14.5. Electric Field Intensity

Instead of considering the electric force as a direct interaction between two electric charges, one
charge is treated as the source of an electric field in the surrounding space. The force acting on the other
charge is then viewed as the result of a direct interaction between that charge and the electric field. The
electric field intensity is a property of space and, at any point, it is defined as the electric (Coulomb)
force acting on a unit positive electric charge placed at that point:

. _F
E=— (14.21)
o,
where:
F - the electric, or Coulomb, force on a unit test electric charge,

E - the electric field intensity vector,
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0O, =1C - the unit test electric charge.

The electric field intensity can also be defined as follows:

E=lim ™ (14.22)
q9-0 g
where ¢ is the test point electric charge.

The electrostatic field can be graphically represented using electric field lines, which are directed
imaginary curves indicating the direction of the electric force acting on a positive point charge. The
electric field intensity vector is tangent to these lines. Electric field lines originate from positive electric
charges and terminate at negative electric charges. Their shape illustrates the direction of the electric
field in the region of space under consideration (Figures 14.5 - 14.7).

Figure 14.5. Field lines of positive and negative isolated point electric charges in an unbounded
perfect dielectric

Figure 14.6. Field lines between two point electric charges of the equal magnitude and opposite sign

Figure 14.7. Field lines between two equal positive point electric charges
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14.6. Calculation of the Electric Field Intensity Using Gauss’s Law

Gauss’s law in integral form for the electrostatic field is given by expression (14.4). In simple cases
exhibiting spherical, cylindrical, or planar symmetry, expressions for the electric field intensity can be
derived using Gauss’s law.

14.6.1. Electric Field Intensity of an Isolated Point Electric Charge

Let an isolated point electric charge be located in an unbounded perfect LIH dielectric with
permittivity &.

VL
e
+qor\;‘}——>

Figure 14.8. Isolated positive point electric charge of magnitude q and
spherical surface S

In this case, there is central symmetry, which means that on the spherical surface S (Figure 14.8),
whose center coincides with the location of the electric charge +¢, the electric displacement vector is

perpendicular to the closed surface S and has a constant magnitude. In this special case, Gauss’s law,
given by expression (14.4), can be written as:

§DEUS=DF=6EF =0, =¢ (14.23)
S

from which it follows that the electric field intensity at a point located a distance r from the charge ¢ is:

_q _ q _ q
E= = = k. 0L 14.24
e 40z G? i ( )

where:
S = 407> (14.25)

is the surface area of a sphere with radius r.
Expression (14.24) can be derived from Coulomb’s law, given by expression (14.20), by including:

0, -q ; Q0 -1C ; F,-E (14.26)

from which follows the vector expression for the electric field intensity of an isolated point charge:

E=k 3l =—"1 n (14.27)
r AE G

where 7, is the unit vector defined along the radial direction emanating from the point containing the
electric charge ¢, directed from the charge toward infinity.
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14.6.2. Electric Field Intensity of an Isolated Solid Conducting Sphere

Let an isolated solid conducting sphere of radius R, carrying a positive electric charge Q, be placed
in an unbounded perfect LIH dielectric with permittivity & (Figure 14.9).

,
/
"I
N‘f’

“

Figure 14.9. An isolated solid conducting sphere in an unbounded perfect LIH dielectric

The entire electric charge Q on the solid conducting sphere, under the influence of electric forces, is
confined to its surface and is uniformly distributed. Owing to the spherical symmetry with respect to the
center of the sphere, Gauss’s law, as given by expression (14.4), can be written as:

o 0 for r<R
§DEUS=DF=cEF=0Q,, = (14.28)
s Q for r>R
from which it follows that inside the solid conducting sphere:
E=0 ; r<R (14.29)

whereas outside the conducting sphere, the electric field intensity, taking into account the direction of
the field, can be described by the following vector expression:

E=klm=—2 G . r>R (14.30)
r 407l [k
where 7 is the unit vector defined along the radial direction emanating from the center of the conducting

sphere, directed from the center toward infinity.

According to expressions (14.28) and (14.30), the electric field intensity inside the solid conducting
sphere is zero, whereas outside the sphere it is identical to the field of an isolated point charge Q located

at the center of the sphere.

14.6.3. Electric Field Intensity of an Infinitely Long Straight Conductor

Let an infinitely long straight conductor, carrying a positive electric charge with constant linear
density 4, be located in an unbounded perfect LIH dielectric with permittivity & (Figure 14.10). Based
on these assumptions, it follows that:

e There is axial symmetry,

* The electric displacement vector has a constant magnitude over the lateral surface of an imaginary
coaxial cylinder along which the integration is performed,

* The electric displacement vector is perpendicular to the conductor and lies in the plane of the
bases of the coaxial cylinder.
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Figure 14.10. An infinitely long straight conductor in an unbounded perfect LIH
dielectric charged with a linear charge density A

In this special case, Gauss’s law, as given by expression (14.4), for an imaginary coaxial cylinder
can be written as:

§Dm§=pm&mm=emm&mngm=/1D}z (14.31)
S

where E is the intensity of the electric field on the lateral surface (mantle) of the imaginary coaxial
cylinder. It is important to note that the electric flux through the bases of the cylinder is equal to zero.

It follows from expression (14.31) that the intensity of the electric field at a point located a distance
r from an infinitely long straight conductor can be described by the following expression:

E=E =— 1 (14.32)
2rlE
and the vector expression for the electric field intensity in a cylindrical coordinate system is:
F=— A : (14.33)
2Urls

where e, is the unit vector of the cylindrical coordinate system, in which the infinitely long straight
conductor lies along the z-axis.

14.6.4. Electric Field Intensity of an Infinitely Long Straight Conducting Cylinder

Let an infinitely long straight conducting cylinder of radius R, charged with a positive charge of
constant linear density A, be placed in an unbounded perfect LIH dielectric with permittivity ¢
(Figure 14.11). The cylinder may be either solid or hollow, as this does not affect the distribution of the
electric field intensity in the unbounded space under consideration.

Based on the previous considerations in subchapters 14.6.2 and 14.6.3, it is easy to conclude that
inside the conducting cylinder:

E=0 ; r<R (14.34)
whereas outside the cylinder, the electric field intensity — taking into account the direction of the field

— can be described by the vector expression (14.33), which is also valid for an infinitely long straight
conductor charged with a constant linear charge density 4.
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Figure 14.11. An infinitely long straight conducting cylinder in an unbounded perfect LIH
dielectric charged with a linear charge density A

14.6.5. Electric Field Intensity of a Uniformly Charged Plane

Let a plane, charged with a positive charge of constant surface density o, be placed in an unbounded
perfect LIH dielectric with permittivity & (Figure 14.12). Let o represent the total surface charge density
on both sides of the plane.

H#+ o =const.
s T
H+
H+
H+
H+
H+
H+ R
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—d g H g +—
e H+ —
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Figure 14.12. A plane in an unbounded perfect LIH dielectric charged
with a surface charge density o

In this case, there is planar symmetry, which means that the electric displacement vector is
perpendicular to the plane. In this special case, Gauss’s law, as given by expression (14.4), for an
imaginary Gaussian cylinder whose bases are parallel to the plane, can be written as:

§ DS = D 2By, = € (B By = Oene =0 Bige (14.35)
S

where S}, 1S the area of the base of the imaginary integrating cylinder. The electric flux through the
lateral surface (mantle) of the imaginary integrating cylinder is equal to zero.

From expression (14.35), it follows that the electric field intensity created by a surface electric charge
on a plane can be described by the following expression:
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E=—2 = const. (14.36)
2

Therefore, the electric field intensity in the entire space has a constant magnitude, and the electric
field intensity vector is perpendicular to the plane and directed away from the plane toward infinity.

Expression (14.36), which describes the electric field intensity of a charged plane, as well as
expression (14.32), which describes the electric field intensity of an infinitely long charged straight
conductor, can be easily obtained by integrating over the source. An important point is that, in both
cases, the direction of the electric field intensity is known in advance, which allows the vector integral
to be reduced to a scalar integral. In essence, the component of the electric field intensity of a point
charge is being integrated. The expression for the electric field intensity of a charged solid conducting
sphere (14.30) can also be obtained by integration over the source, although this approach is more
complex for that particular case.

If two parallel planes are charged with like charges of constant surface density g, then the electric
field intensity between the planes is zero (Figure 14.13). However, if two parallel planes are charged
with opposite charges of constant surface density, then the electric field intensity outside the planes is
zero (Figure 14.14). It is important to note that the principle of superposition applies in both cases.

+o +o
& & &
i E
D ~—>
E=2 E=0 =92
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Figure 14.13. Two planes in an unbounded perfect LIH dielectric charged
with the like charges of constant surface density o
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E
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Figure 14.14. Two planes in an unbounded perfect LIH dielectric charged
with the opposite charges of constant surface density
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14.7. Electric Voltage and Electric Scalar Potential

According to expression (14.5), the electric field intensity and the electric scalar potential are
related by:

E=-0O¢=-grad ¢ (14.37)
from which it follows that:

¢ == [EQ@7+C (14.38)

For the electric scalar potential, a reference point P can be arbitrarily chosen such that the electric
scalar potential at that point is equal to zero.

$p =0V (14.39)
From expression (14.38), it follows that the electric scalar potential at point A can be written as:
A P
$y=-[EW7 = [E7 (14.40)
P A

where the integration can be performed along any path from point A to point P, which is why the electric
scalar potential is said to be independent of the integration path.

The electric voltage between points A and B is equal to the work done by the electric force in moving
a unit positive charge O, =1C from point A to point B:

B B B
Ung = [F, @7 =[Q EW = [EW/ (14.41)
A A A

This definition of electric voltage is valid in the general case, meaning it also applies to a time-
varying electromagnetic field. However, in a time-varying electromagnetic field, the electric voltage is
not unique and depends on the integration path from point A to point B. In the case of an electrostatic
field, the electric voltage is unique and can be described by the following expression:

B P
Ung = [EG7 = [EQ7 +
A A

T —®

P P
EszEW—jEW=¢A—¢B (14.42)
A B

Therefore, in an electrostatic field, the electric voltage between any two points is equal to the
difference in electric scalar potentials of those points. Accordingly, it can also be said that in an
electrostatic field, the potential of a point is equal to the electric voltage between that point and a
reference point:

P
B =Unp = [ELU7 (14.43)
A

14.7.1. Electric Scalar Potential of an Isolated Point Electric Charge

Let an isolated point electric charge g be located in an unbounded perfect LIH dielectric with
permittivity ¢ (Figure 14.8). Assuming that the electric scalar potential at infinity is zero, by integrating
the electric field intensity from an arbitrary point A to infinity, according to expression (14.40), the
distribution of the electric scalar potential in the LIH dielectric can be written as:

Edr=—1 - __ 4
4TE 22 ATED

p=¢, = jEﬂi = (14.44)
A

|
~ — 3

where the electric field intensity of the isolated point charge ¢ is given by expression (14.27), and r is
the distance from point A to the location of the charge g, i.e., to the center of the spherical coordinate
system.
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14.7.2. Electric Scalar Potential of an Isolated Solid Conducting Sphere

Let an isolated solid conducting sphere of radius R, carrying a charge Q, be located in an unbounded
perfect LIH dielectric with permittivity ¢ (Figure 14.9). Assuming that the electric scalar potential at
infinity is zero, by integrating the electric field intensity from an arbitrary point A to infinity, according
to expression (14.40), the distribution of the electric scalar potential inside the conducting sphere and in
the LIH dielectric can be described by the following expressions:

P_. R Q oodr Q
=¢, = |EQ/ = |00dr + —=—=— ; r<R 14.45
$=9a { J A 32 4R (1449
R_. - Q oodr Q
¢:¢A = IJ;EW = AT E r—2 = m ; r=2R (1446)

where the electric field intensity is given by expressions (14.29) and (14.30), and r is the distance from
point A to the center of the solid conducting sphere, i.e., to the origin of the spherical coordinate system.

Therefore, the electric scalar potential inside a solid conducting sphere is constant and equal to the
potential at the surface of the sphere, whereas outside the sphere it decreases with increasing distance
of point A from the center of the sphere.

14.7.3. Electric Scalar Potential of an Infinitely Long Straight Conductor

Let an isolated, infinitely long straight conductor, charged with a positive charge of constant linear
density /4, be located in an unbounded perfect LIH dielectric with permittivity & (Figure 14.10).
Assuming that the electric scalar potential is zero at r = ry, by integrating the electric field intensity from
an arbitrary point A to the circle r = ry, according to expression (14.40), the distribution of the electric
scalar potential in the LIH dielectric is described by the following expression:

AT A (14.47)
207 2 r 20Tl 4

PA.
p=¢,= [EI =
A

where the electric field intensity is given by expression (14.33), and r is the shortest distance from point
A to the infinitely long straight conductor.

It is easy to conclude from expression (14.47) that, in the case of an infinitely long straight conductor,
the reference point cannot be assumed to be at infinity, because the electric scalar potential would then
be infinite throughout the entire space.

14.7.4. Electric Scalar Potential of an Infinitely Long Straight Conducting Cylinder

Let an isolated, infinitely long straight conducting cylinder of radius R, charged with a constant linear
charge density 4, be located in an unbounded perfect LIH dielectric with permittivity ¢ (Figure 14.11).
Assuming that the electric scalar potential is zero at r = ro, by integrating the electric field intensity from
an arbitrary point A to the circle r = ry, according to expression (14.40), the distribution of the electric
scalar potential can be described by the following expressions:

£, R A dr A R
¢=¢A=jEm/:jomr+ = = On— ; r<R (14.48)
4 g 2UTlE 5 r PAN (4 W S
- A bdr A r
p=¢,= [EI = = = On— ; r=R (14.49)
| 2 3 20 g

where the electric field intensity is given by expressions (14.33) and (14.34), and r is the shortest
distance from point A to the axis of the infinitely long straight conducting cylinder.
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14.7.5. Electric Scalar Potential of a Uniformly Charged Plane

Let a plane charged with a constant surface charge density ¢ be located in an unbounded perfect LIH
dielectric with permittivity ¢ (Figure 14.12). Assuming that the electric scalar potential is zero at x = x,,
and x =—x,, by integrating the electric field intensity from an arbitrary point A to the reference point,
according to expression (14.40), the distribution of the electric scalar potential can be described by the
following expression:

P X
=0, =£E G/ = {E Dixz%[ﬂxo|—|x|) (14.50)

where the electric field intensity is given by expression (14.36), and x is the shortest distance from point
A to the charged plane.

Surfaces on which the electric scalar potential is constant are called equipotential surfaces. In a 2D
graphical representation of an electrostatic field, these appear as curves of constant potential, known as
equipotential lines. In an electrostatic field, electric field lines are perpendicular to equipotential
surfaces, which means that in a 2D representation, equipotential lines and electric field lines are also
perpendicular to each other. For illustration, Figure 14.15 shows the equipotential lines and electric field
lines for two unlike point electric charges of equal magnitude.

+4q -q

Figure 14.15. Equipotential lines and electric field lines of two unlike charges of equal magnitude

14.8. Capacitance of a Conducting Body

Let an isolated conducting body, charged with a positive charge Q, be located in an unbounded
perfect LIH dielectric of permittivity ¢, and let its electric scalar potential be @ =@y, (Figure 14.16).

Figure 14.16. Charged isolated conducting body in a perfect LIH dielectric

In an unbounded LIH dielectric, the electric scalar potential of a conducting body is proportional to
the total electric charge Q on the body, so the following relation holds:

0 =C Wioqy (14.51)
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where C is the capacitance of the conducting body. The unit of capacitance is the farad (F), where
1F=1C/V. In LIH dielectrics, the capacitance of a conducting body depends on the geometry and the
permittivity of the medium, and it does not depend on the electric charge or the potential of the
conducting body.

Let an isolated solid conducting sphere of radius R, charged with a total charge Q, be placed in an
unbounded perfect LIH dielectric with permittivity ¢ (Figure 14.9). The electric scalar potential of the
sphere is given by expression (14.45), from which it follows that:

-9 _9
¢sphere - A07Z R - E (14.52)
and, therefore, the capacitance of an isolated conducting sphere in an unbounded LIH dielectric is:
C=4lnlelR (14.53)

which depends on the radius R of the isolated conducting sphere and the permittivity ¢, and does not
depend on the charge or the potential of the conducting sphere.

14.9. Capacitance of an Electric Capacitor

An electric capacitor is a component of an electric circuit used to store electrical energy. It consists
of two conducting plates (electrodes) separated by a dielectric. If the dielectric is assumed to be perfect
(completely non-conductive), then the capacitor is referred to as a perfect capacitor.

Let an electric capacitor consist of two conducting electrodes, A and B, charged with opposite
charges of equal magnitude, with a perfect LIH dielectric of permittivity € placed between them
(Figure 14.17). If the dielectric between the electrodes of an electric capacitor is linear, then the voltage
between the electrodes is proportional to the charge on the capacitor plates, and the following relation
holds:

Q=CW 5 =C g, - ¢5) (14.54)

where C is the capacitance of the electric capacitor, which depends on the shape and position of the
electrodes, the distance between them, and the permittivity of the surrounding dielectric.
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-0 @ = @ = const.

Figure 14.17. Electric capacitor

14.9.1. Capacitance of a Parallel-Plate Electric Capacitor

A parallel-plate electric capacitor consists of two conducting parallel plates of equal area S, separated
by a uniform gap of thickness d, filled with a dielectric of permittivity ¢ (Figure 14.18).

The well-known expression for the capacitance of a parallel-plate electric capacitor can be derived
by neglecting edge effects, which implies a homogeneous electric field between the plates. In theory, a
parallel-plate capacitor is considered as a segment of two parallel planes charged with opposite charges
of constant surface density (Figure 14.14), which allows the electric field intensity to be approximated
by the following expression:
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E= = const. (14.55)

&

whereas the surface electric charge density on the positive plate can be approximated by the expression:

= % = const. (14.56)
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Figure 14.18. Parallel-plate electric capacitor

Furthermore, the voltage between the plates of an electric capacitor can be described by:
B —
U=Uyp =[EQ7 =ET (14.57)
A

From the previous expressions, it follows that:

in (14.58)
d L%

E =
and, therefore, the expression for the capacitance of a parallel-plate electric capacitor is given by:

C -2 =£G§ (14.59)
U d

14.9.2. Capacitance of a Cylindrical Electric Capacitor

Let a cylindrical electric capacitor consists of two coaxial conducting cylinders of length ¢, with a
perfect LIH dielectric of permittivity ¢ placed between them (Figure 14.19).
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Figure 14.19. Cylindrical electric capacitor

The expression for the capacitance of a cylindrical electric capacitor can be derived by neglecting
edge effects, meaning that the capacitor is theoretically modeled as a segment of two coaxial, infinitely
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long cylinders charged with opposite surface charge densities of equal magnitude. Accordingly, the
electric field intensity in the dielectric can be approximated by expression (14.33), which can be written
as follows:

A

F-e A g
2UrE

; KRSFrsn (14.60)

where:

0
A== 14.61
) (14.61)

Furthermore, the voltage between the cylinders of the electric capacitor can be described by:

r
U=[EQIr= A -2 g2 (14.62)
2OrlE r 2nET g

n
and, therefore, the expression for the capacitance of the cylindrical electric capacitor is:

c =2 _ 2l (14.63)
U lnr—2
i

14.9.3. Capacitance of a Spherical Electric Capacitor

Let a spherical electric capacitor consist of two concentric conducting spherical electrodes, where
the inner electrode is a solid or hollow sphere of radius ri, whereas the outer electrode is a hollow sphere
of radius r» (Figure 14.20). A perfect LIH dielectric with permittivity ¢ is placed between the electrodes.
The electrodes are charged with equal and opposite charges, +Q and —Q, respectively.

Figure 14.20. Spherical electric capacitor

The electric field intensity in the dielectric is described by expression (14.30), which applies to an
isolated solid conducting sphere:

&, ; r<r<n (14.64)

Furthermore, the voltage between the electrodes of an electric capacitor can be described by:

p)
U= EDir=L 1.1 (14.65)
. ArlE \n n
from which it follows that the capacitance of the spherical electric capacitor is given by:
c=Q _ATLEGH (14.66)
U r2 - r]
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In the case where r, tends to infinity, the following holds:

lim C = 47F 3 (14.67)

ry -0

and this is, according to the expression (14.53), the capacitance of an isolated solid conducting sphere
of radius # in an unbounded LIH dielectric of permitivity .

14.9.4. Calculation of the Capacitance of an Electric Capacitor from Stored Energy

From the definition of electric voltage, it follows that the instantaneous value u of the voltage across
an electric capacitor during its charging or discharging can be described by:

_dw,
dq

u (14.68)

where W, is the energy stored in the electric field of the capacitor, or energy of an electric capacitor,
whereas ¢ is the instantaneous value of the electric capacitor's charge.

If a perfect dielectric is linear and isotropic, then:
aw, =ulllg=Lag ; u=% (14.69)
C C
and the energy stored in an electric capacitor charged with a charge Q can be expressed as:

Q 2 2
1 0° oW cwWw
W.=—qlg = = = : =CW 14.70
€ CE!)" T 2 2 Q ( )

where U is the voltage across the electric capacitor.

According to expression (12.10), the energy stored in the electric field of a capacitor with a linear
and isotropic dielectric can be expressed as:

We=%qEEDDiiV=%[f£DZZDW (14.71)
|4 |4

From expressions (14.70) and (14.71), it follows that the capacitance of an electric capacitor with a
linear and isotropic dielectric can be calculated from the energy stored in the electric field using the
following expression:

2
c=—fEm@v = e mv=—2 (14.72)
Ut U [eE* v
14
For a parallel-plate electric capacitor (Figure 14.18), the following holds:
1 1 A% U
C=—2EjeEE2DW:—2DsE€—j Sm=e : E=Z (14.73)
vy U d d d
For a cylindrical electric capacitor (Figure 14.19), the following holds:
2 2
- D;QZ == Q2 :ZDT?@ (14.74)
£ 2 2
J el 22 | porow M)
v 2rlE [t 1

n

For a spherical electric capacitor (Figure 14.20), the following holds:
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14.9.5. Energy of an Isolated System of Two Electric Capacitors

Let an isolated system (disconnected from the source) consist of two electric capacitors, one of which
is charged with a charge Q, whereas the other is uncharged (Figure 14.21).

—|:RI—/
+0

N — C,—

-0

Figure 14.21. An isolated system of electric capacitors with the switch open

In an isolated system, Q = const., and after closing the switch, the electric charge is distributed
between both capacitors so that their voltages are equal, as if the capacitors were connected in parallel
(Figure 14.22). The Joule losses in resistor R have no effect on the solution.

R
_in +0,
N C,——
-0 -0,

Figure 14.22. An isolated system of electric capacitors with the switch closed

The ratio of the energy of the capacitor system with the switch open to that with the switch closed
can be expressed as:

Q2
e e
Welose — 2[CC1 2C2) = Cl (14.76)
Wopen 0 G +G
2T,

In the special case where the electric capacitors have equal capacitance, closing the switch reduces
the energy of the isolated two-capacitor system by half.

In general, in a complex isolated system, closing a switch results in either a decrease or no change in
the total energy of the system. However, in a complex non-isolated system (one connected to an
electrical power source), closing a switch may cause the total energy to decrease, increase, or remain
the same.

14.10. Electric Scalar Potential and Electric Field of an Electric Dipole

An electric dipole consists of two unlike electric charges of equal magnitude, separated by a distance
much smaller than the distance from the charges to the field point (r >> a). The dipole is placed in a
spherical coordinate system ((r, 9, ¢), and the distribution of the electric scalar potential is independent
of the angle @ (Figure 14.23). Let the dipole be located in an LIH dielectric with permittivity .
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T(r,9,¢)

Figure 14.23. Electric dipole in an unbounded perfect LIH dielectric

In an unbounded LIH dielectric, the distribution of the electric scalar potential is given by the

following exact expression:
p=—d gl 1|4 gn-n (14.77)
Al \n n) 4lrle ([

For r>> a, the following holds:

rlzr—%@OSé’ ;D =r+%@0819 (14.78)

and:
2

rn-n=altosd ; nlh=r’- %Ecoszﬂ = r? (14.79)

from which it follows that:
rn,—n _aldosd
n [ r’

(14.80)

If approximation (14.80) is substituted into expression (14.77), the following expression can be
obtained, which approximately describes the distribution of the electric scalar potential of an electric
dipole:

¢=—qﬂw“’sf (14.81)
4 OrlE
Furthermore, the following holds:
gdosd = LG (14.82)
r

where the vector a is directed from the negative electric charge toward the positive electric charge, and
its magnitude is equal to the distance between the point charges forming the electric dipole.

Let it be:
qla=p (14.83)
where p is the electric dipole moment.

From expressions (14.83) and (14.81), it follows that the distribution of the electric scalar potential
of an electric dipole can also be described by the following expression:

plF _ pldos?d

¢_4D15m3 CATE 32

(14.84)

From the condition ¢ = const., it follows that the equation of the equipotential surfaces, as well as
the equation of the equipotential lines of the electric dipole, can be written as:
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0032’9 =C (14.85)

r

where C is a constant associated with the equipotential surface.
For the electric field intensity in a spherical coordinate system, the following holds:

Fe-nge- g 120 1 20,
or r 04 r8ind og

(14.86)

so it follows that the components of the electric field intensity vector of an electric dipole, whose
potential distribution is given by expression (14.84), can be expressed as:

¢ p [bosd

b T St (1457
Eg =—%%:% (14.88)
E,=0 (14.89)
The equation of electric field lines, for ¢ = const., follows from the condition:
e € €
Exdi=|E Ey 0 [=0 (14.90)
dr rldd 0
from which it follows that:
r[E, [dd = Eg Ldr (14.91)
and, taking into account expressions (14.87) and (14.88), it follows that:
& _ B e = g stas (14.92)
r Eg
After integrating both sides of expression (14.92), the following result is obtained:
Inr =2 n(sind) + InC = In(C Bin29) (14.93)
from which the final expression for the electric field lines of an electric dipole follows:
" -¢ (14.94)
sin’d

where C is the constant associated with the electric field line.

14.11. Energy Stored in an Electrostatic Field
In the general case, the energy stored in an electric field is given by expression (12.2), whereas in a

linear perfect dielectric, according to expression (12.9), the energy stored in the electric field is given
by the following expression:

W, = %Ef ED @V (14.95)
\%4
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whereas in the case of a linear and isotropic perfect dielectric, the energy stored in the electric field is
given by expression (14.71).

In an unbounded linear perfect dielectric, the stored electrostatic energy can also be given by the
following expression:

1 1.0
W= ~0p,Bav+ -0 0, B (14.96)
2 2 =

where O, and @, are the electric charge and electric scalar potential of the k-th conducting body.

If there is no free electric charge in an unbounded linear medium between conducting bodies, then
the stored electrostatic energy is given by the following expression:

1 n
W, = EDZQk [P, (14.97)
k=1

14.12. Force in the Electrostatic Field of an Isolated System

The force can be computed from the energy of the system or from the electric capacitance of the
system. An isolated system is one that does not exchange energy with its surroundings, or a system in
which the total electric charge remains constant. Such a system tends toward a state of minimal energy,
so the force in an isolated system can be described by the following expression:

F=-0W, (14.98)

where W, is the energy stored in the electrostatic field.

In an isolated system, the force in the direction of the vector s can be described by the expression:

Fe- WMo o 5%
Os Os

(14.99)

Q =const.

where s, is a unit vector.
In an isolated system, the force in the direction of the vector § can also be described by the following

expression:
2 2
ﬁz—goa% =—§ODQ—B6—GJ=§OD1E€QJ il (14.100)
Os 2 0s\C 2C) o0s

Q =const.

where Q and C are the electric charge and the electric capacitance of the isolated system.

14.12.1. Calculation of the Force on the Plate of a Parallel-Plate Electric Capacitor from Energy

From expression (14.71), it follows that the energy of an isolated parallel-plate electric capacitor
(Figure 14.18), which contains a perfect LIH dielectric, can be described by the following expression:

2
We=lDZEDW=l[—Il— gj CS L/ (14.101)
2 2 £ \S

and, according to expression (14.99), the force on the plate of the electric capacitor can be expressed as:

2
F —C?UB% =—C?OELG1-E€QJ ) (14.102)
0 2 £ S

Q=const.

It follows that the force on the plate of an electric capacitor can be expressed as:
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leEEEDt:SEﬁ ) We 4?0) (14.103)
2 d

where the direction of the force — cfo indicates that the electric force tends to reduce the distance between
the capacitor plates, i.e., that the plates of the electric capacitor are attracted to each other.

14.12.2. Calculation of the Force on the Plate of a Parallel-Plate Electric Capacitor from Capacitance

The capacitance of a parallel-plate electric capacitor (Figure 14.18), which contains a perfect LIH
dielectric, can be described by expression (14.59), and the following holds:

L (14.104)
CcC €%

From expression (14.100), it follows that the force on the plate of an electric capacitor is:

2 2
cm?ODQ—Ba—(i):—c?OGQ— dG—[—ll—— [ﬁ ) (14.105)
2 0d 2005

14.12.3. Force on the Electrode of a Cylindrical and Spherical Electric Capacitor

Expressions (14.99) and (14.100) are not suitable for computing the force on the electrodes of a
cylindrical and spherical electric capacitor. An important fact is that, in both cases, one electrode is
located inside the other. Although parts of the electrodes of these capacitors are attracted under the
action of an electric force, the total force on each electrode is zero.

14.13. Force in the Electrostatic Field of a Non-Isolated System

A non-isolated system is one that exchanges energy with its surroundings, i.e., a system in which
electric voltages are known and remain constant. Such a system tends toward a state of maximum
energy, so the force in a non-isolated system can be described by the following expression:

F=0W, (14.106)

where W, is the energy stored in the electrostatic field.

In a non-isolated system, the force in the direction of the vector can be described by the following

expression:
— ﬁW
— € - €
F= o — %o
Os

(14.107)

U =const.
where s, is a unit vector.
In a non-isolated system, the force in the direction of the vector can also be described by the expression:

2
F :3:0 € = §0 (14.108)
Fes, e e IS

2 0s

Os

U =const.
where U and C are the electric voltage and electric capacitance of the non-isolated system.

14.13.1. Calculation of the Force on the Plate of a Parallel-Plate Electric Capacitor from Energy

From expression (14.71), it follows that the energy of a non-isolated parallel-plate electric capacitor
(Figure 14.18), which contains a perfect LIH dielectric, can be described by the following expression:

2 2
W, = %EFEZW . %mﬁ%} 30 = %ur[yd—m (14.109)

and, according to expression (14.107), the force on the plate of an electric capacitor can be written as:
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It follows that the force on the plate of an electric capacitor can be expressed as:

2
:_go%mé%j 5 (14.110)

U =const.

F= %BEZES[ﬁ—c?O)=%[ﬁ—3O) (14.111)

where again the direction of the force — cfo indicates that the electric force tends to reduce the distance
between the capacitor plates, i.e., that the plates of the capacitor attract each other.

14.13.2. Calculation of the Force on the Plate of a Parallel-Plate Electric Capacitor from Capacitance

The capacitance of a parallel-plate electric capacitor (Figure 14.18), which contains a perfect LIH
dielectric, can be described by expression (14.59), and the following holds:

C= g% (14.112)

From expression (14.108), it follows that the force on the plate of an electric capacitor is:

2 2 2
ﬁz&odf—%z—&o%z—c@ac%%z% —&0) (14.113)

2

14.14. Forces and Stresses in the Electrostatic Field

Let the volume V be bounded by a closed surface S =dV (Figure 14.24), where 7 is the external
unit vector normal to the surface S. The electric force acting on the volume V can be computed by
integrating over the closed surface S:

F=[pEQ@v = §i. s (14.114)
\% S

where 1, is the electric stress vector.

=)

ov=S

Figure 14.24. Volume bounded by a closed surface S

In an electrostatic field, the electric stress vector in a linear and isotropic perfect dielectric can be
described by the following expression:

r, = £EEE [ﬁE Eﬂi) - %EEZ Eﬂi} (14.115)

The surface integral described by expression (14.114) can be expressed as a vector sum of three
surface integrals of the first kind:

F = §i, WS = Gty CS + j 1oy CS +k i, S (14.116)
S S S S

where the electric stress vector in the Cartesian coordinate system can be written as:

fp =t O +1y G +1,, k (14.117)
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The electric field intensity vector E bisects the angle between the external unit normal vector 7 and
the electric stress vector fe (Figure 14.25):

Figure 14.25. Mutual position of three vectors

Based on the electric stress vector at the boundary between two linear and isotropic perfect dielectrics
of permittivity & and &,, the following expression for the electrostatic pressure at the boundary of
these two dielectrics can be obtained:

g - € 2
(€ = a-elf oy E? (14.118)
2 & &,

where:
D, - the normal component of the electric displacement vector,

E, - the tangential component of the electric field intensity vector.

The electric force at the boundary of two media can be described by a surface integral over the
boundary surface between two dielectrics, Sp:

Fy = [i5 Gitds = [ S (14.119)
Sp Sp
where 7 is the unit vector normal to the boundary surface of the two dielectrics, directed from the
medium of higher permittivity toward the medium of lower permittivity.

The surface integral described by expression (14.119) can be expressed as a vector sum of three
surface integrals of the first kind:

Fy = [i Gilds =i 5 T S + § Ofes O, CS +k Ot T, TS (14.120)
Sb Sb Sb Sb

where the unit vector normal to the boundary surface of two dielectrics in the Cartesian coordinate
system is described by the following expression:

ﬁ=nxﬁ+nyj+nzi=cosaﬁ+cosﬂj+cosy@: (14.121)

where a, f and y are the angles between the unit normal vector and the Cartesian coordinate axes.

14.15. Imaging of Electric Charge at the Boundary of Two Dielectrics

Let a point electric charge g be located in front of a dielectric half-space at a distance a. Let the
electric charge be located in a half-space of permittivity &, and let the remaining part of the space have
permittivity &, (Figure 14.26). For the sake of simplicity, let the electric charge be located on the x-axis
of the Cartesian coordinate system (x, y, z).

The expressions for the distribution of the electric scalar potential in both half-spaces can be
determined by the method of images. The positions of the image electric charges can be chosen logically,

and their magnitudes can be determined by satisfying the boundary conditions (Figures 14.27 and
14.28).

82



Figure 14.26. Point electric charge in front of the boundary of two dielectric half-spaces

1y

T(x,y,2)
r
i
q> / q X
€ a a >|
& &

Figure 14.27. Point electric charge and its image when the electric scalar potential is computed
in a perfect unbounded dielectric 1
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T(x,y,z)
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Figure 14.28. Point electric charge image when the electric scalar potential is computed
in a perfect unbounded dielectric 2

According to Figure 14.27, the electric scalar potential in a perfect unbounded dielectric 1 is created
by a point electric charge ¢ and an image point electric charge ¢g,, whose position is mirrored with
respect to the point electric charge g. According to Figure 14.28, the electric scalar potential in the
unbounded perfect dielectric 2 is created by an image point electric charge ¢g;, which is located at the
position of the point electric charge g shown in Figure 14.27.

According to Figure 14.27, the distribution of the electric scalar potential in a perfect dielectric 1
(x=20), can be expressed by the following expression:

¢ =L pe.% (14.122)
Alle \(n n

whereas, according to Figure 14.28, the distribution of the electric scalar potential in a perfect dielectric
2 (x<0), can be expressed by the following expression:
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where:

nele-al+y2 4 0 o =y(eraf eyt (14.124)

Expression (14.122) and (14.123) must satisfy the following boundary conditions:

&0 =9| (14.125)
& Baﬂ =& B% (14.126)
0x =0 O0x =0

If expressions (14.122) and (14.123) are substituted into the boundary condition (14.125), taking into
account expression (14.124), the following expression can be obtained:

1 1
g [ﬁq Q2) £ 1 ( )

Similarly, by substituting expressions (14.122) and (14.123) into the boundary condition (14.126),
and taking into account expression (14.124), the following expression is obtained:

9= 9 =q (14.128)

From the system of two linear equations (14.127) and (14.128), it follows that:

_&E & 5 —
=——=[y=k i kg = 14.129
P 51"'52@? R g RT % s, ( )
20L&, 20L&,
= =k s kpE—— 14.130
‘i £1+€2D9 TL L ( )
where kp is the reflection factor, whereas kg is the transmission factor".
It follows that:
kg +kr =1 (14.131)
In the special case when &, — oo, it is true that:
lim kg =-1 = lim g, =—¢q (14.132)
Ey - &£y >
lim kt =2 = lim ¢, =20 ; lim ¢, =0 (14.133)
52 — 00 82 — 00 82 — 00

from which it follows that a medium with infinite permittivity behaves like a conducting medium.

According to expressions (14.122) i (14.129), the distribution of the electric scalar potential in a
perfect dielectric 1 (x 20) can be written as:

p=—d glike (14.134)
A4l \n n

whereas, according to expressions (14.123) i1 (14.130), the distribution of the electric scalar potential in
a perfect dielectric 2 (x < 0), can be written as:

g, =—tatd__ (14.135)
AT(E, G

* The reflection factor and transmission factor are static quantities that must be clearly distinguished from the
reflection and transmission coefficients, which refer to the behavior of electromagnetic waves.
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14.16. Electric Charge Relaxation in an Imperfect Dielectric

Let there be an electric charge of volume density p at the observed point of a linear and isotropic
imperfect dielectric. Let the imperfect dielectric have permittivity & and electric conductivity «. In this
case, relaxation of the electric charge occurs. If the medium has higher conductivity, the relaxation of
the electric charge is faster.

In this case, the continuity equation can be expressed as:

Dﬁczkmuéz—‘;—f (14.136)
and the corresponding Maxwell's differential equation can be written as:
oE=" (14.137)
£

where p is the volume density of the free electric charge.
From the expressions (14.136) and (14.137), the following differential equation can be derived:

Kip=_9° (14.138)
£ ot
which can be written in the following form:
Py p=0 . =% (14.139)
dt K

where 7 is the time constant.
After separating the variables, the differential equation (14.139) takes on the following form:

dp _ _di (14.140)
0 T
and its solution, which can be derived by integrating both sides of the equation, is:
Inp = —% +InC (14.141)
from which it follows that:
1
p=C T (14.142)
In this solution of the differential equation, the initial condition:
A, = p (14.143)
should be included, and the final solution of the differential equation can be expressed as:
t
p=p@T (14.144)

It follows that the self-discharge of an isolated electric capacitor, which has an imperfect linear and
isotropic dielectric with permittivity ¢ and electrical conductivity x, occurs, and the time variation of the
electric capacitor charge can be described by the following expression:

t
T £
qg=0k’ r=— (14.145)
K

where ¢ is the instantaneous value, whereas Q, is the initial value, of the electric charge on the positive
electrode of the electric capacitor.
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For a parallel-plate isolated electric capacitor, whose linear and isotropic dielectric is imperfect, the
following holds:

i = _dq (14.146)
dt

where the displacement electric current is the result of the loss of electric charge on the plates of the
electric capacitor.

Furthermore, for a parallel-plate electric capacitor, the following holds:

i=iB=xkEF=kEL =g (14.147)
£ £
from which the following differential equation arises:
dq __dt . _E (14.148)
q T K

whose solution is described by the expression (14.145), where Q, is the initial value of the electric
charge on the positive electrode of the parallel-plate electric capacitor.

14.17. Particular and General Solutions of the Laplace Differential Equation

14.17.1. Solutions of the Laplace Equation in the Cartesian Coordinate System

Let the Laplace differential equation in the Cartesian coordinate system (x, y, z) be described by:

_0% 0%, % _

Ag (14.149)
ax* ay? 072
whose particular solution can be obtained after the separation of the variables, so that:
P=X)Y(YIZ(z) (14.150)

If expression (14.150) is substituted into expression (14.149), the following differential equation can

be obtained:
Lglx Ly 147

14.151
X dx? Y dy*  Z d7? ( .
from which the following three ordinary differential equations can be derived:
2 B 2 B
L f =k} = d f - kXX =0 (14.152)
X dx dx
2 B 2 B
1Y k= oy k;¥=0 (14.153)
2 _ 2 _
1z k2 = az k=0 (14.154)
Z dz* dz*
where Ex, l;y, and EZ are real or imaginary constants for which the following holds:
ki +k; +k} =0 (14.155)
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For the time being, for the sake of generality, let these constants be complex, and it is important to
note that their squares are real constants.

The particular solution of the differential equation (14.152) can be expressed as:

cle™"" + pe*" = AGinh(k, k) + Beosh (k, k) for k> >0

X(x)={Ak+B for k?=0 (14.156)

AGin(y, )+ Bos(y, ) for k2=-)7<0

where in the first and second cases ng =k, is areal constant, whereas in the third case EX =+jly, is
an imaginary constant and can be replaced by a real constant ), in the solution. In the second case, it
holds that k, =k, =0.

The constants A, B, C, and D, given in expression (14.156), are unknown and can be determined from
the boundary conditions.

X

Analogous solutions are also valid for the other two differential equations described by expressions
(14.153) and (14.154), i.e., for the functions Y(y) and Z(z).

In the 2D Cartesian coordinate system (x, y), the following holds:

¢=X(x)Y(y) (14.157)

ki +k; =0 (14.158)

and it can be chosen to be:

k2=k*; k’=-k? = k,=k ; k

; y =ik (14.159)

from which it follows that the two corresponding ordinary differential equations can be written as:

2

‘;f - kKX =0 (14.160)
X
2

j _g + K2Y =0 (14.161)
y

If the boundary conditions require it, then it can be assumed that:

lgxzzkz; ];yZ:_kZ = kxzj& ; ky:k (14162)

from which it follows that the two corresponding ordinary differential equations can be written as:

2

‘; )2( + kXX =0 (14.163)
X
2

j—g - kKy=0 (14.164)
y

If the boundary conditions can be satisfied by any linear combination of the particular solutions of
the Laplace differential equation, then this represents the general solution to the corresponding
differential equation, due to the uniqueness of the solution. This solution is known as the solution to the

87



so-called boundary value problem, which is defined by the Laplace differential equation and the
boundary conditions. A mathematical or engineering problem described by a differential equation and
its boundary conditions is referred to as a boundary value problem.

A very commonly used general solution of the Laplace equation in the (x, y) coordinate system is:

B(x,y) = ixm Eﬁcn Bin(n [k ) + D, [eos (n [k [y)] (14.165)
n=1
where:
X(x)=4, " + g " (14.166)
or:
X (x)= A, Binh(n [k k) + B, [tosh (n [k k) (14.167)

depending on the boundary conditions that the general solution must satisfy.

It is important to point out that in the general solution of the Laplace equation (14.165) and the
corresponding particular solutions (14.166) and (14.167), x and y can be interchanged if the boundary
conditions that need to be satisfied require it.

14.17.2. Solutions of the Laplace Equation in a Cylindrical Coordinate System
Let the Laplace differential equation be given in the cylindrical coordinate system (7, ¢, z):

Ap= l[_;_ gaLj Gai + M: (14.168)

r or or 2 op az>
whose particular solution can be obtained after the separation of variables, so that:
$=RNP@[Z(2) (14.169)
If expression (14.169) is substituted into expression (14.168), the following differential equation can

be obtained:

2 2

1 d (@RJ L g 1472 _ (14.170)
rR ar\' dr) P d¢¢  Z di?

from which the following three ordinary differential equations can be derived:

rgd_(,, g’f},(,;zgz —n2)R=0 (14.171)

dr dr
a’ P, =0 (14.172)
dg’
d—Z—kzDZ 0 (14.173)
dz

where the complex constant k can be either a real or an imaginary constant, whereas »n is an integer
constant.

The particular solutions of the two ordinary differential equations, described by expressions (14.172)
and (14.173), are given by expression (14.156).

If k =k is areal constant, then the differential equation (14.171) can be written as:
2
PR R o) =0 (14.174)
dr dr
which is known as the Bessel differential equation, and its particular solution is:
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R(r)= A0, (k@)+ BN, (k ) (14.175)
where:
Ja (k Er) - the Bessel function of the first kind of the n-th order (Figure 14.29),

N, (k Dr) - the Neumann function of the n-th order; the Bessel function of the second kind of the
n-th order (Figure 14.29).

_]5 L i L L I I L I I I >

0 1 2 3 4 5 6 7 8 9 10
Figure 14.29. Graphic representation of the Bessel functions of the first and second kinds
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Figure 14.30. Graphic representation of the modified Bessel functions of the first and second kinds

If k=jyx isan imaginary constant and y is a real constant, then the differential equation (14.168)

2
2 [ﬂdf . r%R (P en?)m =0 (14.176)
r r

which is known as the modified Bessel differential equation, and its particular solution is:

can be written as:

R(r)= A0, (y@)+ BK,(y&) (14.177)
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where:
Ia (y Dr) - the modified Bessel function of the first kind of the n-th order (Figure 14.30),

K, (y Dr) - the modified Bessel function of the second kind of the n-th order (Figure 14.30).

If k=0, then the Bessel differential equation (14.174) reduces to the Euler differential equation:

2
r? f T Tt (14.178)
dr dr

which can be solved by substituting R =, resulting in the following equation:
P -n?)=0 = =% (14.179)

If k=0 and n =0, then the Euler differential equation reduces to the differential equation:

,g;i(, g’f} -0 (14.180)
»

dr

All possible solutions of the differential equation (14.171) can be written as:
AU, (k&)+ BIN, (k&) for k2=k*>>0

A, (ya)+ BIK, (y) for k*=-p><0

R(r)= (14.181)

ADr“+BGlT for k*=k*=0, n#0
r

Alnr+B for k?=k>=0 and n=0

A general solution of a differential equation is any linear combination of particular solutions that can
satisfy the boundary conditions for a 2D or 3D region.

If the scalar function ¢ does not depend on z and n # 0, then the particular solution of the Laplace
equation in the polar coordinate system (r, ¢) is:

¢(r,¢)=(ADrn +BG17J[ﬁCBin(nR0)+DEcos(n )] (14.182)
r
whereas the corresponding general solution of the Laplace equation is:
S n 1 :
P(r,p = Z(An 3" + B, G—j ffic, Bin(n ) + D, os(n )] (14.183)
n=1 r

which must satisfy the boundary conditions.

If the scalar field @ is axisymmetric with respect to the coordinate axis z, then there is no change in
the scalar field by the angle ¢ and n =0, and the general solution of the Laplace equation in the 2D
coordinate system (7, z), assuming r cannot be equal to zero in the considered region, is:

6(r, )= (A % + B, ") dic, W, (k )+ D N, (k )] (14.184)
k=1
whereas in the case when r can be equal to zero in the considered region, the general solution of the
Laplace equation in the 2D coordinate system (7, z) is:

P(r,z) = i(Ak @*% + B, 0, (k ) (14.185)
k=1

which, in some cases, instead of a sum, can be described by the following integral:
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o(r. z)=J[A(/1)@_M +B(1)2"? ]DIO (A &) A (14.186)
where A is a continuous parameter.

14.17.3. Solutions of the Laplace Equation in a Spherical Coordinate System

Let the Laplace differential equation be given in the spherical coordinate system (7, 9, ¢):

r2m¢—— Ba—j 1 g smﬂaa—j Ga— 0 (14.187)

or or sind 04 sin29 0g
whose particular solution can be obtained by separation of variables, such that:
9 = R(nLO@)[@(¢) (14.188)

If expression (14.188) is substituted into expression (14.187), the following three differential
equations can be obtained:

i(rz ﬂj - n[ﬂn +1)D€ =0 (14.189)

dr dr
smzmd—[ésmﬂdLj [ (fn +1)Gin*9 - m ]D@ 0 (14.190)
d*®

£ v =0 (14.191)

dg

where m and n are required to be integers.

Differential equation (14.189) is an Euler differential equation, differential equation (14.190) is a
general Legendre differential equation, whereas differential equation (14.191) is an ordinary differential
equation whose particular solution is described by expression (14.156). The particular solutions of these
three differential equations can be expressed as:

R(r)=AG" +B [—»—nlﬂ (14.192)

r
O) = C [P (cos I) + D (D™ (cos I) (14.193)
@() = E Bin (m D) + F os (m ) (14.194)

where:
P" (cos 19)- the associated Legendre polynomial of the first kind, of degree » and order m,
oy (cos z9) - the associated Legendre polynomial of the second kind, of degree n and order m.

In engineering applications, axisymmetric problems are of particular importance, where there is no
variation with respect to the angle ¢ and m = 0; in such cases, the Laplace differential equation (14.187)
in the 2D coordinate system (7, $) can be written as:

Ba;j G— smﬂ&} =0 (14.195)

or or sind 039

and its particular solution is given by:

é(r,9) = (A 3" +B G%j fic P, (cos ) + DD, (cos I)] (14.196)
r
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where:

P, (cos 19) - the Legendre polynomial of the first kind of degree n,
0, (cos 19) - the Legendre polynomial of the second kind of degree n.

Legendre polynomials of the second kind, as well as the associated Legendre polynomials of the
second kind, become infinite when cos 3 = + 1, so these polynomials cannot be used as solutions if the
domain includes $ = 0 and/or 9 = z. In such cases, according to (14.196), the particular solution of the
Laplace equation in the 2D coordinate system (7, $) can be written as:

é(r,9) = (A " +B G%J [P, (cos 3) (14.197)
r
whereas the corresponding general solution of the Laplace equation is:
b(r,9) = Z(An 3" + B, G%J [P, (cos3) (14.198)
n=0 r

Legendre polynomials of the first and second kind are defined for x[J[—1,1], and for illustration, the
Legendre polynomials of the first kind are shown graphically in Figure 14.31.
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Figure 14.31. Graphical representation of the Legendre polynomials of the first kind

For the Legendre polynomials of the first kind, the following holds true:
F(x)=1 ; Ax)=x (14.199)
and Bonnet’s recurrence formula for the Legendre polynomials of the first kind can be written as:

P.(x)= 2 -1

DR, (%) = n-1 2 o(x) for n=22 (14.200)
n

For the Legendre polynomials of the second kind, the following holds true:

_ + _x o 1+x
Oy(x)==h—— ; Q/(x)= —n——-1 (14.201)
X 2 1-x

and Bonnet’s recurrence formula for the Legendre polynomials of the second kind can be written as:

2@ -1

0, (x)= I, (x) - ”T_l 0, ,(x) for n=2 (14.202)
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14.18. Dielectric Solid Sphere in a Homogeneous Electric Field

If a dielectric solid sphere is placed in a homogeneous electric field, a mutual interaction occurs
between the field and the sphere. Consider a dielectric sphere (medium 1) of radius a placed in a
homogeneous electric field, surrounded by an unbounded, perfect linear, isotropic, and homogeneous
(LIH) dielectric medium (medium 2). A spherical coordinate system with its origin at the center of the
sphere is used (see Figure 14.32).

e T(r, 9
&

&

Figure 14.32. Dielectric solid sphere in a homogeneous electric field

The boundary condition at large distances from the sphere requires that the electric field remains
homogeneous. To satisfy this condition, the general solution of the Laplace differential equation in
medium 2 must be adjusted accordingly. According to expression (14.198), it can be written as:

00

¢, = Z(An 3" +B, gl—ﬂj [P, (cosF) (14.203)
n=0 r

It is sufficient to adjust the radial component of the electric field intensity at infinity, which, as shown
in Figure 14.33, can be described by the following expression:

E. =E,[dosd = — 99, (14.204)
or |, o
& S
Ey
Figure 14.33. Electric field intensity vector far from the sphere
If expression (14.203) is substituted into expression (14.204), the following is obtained:
E,[Bosd = - ) [nmn 3" - (n+1) B, 9172} [P, (cos®) (14.205)
n=0 r r— o
Since, according to expression (14.199):
P,(cos®) = cos? (14.206)

it follows that n = 1, which means that all coefficients A, and B, are equal to zero, except for A; and
B,. Therefore, from expression (14.205), it can be concluded that:

E,[dosd =-— (Al -20B G1—3J [dosd =— A [dosd (14.207)
r

implying that:
A =E, (14.208)

whereas B is currently unknown, since 1/ > tends to zero as r — o,
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Therefore, the distribution of the electric scalar potential in medium 2 is given by the following
expression:

¢, = (— E,G+B, 917} [Bos S (14.209)
r

Furthermore, to satisfy the boundary conditions between the two media, the electric scalar potential
inside the dielectric solid sphere is described by the following expression:

@, = (cl G +D, [—»%j [Bosd (14.210)
r

From the condition that the electric scalar potential at the center of the dielectric solid sphere must
remain finite, it follows that:
D =0 (14.211)
and:
@, =C, U [dosd (14.212)

Therefore, the distribution of the electric scalar potential in both media is described by expressions
(14.209) and (14.212), which contain two unknown coefficients that can be determined from the
boundary conditions:

¢, =%l -, (14.213)
_81 @ =_£2 ﬂ (14214)
or r=a or r=a
resulting in the following system of linear equations:
1 2L
yual—aucl =E,1 a32 B, +¢ [, =-¢,[E, (14.215)
from which it is straightforward to obtain:
B=E@EL"82 . (=-pp 5 (14.216)
& +20, & +20,

According to expressions (14.209), (14.212) and (14.216), the distribution of the electric scalar
potential is given by the following expressions:

3%, 3(%,

=——= [F Gosd = ———[E [ ; r< 14.217

b=, g 20, " rea ( )
E — & a 3

= —E, losd + —L—=2 M= | [E, T Losd ; > 14.218

¢2 0 £1+2B‘2[ﬁr) 0 r=2a ( )

from which it follows that the electric scalar potential vanishes at the center of the sphere, that is, on the
plane passing through the center where = 77/2, corresponding to the plane z = 0.

The electric scalar potential of a given homogeneous field, i.e., the distribution of the electric scalar
potential in the absence of the dielectric solid sphere, follows from the condition:

_%

E. =
0 0z

=0 (14.219)

from which it follows that:
¢, =—E,[& =—E,[Fdosd =—E,[F (14.220)
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From expressions (14.217) and (14.220), it follows that the electric field inside the sphere is also
homogeneous and oriented in the same direction as the electric field far from the sphere, but with a
different magnitude. The electric field intensity inside the sphere depends on the ratio of the two
permittivities, ei/ex.

The distribution of the electric scalar potential in the unbounded medium 2 can also be described by
modelling the dielectric solid sphere as an electric dipole:

6, =—E 2 +—LE__ 3=—E"0[af+—”[ﬂ: : (14.221)
4Urls, 40rly, ¢
where, according to expression (14.218), the electric dipole moment p can be written as:
5= B, moai s oy dgig (14.222)
pP= Ly sphere —¢2 £ +2 Q‘z ’ sphere — 3 :

The electric dipole moment p resulting from the bound surface charge is located on the surface of
the sphere. The dielectric sphere becomes polarized under the influence of the external electric field (see
Figures 14.34 and 14.35).

&

&

Figure 14.35. Electric dipole moment of a polarized dielectric solid sphere for & <&,

The electric field tends to penetrate as deeply as possible into the medium with higher permittivity,
while avoiding the medium with lower permittivity as much as possible. The electric field lines for
& > &, are shown in Figure 14.36, whereas the electric field lines for & < &, are shown in Figure 14.37.

According to expression (14.222), the electric polarization vector — defined as the vector field
representing the volume density of the electric dipole moment in a dielectric — can be written as:

p=—P -Epmoi"% (14.223)
Vsphere & +2 B‘2

whereas the surface density of the bound electric charge is given by the following expression:

o, =(P m] =(p @r} =3[E, &, 0522 [osd =0, [Bosd (14.224)
r=a & +2lE,

r=a

95



where:

£ —€ p
o. =30E, &, 31 "2 = 14.225
bm 0T +2E, V. ( )

sphere

which represents the maximum value of the surface density of the bound electric charge for & > &,, as
well as the minimum value for & <¢&,.

Y

-~
Y

Figure 14.36. Graphical representation of electric field lines for & > &,

Figure 14.37. Graphical representation of electric field lines for & <&,

Thus, a surface electric charge sinusoidally distributed over the surface of the sphere creates a
homogeneous electric field inside the sphere. It can be assumed that medium 2 extends throughout the
entire space, and the influence of the solid dielectric sphere on the distribution of the electric scalar
potential in medium 2 is effectively replaced by the surface electric charge (see Figure 14.38).
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Figure 14.38. Distribution of the equivalent surface electric charge for & > &,
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From expression (14.217), which describes the distribution of the electric scalar potential in
medium 1, one can readily obtain the expressions for the non-zero components of the electric field
intensity vector in medium 1, which, in the spherical coordinate system, are given by:

E =E, 8 +E,. & (14.226)

E, =- 0f __ 35 [E, [tosd (14.227)
ar 51 +2&2

Ey=-19% - 3% g (14.228)

r 0 & +20,

whereas in the Cartesian coordinate system, the following holds:

3(%,

— "2 [F & (14.229)
& +20E,

E =E, k=
From expression (14.218), which describes the distribution of the electric scalar potential in

medium 2, one can readily obtain the expressions for the non-zero components of the electric field
intensity vector in medium 2, which, in the spherical coordinate system, are given by:

E, =E, [&, +E,g &, (14.230)
E, =- 99, =E, GosS Q1 +203—1——2 [ﬁ j (14.231)
ar El + 2&2
10¢ & —€ ay
E,g =———2=-E,Bind 11— 1—2[€—j (14.232)
r o g +20, \r

The expression for the electric polarization vector (14.223) can also be derived in a different way,
not solely from the electric dipole moment of the polarized solid sphere. Since medium 1 is shaped as a
solid sphere and is embedded within medium 2, the following relation holds:

D =& [E =& [E +P (14.233)

from which it follows that the electric polarization vector is given by:

P=(g-5)E =3, 392 F & (14.234)
& +20E,

and, according to expression (14.224), the surface density of the bound electric charge is given by":
g, =(& - &)E,,_, (14.235)

A distinction should be made between the bound electric charge resulting from polarization and free
electric charge. At the boundary between two dielectrics, there is no free electric charge, and boundary
condition (14.214) applies, which means that:

Dyl _, =Du _, (14.236)

or, written differently:
aE,| _ =&E,| _, (14.237)

* Formally, the same expression applies to a dielectric cylinder in a homogeneous electric field.
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14.19. Solid Conducting Sphere in a Homogeneous Electric Field

Let a solid conducting sphere (medium 1) of radius a be placed in a homogeneous electric field, with
an unbounded perfect LIH dielectric (medium 2) surrounding the sphere. A spherical coordinate system
with its origin at the center of the sphere is used (see Figure 14.39).

Figure 14.39. Solid conducting sphere in a homogeneous electric field

Expressions for the distribution of the electric scalar potential in both media can be obtained in two
ways:

* In the same way as for a solid dielectric sphere in a homogeneous electric field (subchapter
14.18). The procedure begins with the general solution of the Laplace differential equation in
a perfect LIH dielectric (medium 2), given by expression (14.203), from which expression
(14.209) is derived, and it reads:

2

&, =(— E,G+B, [—Il—j [os S (14.238)
r

whereas:
@, =const.=0 (14.239)

and the unknown constant B, is determined from the boundary condition:
| ., =0s ., =0 (14.240)

* By using the solutions for the distribution of the electric scalar potential given in expressions
(14.217) and (14.218), which apply to a solid dielectric sphere (medium 1) in a homogeneous
electric field, with the following substitutions:

£ -6 § & > (14.241)

Using either of the two described methods, the expressions for the distribution of the electric scalar
potential in both media can be easily obtained and are given by:

¢1 =0 ; r<a (14.242)

a

3
¢2=—EOBE:0519+( j (E, I dos? ; z=rlbosd ; r=a (14.243)

r

from which it follows that the electric scalar potential vanishes at the center of the sphere, that is, on the
plane passing through the center where & = 77/2, corresponding to the plane z = 0. It is important to note
that expression (14.243) does not contain the properties of the medium.

From expression (14.332), which describes the distribution of the electric scalar potential in medium
1, it follows that the electric field intensity vector inside the solid conducting sphere is:

E =0 (14.244)
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From expression (14.333), which describes the distribution of the electric scalar potential in
medium 2, one can readily obtain the expressions for the non-zero components of the electric field
intensity vector in medium 2, which, in the spherical coordinate system, are given by:

E,=E, [ +E,g 3 (14.245)
3
B, == - F foso EEI +2 [ﬁﬁj J (14.246)
or r
E=-19P __p g 1—(%3 (14.247)
28 ros 0 r )

An electrical influence occurs — that is, at the boundary between the dielectric and the conductor, a
free electric charge appears with a surface density given by:

0=Dy| _ =Dyl _ =Dy|_ =&E,| _ (14.248)
By substituting expression (14.246) into expression (14.248), it follows that:
0 =3 [E,Bosd =0, Los?d ; o0, =3LLE, (14.249)

The solid conducting sphere is an equipotential body. This implies that the tangential component of
the electric field intensity vector on the surface of the sphere is zero, i.e., the electric field intensity
vector in medium 2 is perpendicular to the sphere’s surface (see Figure 14.40). However, instead of
applying the boundary condition:

(14.250)

it is preferable — for the sake of simplicity — to use the boundary condition (14.240).

]
|
\
|

\\ —-
sna

T 17

Figure 14.40. Electric field lines and equipotential lines in a dielectric
surrounding a conducting sphere

Analogies can be drawn between electrostatic, magnetostatic, and stationary current fields. By
analogy with a solid dielectric sphere placed in an electric field, one can derive the solution for a sphere
in a homogeneous magnetic field, as well as for a conducting sphere in a homogeneous current field. To
do so, it is sufficient to replace the electric field intensity vector with the magnetic field intensity vector
and substitute the permittivities with the corresponding permeabilities or electrical conductivities of the
media. In place of the electric surface charge at the boundary between two media in electrostatic and

99



stationary current problems, in the magnetostatic case, a linear density of the surface electric current is
introduced, given by K = Kn[sind.

14.20. Two Infinitely Long Straight Conductors

Let two infinitely long, mutually parallel straight conductors, carrying opposite charges with constant
linear density 4 (Figure 14.41), be placed in an unbounded, perfect LIH dielectric with permittivity e.

T(x,y)

4l

/1]:-{-1 /12:—2

Figure 14.41. Two infinitely long, mutually parallel straight conductors

Based on expression (14.47), which describes the distribution of the electric scalar potential around
an isolated, infinitely long straight conductor carrying a constant linear charge density A, it is
straightforward to conclude that the electric scalar potential distribution caused by the charges on two
infinitely long, parallel straight conductors shown in Figure 14.41 can be described by the following
expression:

A m2ic (14.251)

= tne "

where r; and r, are the shortest distances from the field point to the conductor.

It is logical to assume that the electric scalar potential is zero on the symmetrical plane between two
infinitely long parallel conductors carrying opposite electric charges of the same linear density. The
equation of the symmetrical plane is # =r,, and therefore C = 0, which means that the distribution of
the electric scalar potential can be described by the following expression:

p=—2 m2 (14.252)
27y p
The equation of the equipotential lines is given by:
n - const. (14.253)

n

The equipotential lines are eccentric circles, meaning the equipotential surfaces are the mantles of
eccentric cylinders. To prove this mathematically, let the conductors be placed in the 2D Cartesian
coordinate system (x, y), as shown in Figure 14.42.

According to expressions (14.252) and (14.253), for an equipotential line around a positive line
electric charge, the following holds:

ARy S| (14.254)
n

where, according to Figure 14.42, the following applies:

r1:1’x2+y2 ; rzzﬂ(x—zml)z-l-yz (14255)
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T(x,y)

2-a
/1|=+/1 22:_/1

Figure 14.42. Infinitely long, mutually parallel straight conductors in the
(x, y) coordinate system

v =

If expressions (14.255) are substituted into expression (14.254) and the resulting expression is then
squared, the following expression is obtained:

KPO2+k20% =x? -4 +40% +y? (14.256)

from which it follows that:
, Ak, 40P
+ +y- =

X y (14.257)
k-1 k-1
and after completing the square, the following is obtained:
2 2 2 2
(x+ 22@) el M L 2:(2?@J (14.258)
k* =1 k=1 (k= -1) k* =1
Expression (14.258) represents the equation of a circle, as shown in Figure 14.43:
(x+b) +y*=R* Rzz?fk . b= 22@ =R (14.259)
k* =1 k-1 k
A
R
+ /1 2 -a - ﬂ/ X

A

Figure 14.43. The graphical representation of the equipotential circle and the parameters b and D

The following holds:
20 20&%

D=2M+b=20la+— 5
k-1 k= -1

Rk (14.260)

from which it follows that:

b=

=~ | =

R?
D ( )
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By substituting:
b=s-a ; D=s+a (14.262)

from expressions (14.260) and (14.261), it can be derived that:

+
p=_R _s*a o 2_p2 (14.263)

s—a R

where s is the shortest distance between the center of the equipotential circle and the plane of symmetry,
whereas a is the shortest distance between a single conductor and the plane of symmetry (Figure 14.44).
On the plane of symmetry, the electric scalar potential is zero.

@ = const. p=0

7(x,y)
"

+4 —4 X

Y

Figure 14.44. The graphical representation of the equipotential circle and the parameters s and a

According to Figure 14.45, s +a represents the shortest distance between the center of the
equipotential circle around a positively charged conductor and a negatively charged conductor, whereas
s —a represents the shortest distance between the center of the equipotential circle around a positively
charged conductor and a positively charged conductor.

@ = const.

T(x,y)
p)

+4 —4

s—a
s+a N

Y =

Figure 14.45. Graphical representation of the equipotential circle and the parameters s +a and s —a

According to expression (14.263), for r, > i:

+
noos*ta_ R o1 450 (14.264)
n R s—a

A g2 A pgpsta. A g R (14.265)

¢: n—= = n =
2 n 2mE | R 20E  s-a

whereas for r, <n:
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. $<0 (14.266)

_ A T2 = A Ins=% = A D]nR
2rlys n 2Wmle R 27l s+a

(14.267)

It is important to note that the obtained expressions for the distribution of the electric scalar potential
can also be applied in cases where the equipotential surface is filled by a solid, infinitely long cylindrical
conductor, or where the cylindrical conductor is placed in front of a conducting plane.

14.21. Capacitance of Eccentric Conducting Cylinders

Let two eccentric conducting cylinders have radii R, and R,, with their centers separated by a
distance d (Figure 14.46). Let there be a perfect LIH dielectric with permittivity ¢ between the cylinders,
and let the length of the cylinders be /.

Figure 14.46. Two eccentric conducting cylinders

Neglecting edge effects, the expression for the capacitance of these cylinders can be derived from
expression (14.265), which describes the potential distribution of two infinitely long parallel straight
conductors charged with opposite charges of the same constant linear charge density 4 (Figure 14.44),
located in an unbounded perfect LIH dielectric with permittivity . Therefore, the two eccentric circles,
between which the perfect LIH dielectric is situated, are equipotential circles around the positively
charged infinitely long straight conductor (Figure 14.47). It follows that:

sf—a2=R12 ; s%—a2=R22 ;0 S, — 8 =d (14.268)

and the unknowns are: sy, s, and a.

Y_Y
A
a

Figure 14.47. Equipotential circles of eccentric conducting cylinders
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From the system of equations (14.268), it follows that:
s22 - slz = (s2 - sl)[ﬂsz + sl) =d [ﬂsz + sl) = R22 —Rlz (14.269)

and consequently, the system of two equations with two unknowns can be written as:

2 _p2
So=851=d ;5 sy+5 =% (14.270)
whose solutions are:
R}-R} d R}-R} . d
sp=—2—L —— ; 5, =2 L 4+ (14.271)
20 2 20 2
whereas, according to the expression (14.268), it holds that:
a=s2 —R? =y/s?-R} (14.272)

The electric scalar potentials of both cylinders are positive and, according to expression (14.265), are
described by:

+ +
b =—2 _mite . 4 -4 274 (14.273)
2lE R, 2rlE R,
and the electric voltage between the cylinders is described by the expression:
R +
U=¢ - =—2 mbetara ., 0 (14.274)
20rx 4 Rl ES2 + a) /
from which it follows that the capacitance of the eccentric conducting cylinders is:
c=Q - 2wl (14.275)
u R, Us; +a)
R, ls, +a)

If the cylinders are coaxial, then the following expression is obtained from expression (14.275):

c=2_2 B’ER (14.276)
u In—2
Rl
because it is:
+
lim 2174 =y (14.277)
d-0 SZ + a

14.22. Capacitance of a Two-Wire Line with Conductors of Different Radii

Let a two-wire line be formed by two isolated, infinitely long straight conductors of different radii
R, and R,, with their centers separated by a distance d (Figure 14.48). Let there be an unbounded perfect
LIH dielectric with permittivity & surrounding the cylinders.

In this case, the following holds:
st —a* =R} ; s3-a*=R} ; s +s,=d (14.278)

and the unknowns are: s;, s, and a.
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Figure 14.48. Two-wire line with conductors of different radii
From the system of equations (14.278), it follows that:
s% - slz = (52 + sl)[Qsz - sl)=d [Qsz - s1)=R22 —Rlz (14.279)

and consequently, the system of two equations with two unknowns can be written as:

2 _p2
si+sy,=d 5 s, =% (14.280)
whose solutions are:
slzi——2 Ly sp=2—-1 +4 (14.281)
2 204 204 2

whereas a can be computed from the expression (14.272).
The electric scalar potentials of the conductors, according to (14.265) and (14.267), are given by:

+
b= _mite . g A gy R (14.282)
20rlE R, 2rlE sy *a
and the electric voltage between the conductors is described by the expression:
+ +
U=¢-¢, = 2 mETDL2 10 (14.283)

IV 73 R, R,
from which it follows that the per-unit-length capacitance of the line is described by the expression:

= 2Lnte (14.284)

A
U In (sl +a) QS2 +Cl)
R, [R,

C=

If both conductors have the same radius R, then s; =5, =s, and the per-unit-length capacitance of
such a line is described by the expression:

C=

3 = T (14.285)
In

and for d >> R, it follows that @ = 5, s + a = d, and the per-unit-length capacitance of such a line is:

c=2 < ”—3: ”2% (14.286)
u In— In—
R R

where d is the shortest distance between the axes of the conductors.
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14.23. Capacitance of a Cylindrical Conductor in Front of a Conducting Plane

Let an infinitely long straight equipotential conductor of radius R be located in front of a conducting
plane, with the electric scalar potential of the plane set to zero. The plane is positioned at a distance s
from the center of the conductor (Figure 14.49). The half-space around the conductor is a perfect LIH
dielectric with permittivity €. The solution remains the same if a conducting cylinder is placed in front
of a conducting half-space (Figure 14.50), such as the ground, where the electric scalar potential is also
zero. In other words, the solution is unaffected by the properties of the medium located in the half-space
behind the conducting plane, whose electric scalar potential is, by assumption, zero.

p=0

Figure 14.49. Infinitely long cylindrical conductor in front of a conducting plane

Let there be a positive electric charge with linear density +A on the cylindrical conductor. The
influence of the conducting plane, whose electric scalar potential is zero, is accounted for using the
method of images, which reflects the positive charge into a negative charge with linear density —A
(Figure 14.51). This ensures that the electric scalar potential is zero at the conducting plane, thereby
satisfying all boundary conditions. The obtained solution is valid only in the half-space where the
infinitely long cylindrical equipotential conductor is located.

Figure 14.51. Real and mirrored line charge in an unbounded perfect
LIH dielectric with permittivity &
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The parameters s and R are known, whereas a can be computed from the following expression:

s’ —a>=R? ; a=,s*-R? (14.287)

The electric scalar potential of a conductor, according to expression (14.265), is given by:

A s+a
= 14.288
¢ S nr R ( )
and the per-unit-length capacitance of the conductor is:
C =i = 20rte (14.289)
N
R
For s >> R, it follows that a = s, s + a = 2-s, so the per-unit-length capacitance of such a conductor is:
C =i = 2Urte (14.290)
R

From expressions (14.285) and (14.289), it follows that for the same values of a, s and R, the per-
unit-length capacitance of an infinitely long conductor in front of a conducting plane is double that of
the per-unit-length capacitance of a two-wire line with conductors of equal radii R.

14.24. Thin-Wire Conductors and the Average Potential Method

Let a straight segment of a solid cylindrical conductor of radius r, and length ¢ be charged with an
electric charge Q (Figure 14.52). Let the electric charge be uniformly distributed over the surface of the
conductor segment. Let the conductor segment be in an unbounded perfect LIH dielectric of
permittivity €.

& ¢2"”0
‘ A

Figure 14.52. Straight segment of a cylindrical conductor

If r, <</, then a thin-wire approximation can be used, which assumes that all the electric charge is
concentrated along the axis of the conductor segment. The potential distribution at points outside the
conductor segment, including the surface of the conductor segment, must be determined. The potential
inside the conductor segment is equal to the potential on its surface. In the numerical model, the electric
charge Q is located along the axis of the conductor segment, and its linear charge density 4 is described
by the following expression:

=% = const. (14.291)

For simplicity, the segment is represented in the local 2D coordinate system (u, v), in which the axis
of the conductor segment and the field point 7(u, v) lie. The position of the segment in the global (x, y, z)
coordinate system is arbitrary. According to Figure 14.53, the field point 7(u, v) can be located in either
the first or second quadrant of the local coordinate system (u, v).

In an unbounded perfect LIH dielectric of permittivity &, the differential of the electric scalar potential
is described by the expression:
Al Q [t _ Q Ut
AnEG AEDG  4mrog(-o)? +02

dg = (14.292)
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T(u,v)
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Y

Figure 14.53. Cylindrical conductor segment in the local coordinate system (u, v)

It follows that:

—_—o |~

b = 0 0 dt
4rle2 ] (u—t)2+v2

2

(14.293)

and, after integration, it is obtained that the distribution of the electric scalar potential around the thin-
wire segment of the conductor is described by the expression:

1

V4
u+— u——
Q arsinh 2 _ arsinh 2

¢ = 4rE 7 y %

(14.294)

It holds that:

2
arsinh 2 =1n| 2 + 1+(EJ =ln(w+\/v2 +w2j—lnv (14.295)

1% 1% 1%

and expression (14.294) then takes on the following form:

L
2
¢ = n
Alrleld 2
ea) s
vitiu—— +u-—
2 2

The distribution of the electric scalar potential is axisymmetric with respect to the local axis u. It can
be easily shown that the equipotential surfaces, described by expressions (14.295) and (14.296), are
rotational ellipsoids with foci at the ends of the conductor axis. This means that in the local coordinate
system (u, v), the equipotential lines are ellipses with foci at the ends of the conductor axis
(Figure 14.54).

(14.296)

Figure 14.54. Equipotential lines around a cylindrical conductor segment
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The distribution of the electric scalar potential along the mantle of a conductor segment can be
expressed as:

Y

ry tlu—— +u—5

which is shown graphically in Figure 14.55.

(14.297)

¢ =¢(u’ ro) =

o, ) A

u

N,
>

Figure 14.55. Distribution of the electric scalar potential along a conductor segment

Figure 14.55 shows the obtained approximation of the potential distribution along the mantle of the
conductor segment and, consequently, along the conductor segment. However, this potential is actually
constant. This physically constant potential can be approximated in several ways. One such method is
the point collocation method (PCM), in which the electric scalar potential of a chosen point on the
conductor segment is taken as the potential for the entire conductor segment. The accuracy of this
approximation significantly depends on the choice of the collocation point. Therefore, the point
collocation method is considered a poor approximation. A much better approximation is the average
potential method (APM), which is a special case of the Galerkin-Bubnov method.

According to the average potential method, the electric scalar potential of a conductor segment is
approximated by the average potential along the mantle of the conductor segment (Figure 14.56):

l
L2
@= @y = 0[Pl n) W (14.298)
l
2
@(u, ry) 4

VQ

Figure 14.56. Approximation of the electric scalar potential of a conductor segment by
the average potential method (APM)

From expressions (14.297) and (14.298), after performing the analytical integration, the following
expression is obtained for the electric scalar potential of the conductor segment using the average
potential method :
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=0, =G, 1) D (14.299)

where G(/, r,) is the self-potential coefficient of the conductor segment. It holds that:

| .l 02
G(l,v)=———> W{Qrsinh— - ———=—— (14.300)
2rls v 24y 4y
or, written differently:
[02 42 & 2
G(t,v)=———— ¢ Tn Crvirl ! (14.301)
27y v \/52 02 4y

An equipotential straight thin-wire cylindrical conductor or an equipotential network of conductors,
located in a perfect LIH dielectric with permittivity &, can be divided into n thin-wire segments in a
numerical model. Using the average potential method, a system of linear equations can be formed, where
the total electric charge of the conductor or network of conductors Q is known, and the unknowns are
the electric charges of the segments and the potential of the network of conductors.

Using the method of images, the influence of a conducting plane, such as the ground surface, can
also be taken into account. In this case, the potential coefficients include the contributions from both the
real and mirrored conductor segments. The matrix of potential coefficients obtained by the average
potential method is a symmetric matrix. The system of linear equations can be written as:

_al,l eap, -1]( @ 0
=y (14.302)
ay, -y, —1{| On 0
=1 =1 0| (P -0
where:
Doy =D, =P, =-.- =@, - the electric scalar potential of the network of conductors,

@, - the electric scalar potential of the k-th segment of a cylindrical conductor,
O - the electric charge of the k-th segment of a cylindrical conductor,

a.

ik =0kis i=1,2,..,n ; k=1,2,...,n - the potential coefficients.

According to expressions (14.299) and (14.301), the self-potential coefficients of segments in an
unbounded perfect LIH dielectric of permittivity ¢ are described by the expression:

1 Vfiz""’ozi +; Vi
£ n —_—L (14.303)

1

———— 04, On+——n—
2tnteld Yoi \1512 gty

£, - the length of the i-th conductor segment,

ap; =G, ry;) =

where:

7y; - the radius of the i-th conductor segment.

If two segments are located in an unbounded perfect LIH dielectric with permittivity € and are parallel
to each other, as shown in Figure 14.57, with a separation distance d, then their mutual potential
coefficient can be described by the following expression:
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=Gl d)=— g, Y i i (14.304)

i un
201 T} d [ +a® +d

where the lengths of these two segments are equal, i.e., ;= (.

5 /i |

: A

i Lo |d
i Kk i

Figure 14.57. Special case of parallelism between two conductor segments

In the general case of parallelism between two conductor segments (Figure 14.58), the k-th conductor
segment is observed in the local coordinate system (u, v) of the i-th conductor segment. In this local
coordinate system, the endpoints of the k-th segment are denoted as 7} (u;, v, ) and T, (u,, vy ).

AV
£y
T (uy, vy) Ty (uy, vy)

\ A

/.

1
Figure 14.58. General case of parallelism between two conductor segments

If two segments are located in an unbounded perfect LIH dielectric with permittivity ¢ and are parallel
to each other, as shown in Figure 14.58, then their mutual potential coefficient can be described by the
following expression:

1

=—UC+C, -G -C 14.305
imEn g, GGG (14.305)

Qi x

where the auxiliary functions C,, are defined by the following expressions:

C, = wp, Eﬂn(\/wﬁl+vﬁ +wmj - Jwi+vl 5 m=1,2,3,4 (14.306)
l. /. l. 0.

Wy Su,+—L ;. ow, =y —— , o wa=uw+t—=L . w,=u,——+ 14.307

1St 25T 3Tt 4=y T ( )

Mutually non-parallel (oblique or perpendicular) conductor segments lie either in the same plane or
in two mutually parallel planes. Therefore, if two non-parallel conductor segments do not lie in the same
plane, then there exist exactly two parallel planes in which they lie (Figure 14.59). If they do lie in the
same plane, this represents a special case in which the two parallel planes coincide. Let the conductor
segments be oriented from point P to point K. This implies that the angle a [ (O, IT).

The mutual potential coefficient of two non-parallel conductor segments in an unbounded perfect
LIH dielectric with permittivity ¢ is defined by the following expression:

Sk 1k
1 DJ' déldn

= (14.308)
ATz, O,

ai x .
& mp ik

where:
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hik =J<‘2 +n* +D* -2[£ [ [Gosa (14.309)

The parameters &p, &g, /p. 7, @, and D can be easily computed from the global coordinates of the
starting and ending points of the conductor segments.

Figure 14.59. General case of non-parallelism between two conductor segments

The solution to the integral (14.308) is known as Tseitlin's formula, which can be written as:

1

=G L QA(E 7,) + Al ) - Al& ) - AlEm, )] (14.310)

ik
where:
A(én) = EEIIn(/]—EEtosa%ri’k) + nDIn({—n B:osa’+ri,k)
(14.311)
+n+r
—{ 7 fi BangJ

+

D
— [drctan
sina

If there are multiple equipotential networks of thin-wire conductors, then the system of linear
equations (14.302) must be expanded by introducing one additional equation and one additional
unknown for each new equipotential network of conductors.

14.25. Partial Capacitances

Let there be n conducting charged bodies in the unbounded perfect LIH dielectric. Then, the electric
scalar potential of the i-th conducting body can be described by the following equation:

¢i :zai’k @k 5 i:1,2,...,n (14312)
k=1

where:

@, - the electric scalar potential of the i-th conducting body,
O - the electric charge of the k-th conducting body,

a.

ks 1=1,2,..,n 5 k=1,2,..., n- the potential coefficients.
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If the influence of the ground (a conducting body) is taken into account, the electric scalar potential
of the ground is assumed to be zero, and the soil surface is approximated as a plane.

In the general case, the system of linear equations (14.312) can be expressed in matrix notation as:

¢ G g o)
] I : ; {@y=lall{0} (14.313)
¢Il an,l a’n’n Qn

where:
{@} - the column vector of the electric scalar potentials of the conducting bodies,
{Q} - the column vector of the electric charges of the conducting bodies,

[a]- the potential coefficient matrix.

If the electric scalar potentials of conducting bodies are known, then the electric charge of the i-th
conducting body is given by:

Q= B ; i=12,...n (14.314)
k=1

where ,B’i,k ;1=1,2,...,n ; k=1,2,...,n are the so-called capacitance coefficients.
The system of linear equations (14.314) can be expressed in matrix notation as:
0 By - Bl |#

e : ; {0} =[B1l{¢} (14.315)
Qn /Bn,l /Bn,n ¢n

where the capacitance coefficient matrix [[] and the potential coefficient matrix [@] are mutually
inverse matrices:

[B1=[a]’ (14.316)

The electric charges of conducting bodies can also be expressed as follows:

n
0 =Y Cully 5 i=12,..n (14.317)
k=1
where:
Ci’k ;1=1,2,...,n ; k=1,2,...,n - the so-called partial capacitances,

Uy i=1,2,..,n ; k=1,2,..., n- the electric voltages between the conducting bodies.

The electric voltages between the conducting bodies and the electric scalar potentials of the
conducting bodies are related by the following expression:
¢, fori=k
Uix =

= (14.318)
¢i _¢k for 1¢k

The partial capacitance matrix is a symmetric matrix given by:
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Cl,l T Cl,n
[C] = K . ) Ci,k = Ck,i
Cn,l e Cn,n

For a system of n conducting bodies, the following holds:

Ci,k == ﬁi,k for 1#k

n
Cii =D Bk
k=1
and the following relations hold:

By=—Cy, for i#k

n
B = zci,k
k=1

(14.319)

(14.320)

(14.321)

(14.322)

(14.323)

A system of conducting bodies can be graphically represented by a partial capacitance equivalent

circuit, in which a partial capacitance C; is connected between the i-th and k-th nodes.

14.25.1. Partial Capacitances of a Two-Wire Electric Line

Let a two-wire electric line consist of two infinitely long, straight, thin-wire conductors that are
mutually parallel and carry linear charge densities 41 and 4. The line is located in the air above the
ground, which has an electric scalar potential equal to zero (see Figure 14.60). Let the radius of both

conductors be 1, <<d. Assume that the air is a perfect LIH dielectric.

Figure 14.60. Two-wire electric line above the ground

The influence of the ground on the distribution of the electric scalar potential can be accounted for
by applying the boundary condition at the ground surface using the method of images. According to this
method, two charged conductors in the air (a dielectric half-space) are replaced by four conductors in
an unbounded perfect LIH dielectric whose permittivity equals that of air (see Figure 14.61). In addition
to the real conductors, there are also imaginary conductors — mirror images of the real ones — each
carrying an image charge of equal magnitude and opposite sign to the corresponding real charge.
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di /iz
Figure 14.61. A two-wire electric line and its image in unbounded LIH air

From expression (14.252), it follows that the electric scalar potentials of the two conductors are given
by the following expressions:

P = A g2ty A D (14.324)
20rlE, T 2w, d
¢, = A gl A g2 (14.325)
2w, d 2LrlE, T
which can be written in matrix notation as:
¢ ay Gip | A
= ; {g) =lall{1} (14.326)
¢, Ay G| A
where the potential coefficient matrix is given by:
In 2y lng
7
[a]= ZD;B D° . (14.327)
0 In— In 2
d 7
Furthermore, the following holds:
(A} =1510¢) =[al" Ug) (14.328)
where the per-unit-length capacitance coefficient matrix is given by:
B B 1 Up ~0ip
[B1=lal" = (14.329)

S, ., —a,
By B =t e CY TR (P

It follows that the per-unit-length partial capacitance matrix can be written as:
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Bt B ~Bis
[c]= (14.330)

=5 Bort Bon

Per-unit-length partial capacitances describe both capacitive coupling between conductors and
capacitive coupling between each conductor and ground (see Figure 14.62).

O——

Ci—— —_—— (y,

Figure 14.62. Per-unit-length partial capacitances

From expressions (14.317) and (14.319), it follows that:

_— In 21k - lng
2 Ty
[Bl=[a]l! = 0 (14.331)
IHLD” Hn%—lnzg —lnB ln2|]ll
To To d d Ty
and, according to expression (14.330), it is obtained that:
In 2 UZ?DW lng
I
[cl=—5 2 D;g" 5 ’ (14332)
In=—Ln="2-1n2= ln2 anUl1 4
To To d d r, D

The effective per-unit-length capacitance of a two-wire line, taking into account the influence of the
ground, is the total per-unit-length capacitance between the two conductors:

Cl,l B:‘2,2

C= C1,2 +——=
G+ Cyp

(14.333)

14.25.2. Partial Capacitances of Mutually Parallel Conductor Segments

Let there be two mutually parallel, straight, cylindrical conductor segments of length ¢, separated
by a distance d (see Figure 14.63). Let them carry charges Q1 and (>, respectively, and be located in air
at heights h; and h, above the ground, which has an electric scalar potential equal to zero (see
Figure 14.64). Let the radius of both conductors be 1y <<d, and assume that air is a perfect linear,
isotropic and homogeneous (LIH) dielectric. The partial capacitances of the conductors are to be
determined using the average potential method. The influence of the ground on the distribution of the
electric scalar potential can be accounted for by satisfying the boundary condition at the ground surface
using the method of images (see Figure 14.65).
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Figure 14.63. Two mutually parallel cylindrical conductor segments
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Figure 14.64. Two mutually parallel cylindrical conductor segments above the ground

-0,
Figure 14.65. Two conductor segments and their images in unbounded LIH air

According to the average potential method, the linear electric charge density along the axis of a thin-
wire conductor segment is approximated as constant, whereas the electric scalar potential of the segment
is approximated by the average potential over its surface. This method is described in detail in
subchapter 14.24.

The following holds:

= ; /11=& ;A =& (14.334)
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where @, and @, are the (average) electric scalar potentials of the conductor segments, whereas Q;
and Q, are the electric charges of the conductor segments.
Based on expression (14.303) and Figure 14.61, the potential coefficient matrix — determined using

the average potential method while taking into account the influence of the ground — is given by the
following expression:

a; G, n)-GWU,2y) GU,d)-G(,D)
[a]l= = (14.335)
a,; 0, G(l,d)-G(,D) G/, 1r)-G(,2h)

where, according to expression (14.301), in the case where the perfect LIH dielectric is air:

VO +vE+0 s

G(l,v) =;2 ¢ dn (14.336)
20mte, U v \/€2+v2 + v

The capacitance coefficient matrix can be obtained by inverting the potential coefficient matrix
described by expression (14.335):

:81,1 :81,2

1 a,, ~—Qp

1
[Bl=[a]l" = =

a,, W, , —a,, L
132’1 132,2 1,1 2,2 1,2 2,1 _0'2,1 a

(14.337)
L1

from which it follows that the of partial capacitance matrix is given by the following expression:

G, GCp Bt B -Bia
[c]= = (14.338)

Gy Gy -5 Bort Boo

Since the previous expressions are complex, it is not practical to derive analytical expressions for the
elements of the capacitance coefficient matrix or the elements of the partial capacitance matrix.

14.26. Force at the Boundary Between Two Dielectrics and the Force on an Electric Charge
Let a point electric charge g be located at a distance d from the boundary of a dielectric half-space.

Assume the charge is situated in the half-space with permittivity &, whereas the remaining half-space
has permittivity &, (see Figure 14.66). Let & > &,.

& &

Figure 14.66. Point electric charge in a cylindrical coordinate system
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Using the method of images, it is straightforward to derive that at the boundary between two
dielectrics (z = 0), the electric field intensity vector in medium 2 can be described by the following
expression:

ki | r@ -dE,

E,= E, & + E,, (&, = (14.339)
2 2r =r 2z =z 4DT@2 \/(d2+r2)3
where, according to expression (14.130), the transmission factor is is given by:
ky = 2t (14.340)
& 1&

It follows that at the boundary between two media (z = 0), for & > &,, the tangential component of
the electric field intensity vector and the normal component of the electric displacement vector in both
dielectrics are described by the following expressions:

_ — q r
E =FE, = O 14.341
‘ 2 2D1[ﬂ£1 +£2) \/(d2 +r2)3 ( )

D, =Dy =&, (E, =—24 g ~d (14.342)

n n

According to expression (14.118), the electrostatic pressure at the boundary between these two
dielectrics can be described by the following expression:

3 2
c=8"%gq Dy | p2 (14.343)
2 & &

and, by substituting expressions (14.341) and (14.342) into expression (14.343), it follows that:

2 2 2
=L gt g 4 . T (14.344)
807 (6 +6) | & d2+r2) (d2+r2)

where, according to expression (14.129):

ky =52 (14.345)
& + &
is the reflection factor.

The force at the boundary between two dielectrics can be obtained by integrating the electrostatic
pressure over the boundary surface z =0, and the force is directed from the medium with higher
permittivity to the medium with lower permittivity:

Fy=(=¢,)0n tas =(-¢,)q+; 2 OrG Gir (14.346)
Sy 0
and it follows that:
- _ kg dronr oS
7, =(-¢, R + (14.347)
O T R [ ey [ o
The following holds:
Sdrowr T S 1
= = (14.348)
0(dz+r2)3 o(dz+r2)3 (2@')2
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from which it follows that the final expression for the force at the boundary between two dielectrics is
given by:

o= (-0 q kg )

14.349
ATz, 2 ) ( )

Since, according to expression (14.345), the reflection factor is positive for & >&,, the real point
electric charge g and its image charge have the same polarity (see Figure 14.67). This means they repel
each other, and the force on the point electric charge g can be written as:

. g )

F=e¢ 3—21NRHA _—_F 14.350

a” % AT 2 b ( )
&1 &1

BN
N

qu
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Figure 14.67. Real and mirrored point electric charge

Conclusion: The force at the boundary between two dielectrics arises from the tendency of the medium
with higher permittivity to displace the medium with lower permittivity. The force acting on the electric
charge is equal in magnitude to the force at the dielectric boundary but directed oppositely. If the charge
is located in the medium with higher permittivity, it tends to move deeper into that medium. According
to the law of action and reaction, the medium with lower permittivity and the electric charge in the
higher-permittivity medium repel each other. Conversely, if the charge is in the medium with lower
permittivity, it is attracted toward the medium with higher permittivity. Therefore, the force on the
electric charge that generates the electrostatic field is always directed opposite to the force at the
boundary between the two dielectrics. This behavior is described by expression (14.350).
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14.27. Solved Examples

Example 14.1. Determine the linear charge density of an infinitely long cylindrical capacitor based on
the solution of the Laplace differential equation in a cylindrical coordinate system. A dielectric of
relative permittivity & =10 is present between the electrodes of the capacitor. There is an electric scalar
potential ¢ = ¢, =100 V on the inner cylinder and an electric scalar potential ¢ = ¢, =0V on the
outer cylinder. Let a =1cm,b=2cm. Assume that the z-axis of the cylindrical coordinate system
coincides with the axis of the cylindrical capacitor. The linear charge density per cylinder is constant.

<

Figure 14.68. Infinitely long cylindrical capacitor

Solution:

In the cylindrical coordinate system (r, ¢, z), the Laplace differential equation of the electric scalar
potential is described by the expression (14.168), which can be written for the axisymmetric problem,

i.e., for @ =¢@(r), as follows:
Ap= L r[ﬂ] =0 (14.351)
rodr dr

from which it follows that:

rﬂzq -, .G (14.352)
dr dr r
and:
dr
$=C = =COnr+C, (14.353)
r

where C; and C, are unknown constants.

From the solution (14.353) of the Laplace differential equation (14.351) and given boundary conditions:
4., =9 =100V ; g _ =¢ =0V (14.354)

we obtain the following system of linear equations:

C,Ona+C, =g, (14.355)

C,Onb+C, =@, (14.356)

whose solutions are:
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c =8 oy +¢a_‘b¢b Tnb (14.357)

In this particular case, the electric field intensity in the dielectric of a cylindrical capacitor is defined
by the following expression:

E=—5¢=—d—¢[§

14.358
dr " ( )

and it is obtained that according to expressions (14.353) and (14.358):
E=-4 [z, (14.359)

r

Using Gauss's law, it is easy to obtain the expression (14.33) for the electric field intensity in the
dielectric of a cylindrical capacitor, which can be written as:

A

F=— 2 g
20Tl [

(14.360)

From expressions (14.359) and (14.360), it follows that the linear charge density of a cylindrical
capacitor is:

A=-2TEC, =2D? g, - ¢,) (14.361)
In—
a
and, for the given data, it can be obtained that:
A= % =8.0260736 %1078 C/m =80.260736 nC/m (14.362)
n

Since the inner cylinder is at a higher electric scalar potential than the outer cylinder, there is a
positive charge of linear density 4 on the inner cylinder, and a negative charge of linear density —4 on

the outer cylinder, as shown in Figure 14.19.

Example 14.2. In the air, an electric charge is distributed uniformly throughout a sphere, forming a ball
with constant volume charge density o, =1 nC/m>. Determine the distribution of the electric scalar
potential at all points in spherical coordinates using Gauss’s law. Let the radius of the sphere be r, =1 m.

Figure 14.69. Uniformly distributed charge within the sphere
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Solution:

Inside the sphere (region 1), the following holds:
§D, s = [ p, v (14.363)
S 14

where the closed surface S is a sphere of radius r <7, (Figure 14.69).

From expression (14.363), it follows that:

DIES=D1E1B2DT=pODI/=pOEI;:Dr3DT (14.364)
thus it is:
p=mw . g=tng (14.365)
3 31,

Outside the sphere (region 2), the following holds:

§D, s = p, v (14.366)
S Vv

where the closed surface S is a sphere of radius r >r, (Figure 14.69).

From expression (14.366), it follows that:

D,[8 = D, (33 = p, [V, =p09;f&03m (14.367)
thus it is:
3 3
p,=2de . g = do (14.368)
3 3, 2

The electric field intensity is defined by the following expression::

E:—D¢=—Z—f@r (14.369)

from which it follows that the distribution of the electric scalar potential is described by expressions:

2
L N T
0 0
P 15 Po o
weofri A el o
0 0

It is a usual assumption that the reference point, where the electric scalar potential is equal to zero,
is at infinity, from which it follows that the constant C, =0 and:

py= 2 for s (14.372)
3L, r
From the boundary condition:
b, =9, (14.373)
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it is easy to obtain that it is:

2 2
31Z, 2) 20,

and, according to expressions (14.370) and (14.374), the distribution of the electric scalar potential in
region 1 is described by the following expression:

2

- 5 2 _F
=——[lr —— for r<r 14.375
¢ 2, EE 073 J 0 ( )

For the given data, it can be obtained that:

2
@, =56.4704533 1—? V for r<lm (14.376)
9, = 37.64696889 V for r>1m (14.377)

r

Example 14.3. In the air, an electric charge is uniformly distributed within a sphere and has a constant
volume charge density o, =1 nC/m>. Determine the distribution of the electric scalar potential at all
points in spherical coordinates using the solutions of Poisson’s differential equation. Let the radius of
the sphere be r, =1 m.

Solution:

This example is textually almost identical to the previous example, so Figure 14.69 can be included;
the two examples differ only in the method of solution.

In the spherical coordinate system (r, 9, ¢), the Laplacian of the electric scalar potential is described
by expression (14.87), which, for a centrally symmetric problem, i.e., for ¢ = @(r),can be written as:

Ag=—- [P_(rz %} (14.378)

r2 6]’

and the corresponding Poisson's differential equation is given by:

A¢=iad—tﬁr2 Efli:j =_P (14.379)

r2 dr £

In this particular case, the following holds:

Ag =2 - P g en (14.380)
r2 dr dr &
A¢2 :LE& 1’2 ¢2 =0 for r> T (14381)
r2 dr dr
After double integration of the two previous expressions, the following expressions are obtained:

2

¢1:—1E10_0Ef_—ﬂ+C2 for r<r, (14.382)
3 & 2 r

G

¢, =——+C, for r>r, (14.383)

r
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From the usual assumption that the reference point is at infinity, it follows that the constant C, =0.
Furthermore, for » =0, the electric scalar potential must be finite, from which it follows that the constant
C, =0. After including these constants, the expressions (14.382) and (14.383) take on a new form:

2
b=-LtPod e, . 4,=-8 (14.384)
38 2 r

Expressions (14.384) should satisfy the boundary conditions:

bl_ =0l & padl =g, gl (14.385)
o o dr | _ dr| _
r=r, r=r,
Based on the satisfaction of the boundary conditions, it is easy to obtain that:
S G
c, =2t =-Ph (14.386)
2L, 3L&,

and, according to expressions (14.384) and (14.386), the distribution of the electric scalar potential can
be described by the following expressions:

2
¢1=_2‘;; [Eroz—%J for r<r (14.387)
0
0 3
6, = ﬁd:_ for r>r (14.388)
0

For the given data, it can be obtained that:
2

¢1:56.47O4533EE1—%] V for r<lm (14.389)

b, = 37.64696889 ¢ sim (14.390)

r

Example 14.4. Determine the equation of the equipotential surface of zero electric scalar potential for
two unlike point electric charges g, and g,, separated by a distance d. Assume that |q1| >|q2|. The
electric charges are in an unbounded LIH dielectric of permittivity &.

@ d @

9> 4
Figure 14.70. Two point charges in an unbounded LIH dielectric

Solution:

The distribution of the electric scalar potential is described by the following expression:

_ 1 91 . 9
= g 92 14.391
¢ 4DT|3‘D€r1 Ty ( )

where r; denotes the distance of the charge ¢, from the field point, whereas r, denotes the distance of
the charge ¢, from the field point.
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If the charges are of the same polarity, the equipotential surface corresponding to zero electric scalar
potential is located at infinity. Therefore, it is physically meaningful to consider only the case in which
the charges are of opposite polarity, i.e., when:

sign g; = —sign g, (14.392)

Then ¢ =0 for 1,7, — o and in the case when:

Dy B2 (14.393)
n n
from which it follows that:
N9 —p 5 (14.394)
) q>

due to the adopted assumption |q1| > |q2|.

For the sake of simplicity, we assume that the charges are positioned within the two-dimensional
Cartesian coordinate system (x, y) shown in Figure 14.71. This assumption is justified by the fact that
the equipotential surface corresponding to zero electric scalar potential is axisymmetric with respect to
the x-axis.

y T(x,y)

)
d *

q> 91

Figure 14.71. Two point charges in a 2D coordinate system (x, y)
From Figure 14.71, it can be seen that:

no_Ald=xf +y* _
I e Y (14.395)
7 /x2+y2

The following expression is obtained as a direct consequence of squaring equation (14.395):

2

2
x°+ D1i[ic+yz— d

K2-1 k-1

(14.396)

which takes the following form after completing the square:

a Y d® &>
X+ +y2=d (14.397)
k>-1

le-1f

and that is the equation of a circle (x - p)2 + y2 =R?, whose center lies on the x-axis, whereas R is the
radius of the circle. The zero-potential surface is therefore a sphere with its center on the x-axis.

It follows from expression (14.397) that:

2d ; R= CiD{ =bk (14.398)
k“-1 k-1

b:—p:

where the parameters b and R are explicitly depicted in Figure 14.72.
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q; d q

neyy

Figure 14.72. Zero-potential line in a 2D coordinate system (x, y)

As shown in Figure 14.72, the parameter b represents the leftward displacement of the center of the
zero-potential circle relative to the location of the charge g,, whereas D denotes the distance between
the charge g, and the center of the zero-potential circle. The following relation holds:

2
D=d+b=d+ 2d =d2D{ =Rk (14.399)
k=-1 k~-1
implying that:
r=2-_a (14.400)
R g
It follows from expressions (14.398) and (14.400) that:
2
p=R_R" (14.401)
k D

Without recourse to analytical derivation, the method of images yields the following expressions:

R2
g, = =—¢q Dg ; 23 (14.402)

If g, =—g,, then the equation of the zero-potential surface becomes r =r,, which corresponds to

the plane of symmetry between the two electric charges.

Example 14.5. Determine the magnitude of the electric field intensity at the point 7(x, y, z), produced
by a positive point electric charge g located on the bisector of the first quadrant in the plane z = 0,
assuming that the planes x = 0 and y = 0 are perfectly conducting.

YA a

[N

v X
>

p=0

Figure 14.73. Positive point electric charge in front of
two conducting half-planes
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Solution:

This problem can be solved using the method of images. The real point electric charge, together with
three image charges (as shown in Figure 14.74), all located in the plane z = 0, ensures that the following

boundary conditions are satisfied:

¢|x=0: ¢|y=0 =0
y A
a a
q> —_Q. 2 2 .‘11 =q
a
£ 2
X
a >
2
a
3=9% ®4=-q

Figure 14.74. Real electric charge and corresponding image charges

(14.403)

According to the method of images, the entire space is declared to be a perfect LIH dielectric (air),
and the obtained solution is valid only within the region of space where the conditions x=0 and y =0
are satisfied. The electric field intensity vector generated by the i-th point electric charge is described

by the expression:

Eiz q; ixm+riy|:j+riz[ﬁ
4rlE, ”13
where:
9 —493—-49 > 42—44——4g
whereas:
a a 2 >
rlx:x_a > rlyzy_a 5o =2 3 rlz\[ﬁx+rly+rlz
2 2

2

=x+2< Iyy = -4 r, = N P
x =X 5 2y =Y 5 22 =% 5 1Ty Thy TIy
. — . — . _ |2 2 2
x 5 ”3y—y+5 ST BTty g,

_a . —v+2 . -, . = [,2 4.2 4,2
Nx =X —— r4y—y E 5 Ty, =2 ’ Yy =l T4x r4y ¥4z

The total electric field intensity vector is described by the following expression:

. A - -
I o 1 rixm-'_riy[j-'-rizm
E= E. = e =\E, ,E E
i; ! 4@@0;{% ri3 {X Y Z}

and its magnitude is given by the expression:

E=\E}+E; +E]
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Example 14.6. Determine the distribution of the electric scalar potential generated by a point charge ¢
located in the air above a conducting plane featuring a hemispherical bulge of radius R. The charge is
positioned at a distance D from the plane y = 0, and both the point electric charge and the center of the
hemispherical bulge lie in the plane z = 0.

. I

q 7

7

R \v

K p=0

Y =

Figure 14.75. Point charge positioned above a conducting plane featuring a hemispherical bulge

Solution:

This problem can be solved using the method of images. The real point electric charge, together with
three image charges (as shown in Figure 14.76), all located in the plane z = 0, ensures that the boundary
conditions are satisfied.

y
q e —
€
D
Do,
S ;
2y
"he— /
D
o
g6 — ¥

Figure 14.76. Real electric charge and corresponding image charges

According to expression (14.402), the following relation holds:

R2
=- [—lIi ; b=— 14.412
q; q D D ( )
Therefore, the distribution of the electric scalar potential in the air can be described by the following
expression:
p=—9 gt 1 R R (14.413)
Alrteé, \r r, nD n D
where:
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r= x2 + (y —D)2 + Zz ) ry = x2 + (y+D)2 + Z2 (14414)

rl = _x2 +(y—b)2 +Z2 ’ ”15 = _x2 +(y +b)2 +Z2 (14415)
where r is the distance between the electric charge g and the field point T(x, y, z); r, is the distance
between the electric charge —¢ and the field point 7(x, y, z); # 1is the distance between the electric
charge g, and the field point 7(x, y, z); and 1, is the distance between the electric charge —¢; and the
field point T(x, y, z).

Example 14.7. A point electric charge ¢ = 10 nC is located at a distance D = 0.1 m from the center of a
grounded solid conducting sphere with radius R = 0.05 m. Determine the electric scalar potential of the
sphere after the grounding is removed and the point charge ¢ is taken to infinity. Assume that the
influence of the grounding conductor on the distribution of the electric scalar potential can be neglected.

Figure 14.77. Point electric charge and grounded solid conducting sphere

Solution:

In order for the surface of the solid conducting sphere to be at zero electric scalar potential, a total
induced electric charge must exist on the surface of the sphere:

a =_qgg (14.416)

After the grounding is interrupted, the induced electric charge g, remains on the surface of the
sphere. If the point charge ¢ is then moved to infinity, the remaining charge g, becomes uniformly
distributed over the surface of the sphere. The electric scalar potential of the sphere is then given by:

— 9 — q —
= = - =-898.7551788 V 14.417
Doptere = O7(%, R 4T(z, D ( )

From expression (14.417), it follows that the electric scalar potential of the solid sphere, after the
grounding is removed and the charge ¢ is taken to infinity, is independent of the sphere’s radius R.

Example 14.8. A point electric charge ¢ is located at the origin of the Cartesian coordinate system at a
distance D from the center of a charged solid conducting sphere of radius R. Let the electric scalar
potential of the conducting sphere be @p.... Determine the magnitude of the electric scalar potential
and the electric field intensity at the point 7(x, y, z).

Dsphere
z & 0 p

aa
q )
X U

Figure 14.78. Point electric charge and a charged solid conducting sphere
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Solution:

The problem can be solved by the method of images. The real electric charge ¢, the image electric
charge ¢,, and the equivalent electric charge g,, all located along the y-axis (as shown in Figure 14.79),
are arranged to satisfy the boundary conditions.

Figure 14.79. Real, image, and equivalent electric charges in an
unbounded LIH dielectric (air)

Electric charges g and g; ensure that the electric scalar potential remains constant (¢ = 0) on the
surface of the solid conducting sphere, where:

7 =—qD§ (14.418)

In order to raise the conducting sphere to a potential ¢sphere, an equivalent electric charge g, must

be placed at the center of the sphere. The following relation holds:

— q —
¢sphere - m = q> = 4 DTDEO [R WSphere (14.419)
It follows that the distribution of the electric scalar potential in the air is described by the following
expression:
p=—1 g D, D (14.420)
Alrrle, \r 1
where:

reyxt 4y 4 o =l +(y-D+b) 422 (14.421)

r, :\/xz +(y-D) + 22 (14.422)

The electric field intensity vector is described by the expression:

~_ 1 gF g ¢ |_
E= =\E, ,E  E 14.423
4DTBOEEr3+r13+r23J{Xyz} ( )
where:
7={x,y,z} ; ]Z{x,y—D+b,z} ; b Z{x,y—D,z} (14.424)

whereas the magnitude of the electric field intensity is described by the expression:

E=\|E} +E, +E] (14.425)

Example 14.9. A point electric charge g = 0.5 nC is located at a distance D = 2 m from the center of a
grounded solid conducting sphere of radius R = 0.2 m (Figure 14.77). Determine the distribution of the
surface charge density over the surface of the sphere.

Solution:

In order for the surface of the solid conducting sphere to be at zero electric scalar potential, a total
induced electric charge is present on the grounded surface of the sphere:
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7=-q [.;g (14.426)

which can be replaced by an image point charge g, located at a distance:

(14.427)

Figure 14.80. Real and image electric charges in an unbounded LIH dielectric (air)

The distribution of the electric scalar potential in the air, which includes the surface of the sphere, is
described by the following expression:

g gaa|-_9 pt R (14.428)
4, \r, 1 Alrrte, \r, DL

where r; and r,, according to Figure 14.80, are given by the following expressions:

n=+r*+b? =20 Bosd ; 1, =4 r’+D?*-20FDBosd (14.429)

where r and 3 are the coordinates of the field point 7 in the spherical coordinate system, whose origin
coincides with the center of the sphere.

The axisymmetric surface charge density over the surface of the solid sphere is described by the

following expression:
g=- 80 %L¢

=9 ng%_ Rzaai (14.430)
—p AT (5 or D& Or R

r
where:
_ _p2
%:r b@osﬂ:DDr R* [Gosd (14.431)
or n r D
9n _R-Dlosd (14.432)
or r
from which it follows that:
- _p2
a:4qDTD R — D ldosd : _4cé”D R[QRED R Etosﬁ) : (14.433)
\/R2+D2—2EREDEc 9 4 3
( 08 ) D2 [R2+132_2D€ Etos:?j
D D
The following relation holds:
4 3 2
R2+R—2— 2[R EtosﬁZR—zEﬁRz +D? —2Demmosﬁ) (14.434)
D D
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and expression (14.433) takes the following form:

p?
R—Dﬁosﬁ—?'i'DE:OSz?

g= 4DTD - (14.435)
\/(R2+D2—2D€EDBOS§)
from which it follows that:
2 _p2
oc=0(d)=- 4‘éTD ! 3 RR (14.436)
\/(R2+D2—2D?EDEOS§)

If a new parameter / is introduced to represent the distance between the charge g and a point on the
surface of the sphere (Figure 14.81), this distance is given by the expression:

(=] _, =y R*+D*~2[RD kos? (14.437)

then the expression (14.436) takes the following form:

2 p2
o=o()y=—-4 gL 2R (14.438)
407 03 R

After incorporating the given data, it follows that for ¢ (in meters):

78.78169683 nC

€3 1’112

og=0(l)=- (14.439)

Figure 14.81. Graphical illustration of the parameter (

Example 14.10. Consider a circular thin-wire loop of radius a, carrying a uniform line charge with
linear charge density A. The loop lies in the plane z = 0, and the surrounding medium is air. Determine
the expression for the spatial distribution of the electric scalar potential in the cylindrical coordinate

system (7, @ z).

A 4

Figure 14.82. 2D representation of a uniformly charged circular thin-wire loop
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Solution:

ZA
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X
Figure 14.83. 3D representation of a uniformly charged circular thin-wire loop

The distribution of the electric scalar potential does not depend on the angle @ as the system is
axisymmetric with respect to the z-axis. Therefore, it is sufficient to derive an expression for the electric
scalar potential at ¢ = O (Figure 14.83).

An infinitesimal amount of electric charge A[d/ generates an infinitesimal contribution to the
electric scalar potential at the field point 7(r, 0, z):

AQr ATy

9= OT(%, (R 47, (R (14.440)
According to Figure 14.83, the following relation holds:
R*=b>+7° =r?+a® -20uF Bos o+ 22 (14.441)
from which it follows that:
p=_A 9 (14.442)

2Lrig, 0\/r2+a2+zz—2ﬂlzﬂrm:os¢)

The integral in expression (14.442) does not have an analytical solution and can be reduced to the
evaluation of the so-called elliptic integrals:

%R
Fla, k)= IL (14.443)
0

J1-k*Bin%p
V1-k*Bin’plig (14.444)

Expression (14.443) corresponds to an elliptic integral of the first kind, whereas expression (14.444)
represents an elliptic integral of the second kind.

E(@,. k)=

o —

If the limits of elliptic integrals range from O to 77/2, such elliptic integrals are referred to as complete
elliptic integrals:

/2
Fl)= [ —99 (14.445)

! \1-k2Bin’p
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/2

E(k)= [ 1~k Bin’plip (14.446)

0

Expression (14.445) represents a complete elliptic integral of the first kind, whereas expression
(14.446) corresponds to a complete elliptic integral of the second kind.

In order to reduce the evaluation of the integral in expression (14.442) to a complete elliptic integral
of the first kind, the following substitution is introduced:

¢=n-2[F ;, d¢=-2ldpS (14.447)

By applying the substitution given in expression (14.447) to expression (14.442), we obtain the
following expression:

0
p=- Al O B (14.448)
TTLE, ;1/2\/r2 +a® +7? —ZBIDrEtos(IT—ZEB)
The following relation holds:
cos(m—=20B)=-cos(2[B)=-1+2Ein’B (14.449)
and expression (14.448) takes the following form:
/2
6= )';l E 12 - Dj B (14.450)
mE J(r+af 2 o -4 gin2g
(wtr e
With the substitution:
g2 Aal D‘IF . (14.451)
(a + r) +z

expression (14.450) takes the following form:

/2
é= Ald g & of B - A ‘/ﬁEkEF(k) (14.452)
mE, JAatulr 0 \/1_k2 Kin’g 2UrlE, Vr

The values of the complete elliptic integral of the first kind, F(k), can be found in mathematical tables
for the corresponding parameter k, which depends on the field point 7. Alternatively, the complete
elliptic integral in expression (14.445) can be evaluated numerically. It is also possible to calculate the
original integral in expression (14.442) numerically.

Example 14.11. Consider an isolated thin-wire cylindrical conductor of radius r, and length /,
carrying a total electric charge Q. Assume that the charge is uniformly distributed over the surface
(mantle) of the conductor. Using the thin-wire approximation and assuming the conductor is placed in
unbounded air, determine expressions for the electric scalar potential and the electric capacitance of the
conductor using the following two methods: a) the point collocation method (PCM), where the
collocation point is located at the central point of the conductor mantle, b) the average potential method
(APM).

&9 l2 ‘7 y

I

Figure 14.84. Thin-wire cylindrical conductor in the local coordinate system (u, v)
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Solution:

According to expression (14.296), the electric scalar potential distribution is given by:

) ( 6)2 !
vo+ u+5 +u+5
g= 0 (In

vitiu—— + u-—
2 2

(14.453)

whereas, according to expression (14.297), the potential distribution along the conductor is given by:
2 A%
ry tlu +E + u+
0 (n

40z, 0 RY
V02+[M_2j + u-

a) Solution using the point collocation method

p=¢u,r) = (14.454)

[SEE S ENYES

The problem states that the collocation point is located at the midpoint of the surface (mantle) of the
thin-wire conductor (Figure 14.85), i.e., the collocation point is 7 (0, r,).

VA

T

v =<

Figure 14.85. Selected collocation point T (0, ry)

According to the point collocation method, the electric scalar potential of the conductor is
approximated by the potential of the collocation point:

2
20k
~ 2 m

® =By =9(0,1)= (14.455)

For numerical reasons, it is useful to reformulate expression (14.455) by rationalizing the
denominator. After rationalization, it follows that:

AN

0 L) TS
@oers =40, 1) = [In 14.456
v =#(0. 1) 207z, iy ( )

The electric capacitance of the conductor, according to the point collocation method, is given by the
following expression:

2lnle, e
Cpom = 0 . 2 (14.457)
Pocm s (0 2y
ry t|— +—
2 2
In
)

Since r, <</, an additional approximation can be introduced, so that:
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(n — (14.458)

(14.459)
In—

The physically constant electric scalar potential of the conductor is approximated by the electric
scalar potential at the collocation point (Figure 14.86). The solution strongly depends on the choice of
the collocation point. Therefore, from a numerical perspective, the point collocation method is relatively
poor.

(0(”’ ’”0)A

> Q)PCM

T u
g >

Figure 14.86. Approximation of the electric scalar potential of the conductor using the PCM

b) Solution using the average potential method

According to expressions (14.299) and (14.300), the electric scalar potential of the conductor,
approximated using the average potential method, is given by the following expression:

P=0,, =@y =G, 1) 10 (14.460)
where:
N+ +0 2
Gl 1) = —— 01/ 0n o 77 £ (14.461)
20miE, "o \/f2+r02 + 7,

The electric capacitance of the conductor, as determined by the average potential method, is given by:

2
CAPM = ¢ = 1 = 2Urls, 4 (14.462)
Puem G, 1) \/£2+ e+l 0?
¢ n -
o \/ ik + o,
Since r, <</, an additional approximation can be introduced, so that:
4
P . (14.463)
2rle, 4 I
_2[nlgyle
i (14.464)
In— -1
Ty

According to the average potential method, the physically constant electric scalar potential of the
conductor is approximated by the average value of the electric scalar potential along the conductor
(Figure 14.87). From a numerical standpoint, this method is significantly more accurate than the point
collocation method.
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Figure 14.87. Approximation of the electric scalar potential of the conductor using the APM

In reality, the conductor is an equipotential body, whereas the linear charge density varies along its
axis. A satisfactory approximate solution can be obtained numerically by dividing the conductor into
several thin-wire segments, each with a constant A over its length. The unknowns are Q;; i=1,2,...n
and the electric scalar potential @ of the conductor, which are determined by solving a system of linear
equations. The sum of all O, corresponds to the total electric charge Q.

Example 14.12. A point charge q is located in an LIH half-space with relative permittivity &, =3 (LIH
medium 1), at a distance d = 0.5 m from the boundary plane between a perfect LIH dielectric and air
(LIH medium 2). Calculate the angles that the electric field line at point A (where 4 = 0.4 m) makes with
the normal to the boundary plane.

A

52 280 \ 81 :6‘1‘1.80

@ <
Y N

Y

Figure 14.88. Point charge in a half-space filled with a perfect LIH dielectric

Solution:

The problem is most easily solved using the method of images. Since the electric field distribution is
axisymmetric, a cylindrical coordinate system will be used (Figure 14.88).

The electric field vector at point A in medium 1 is calculated according to Figure 14.89, whereas the
electric field vector at point A in medium 2 is calculated according to Figure 14.90.

rA
&1 =& &y A K &1 =& €y
h
kR' q ” q Z
L L >
. 4 .4 ]
< 7 Z

Figure 14.89. Calculation of the electric field intensity in medium 1
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h
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A EE———

Figure 14.90. Calculation of the electric field intensity in medium 2

According to Figure 14.89, it is easy to conclude that the electric field intensity vector at point A in
medium 1 is given by the following expression:

E=E, B+ E,@,= —1 Wi+ kg ), -d i - kg )@,
)

whereas, according to Figure 14.90, the electric field intensity vector at point A in medium 2 is given by
the following expression:

(14.465)

~ (& hig —-d&
E2:Er2 |];r-l- EZ2 |];z: 4q|]'[é‘ \/(; 2);
2 d”+h

because in an unbounded perfect LIH dielectric with permittivity &, the electric field intensity vector at
a point located at a distance r from an isolated point charge g is given by the following expression:

(14.466)

F=—9 " (14.467)

Thus, expressions (14.465) and (14.466) are derived based on Figures 14.89 and 14.90, as well as
expression (14.467), whereas the superposition principle was also used in the expression (14.465).

According to expression (14.129), the reflection factor is:
kp =—"==——-=— 14.468
Rog+e, 3+1 2 ( )
whereas, according to expression (14.130), the transmission factor is:

ky = 2t _ 2 1 (14.469)
g+e 1+3 2

and after substituting these factors into expressions (14.465) and (14.466), the resulting expressions are:

. _ 3E, -dE,
S )

(14.470)

. _ hiE, -dE,
B e )

According to Figure 14.91, the electric field intensity vector at point A, in each medium, has two
components, and the field line (i.e., electric field vector) forms an angle a with the normal to the
boundary plane, which is given by the following expressions:

tana =| E, /E, | (14.472)

(14.471)
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tana, =| E,/E, =%=2.4 ; tana, =| E,/E, =§=O.8

z

Figure 14.91. Components of the electric field intensity vector at point A

It follows from expression (14.473) that:

a, =67.380135° ; a, =38.659808°
rA
oo\ A4
~~~~~ \951 €156 &
&y =&
9 q .

Figure 14.92. Angle at which the field line refracts at point A

(14.473)

(14.474)

The field line passing through point A tends to remain in the medium with higher permittivity
(medium 1), and therefore takes the shape shown in Figure 14.92. From Figure 14.92 and expression

(14.474), it follows that the field line refracts at point A at an angle given by:

(14.475)

Example 14.13. The insulator of a single-core high-voltage 10 kV cable consists of three hollow
cylindrical layers with relative permittivities &, =4, £, =3, and &5 =2. Their outer radii are
r1=0.02 m, r»=0.03 m, and r; = 0.04 m, whereas the radius of the conductor is ro = 0.01 m. Determine
the distribution of the electric field intensity along the axis r in the cylindrical coordinate system.
Assume that the cable is buried in the soil and that the conductor is at an electric scalar potential

¢. =10 kV.

%
&

Figure 14.93. Conductor and its three-layer insulator

p=0
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Solution:

The three-layer insulator is, in fact, the dielectric of a three-layer cylindrical capacitor. Neglecting
edge effects — i.e., assuming the cylindrical capacitor is infinitely long — the distribution of the electric
field intensity in the i-th layer of the multilayer dielectric is described by the following expression:

R p)
Vo G 2nE,Z, G

; 1=1,2,3 (14.476)

where A is the linear charge density located on the surface of the conductor.

Furthermore, the voltage of the conductor with respect to the surrounding soil is given by:
14 4
¢ A 3501 _Gdr
U= E;Ldr = —0O0— ; U=¢ (14.477)

(98]

r i-1

from which, after integration, the following expression for the conductor voltage is obtained:

v=—12 [Eituni+iﬂnnr—2+imn’"—3}i= ALK (14.478)
81.1 4

2DT|1‘0 €r2 rl €r3 rz C ZDTEO
where:
C= 1 ?[n[ao 1 _2[nle, (14.479)
S Ont s 2+ M3 K

&1 h €& n &z n

is the per-unit-length capacitance of the single-core cable, whereas an auxiliary parameter K is:

K=t i+ Lgn2s g (14.480)
‘grl ) €r2 n €r3 )

From expression (14.478), it follows that the linear charge density can be expressed as:

20nle,lU
K

A= (14.481)

and from expression (14.476), it follows that the distribution of the electric field intensity in the i-th
layer of the multilayer insulator (dielectric) is described by the expression:

U

E, = ; 1=1,2,3 (14.482)
&, UK
If the given data are substituted, it follows that the auxiliary parameter is:
K :lEl]ng +1E[]nE +l|:|]ni =0.45228287 (14.483)
4 1 3 2 2 3
whereas:
4
E = 2.2210057 %10 =123 (14.484)
;0
The electric field intensity at the boundary points of the insulator is:
E|_ =E|_ =55275143x10° V/m (14.485)
E| _ =Es _ =2.7637571x10° V/m (14.486)
3 -3

If the entire perfect dielectric were homogeneous, that is, if all layers had the same permittivity,
then the following expression would hold:
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U

E= (14.487)

.
rn=2
Iy

and in that case, the electric field intensity at the boundary points of the LIH perfect dielectric would be:

E| _ =7.2134752x10° V/m (14.488)

E| _ =1.8033688x10° V/m (14.489)
-3

This means that, in this case, the electric field intensity at the conductor surface is higher, indicating
a greater probability of dielectric breakdown.

Example 14.14. Using the concept of electric stress, calculate the force with which the two halves of
an isolated solid conducting sphere of radius R = 0.1 m, carrying a total electric charge Q = 1uC, repel
each other. Assume the sphere is in the air. Solve the problem by integrating over the flat dividing plane
that separates the two hemispheres.

Figure 14.94. Two arbitrarily chosen hemispheres of a solid conducting sphere
Solution:

The electric charge Q is uniformly distributed over the surface of the solid sphere; the electric field
intensity inside the sphere is zero, whereas the electric field intensity outside the sphere is given by the
expression:

o 0

== (14.490)
ATiE, O

where r denotes the distance from the center of the sphere to the field point.

Figure 14.95. Integration surface S enclosing one hemisphere and closed at infinity
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The integration surface S =S, U S,U S5 around the hemisphere can be closed so that it coincides with
the boundary surface of the hemisphere under consideration. However, for the purpose of force
calculation, it is simpler to close the surface around the hemisphere by dividing the solid sphere with a
plane, whereas the remaining part of the surface S is closed at infinity (Figure 14.95), where the electric
field vanishes.

On surfaces S; and S3, the electric field intensity is zero, and therefore the electric stress vector is
also zero on those surfaces.

It follows that the force on the 'upper' hemisphere is given by the expression:
F=§i, s = [z, s =i (1, @s (14.491)
s S, S,
where 7 is the unit normal vector of the surface (Figure 14.95).

According to expression (14.115), the electric stress vector on the surface S, is given by the expression:

- — - E2 £ 2
. =& EﬁE EﬁE Hi)_jﬂi} =_?0 D‘Zzﬂi = _ﬂmgmw (14.492)
0

and thus the force on the 'upper' hemisphere is:

2 2
F=(-7)n—2 qzm?m:’m 0" 4 12 (14.493)
RNOCE, 5 16078, 203 |
from which it follows that:
2
F=(-1) E—IQiz =(-7)0.1123444 N (14.494)
3207, R

Example 14.15. Using the concept of electric stress, calculate the force with which the two halves of
an isolated solid conducting sphere of radius R = 0.1 m, carrying a total electric charge QO = 1uC, repel
each other. Assume the sphere is in the air. Solve the problem by integrating over the surface of one
hemisphere. Two arbitrarily chosen conducting hemispheres are shown in Figure 14.94.

Solution:

In this problem, unlike the integration surface in the previous one, the integration surface S = S;U .S,
is the outer surface of the considered hemisphere on which the repulsive force acts (Figure 14.96).

E=0

Figure 14.96. Integration surface around the conducting hemisphere

On surface S, the electric field intensity is zero, and therefore the electric stress vector is also zero
on that surface. It follows that the force on the 'upper' hemisphere is described by the expression:
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F=§i, s = [, @s = [1,[&,0ds (14.495)
s s, s,

where €, is the unit normal vector of the surface S, (Figure 14.96).

The electric charge Q is uniformly distributed over the surface of the solid sphere. The electric field
intensity on the surface of the solid sphere (in the air) is given by the expression:

= Lz (14.496)
407l [R
where R is the radius of the sphere.

According to expression (14.115), in this case for r = R, i.e., on surface S, the electric stress vector
has a constant magnitude and is given by the expression:

. . E? £ 0?
1, =&, [EE EﬁE Di)_?w:| :70 |:E2|:ﬁ :m [ér (14.497)
0

whereas the electric stress vector on surface i is equal to zero.

The force on the 'upper' hemisphere acts in the direction of the z-axis, that is, in the direction of the
unit vector k. This means that it is sufficient to integrate only the z-component of the electric stress
vector:

F =k Oft,, @S =k @, cosd LS (14.498)
52 S2
It follows that:
~ _ Q2 20Gr /2 )
F=k O d¢ U | cosZ [R” BinJLdS (14.499)
3207 [, [R* { {
and therefore:
2 /2 2 . 2al™2
F=k[—IQ72D sin os 99 =kOI—2 B 9| (14.500)
16012, [R> 160z, R 2 |,
- Q2 _ -
F= -k =0.1123444 [k N (14.501)
ROTE, R

Example 14.16. The space between two concentric spheres is filled with a dielectric (&, =3) within
which a positive electric charge is located. The volume electric charge density is spherically symmetric
and described by the expression ,0=10_5 2 C/m>. Assume that there is no electric charge in the
remaining space (air). Using the concept of electric stress, determine the force with which the two halves
of the dielectric repel each other. Let 7 =0.05 m, r, =0.1 m.

oy

Figure 14.97. Electric charge distribution between two concentric spherical surfaces
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Solution:

This example is very similar to the previous one and is therefore not solved in detail.
In the case of 1, <r <, it holds that:

§ D, WS = ,[%, [F, 3 G = [ p[3 G Orlir
S i
from which, after integration, it follows that:

5
E, =2x1070 G——1)* - us
£ &

- r

and thus, on the plane that divides the two halves of the dielectric (similar to Figure 14.95):

i;:l =—%E‘0E‘rﬂ€fﬁi=telﬁi

n
Fi =it TS =i 1y 2 073
Si 4l
and after integration, it is obtained that:

7 o 4Gx107 Eﬁrf - 2o —r13)+ 0 s —ﬁz)J[@_ﬁ)

g I, 8 3 207 7

In the case of r >r,, it holds that:
n
§D, WS =, B, 307G’ = | pB G2 Orlir
S 1

and integrating yields:
6 1 -5
E,=2x10°3- 21
& r

On the plane dividing the two halves of the dielectric (as in Figure 14.95), it holds that:

1

le =—5&‘0E§Eﬂi=tezﬁi

Fy =ii Oty S =7 [ 1,, (2 07 G

S n

and integrating yields:

- 2
- _4@x107" E(rz5 —r15) B,
F2 - 2 [ﬂ_ I’l)
& 2t
The force with which the two halves of the dielectric repel each other is:
F=FR+F
and the final result is:

F=(-7)7.1696x107° N
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Example 14.17. A parallel-plate capacitor has a plate separation of d = 0.05 m, an individual plate area
of S = 0.04 m2, and is charged with a charge of Q = 1.5 uC. The dielectric between the plates has a
relative permittivity of 90. Neglecting edge effects, calculate the force acting on the positive plate of the
capacitor using the electric field stress.

+0l ¢ -0
———> e
F
S
d

Figure 14.98. Force on the positive plate of a parallel-plate capacitor

Solution:

An integration surface should be closed around the positive plate of the parallel-plate capacitor, as
shown in Figure 14.99.

Sint
+0 & -0
————>
n
S
d

Figure 14.99. Integration surface

The electric field intensity is nonzero only within the dielectric of the parallel-plate capacitor and is
given by the following expression:

E=—=[ =—=1[& (14.514)

where 7 is the unit normal vector of the positive electrode of the capacitor (Figure 14.99), and S is the
surface area of the capacitor plate.

According to expression (14.115), the electric stress vector on the positive plate of the capacitor
(within the dielectric) is given by the following expression:

- e E2 & 2 Q2
t. =cUEUNEG|-— | =—F"lh=——— 14.515
: EE dEm)-= } : e (14515)
and the force on the positive electrode is:
- = 0?
F= §te dS=1t 5 = (& =0.035294033[& N (14.516)
g 208

int

Example 14.18. A dielectric slab of thickness d partially enters between the rectangular plates of a
parallel-plate capacitor connected to an ideal voltage source, which keeps the capacitor voltage U
constant. Let the plate area of the capacitor be S. Determine the force on the dielectric slab as a function
of x, using two methods: a) from electrostatic energy, b) using electric stress (force at the boundary
between two dielectrics). Neglect edge effects. Given: U=12V, $=0.25m? d=0.02m, b =0.5 m,
£ =20.
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b 1

Figure 14.100. Force on the dielectric slab — non-isolated system
Solution:

a) Calculation of force from electrostatic energy

In this particular case, the force in the non-isolated system is given by the following expression:

2
Feif%e i< (14.517)
Ox 2 Ox

U =const.

where W, is the energy stored in the electrostatic field.

Neglecting edge effects, the capacitance of the capacitor is given by the following expression:
c:eom.r,a;g; +50Ef;d:—x (14.518)

where S is the surface area of the capacitor plate.
It follows that the force on the dielectric slab is given by the following expression:

2 2
F=i E%—G‘;E =U7@0 [—lj—@[ﬁgr -1)d =3.0281322x107 4G N (14.519)
X

The force acting on the dielectric slab tends to pull it farther into the space between the plates of the
capacitor. If two different dielectrics are present in an electric field, the dielectric with the higher
permittivity tends to displace the one with the lower permittivity.

From expression (14.519), it follows that the force on the dielectric slab does not depend on x. This
results from the introduced simplifications, which lead to a homogeneous electric field between the
capacitor plates in the non-isolated system.

b) Calculation of force using electric stress — force at the boundary between two dielectrics

According to expression (14.118), the pressure at the boundary between the two dielectrics is given
by the following expression:

_ 2
1€ = go[qg; 1)EE D“2 + Etzj (14.520)
ger
where:
U
D, =0 ; E, =E (14.521)

and therefore:
. g,le, - 1) W2

N — (14.522)

The force at the boundary between the two dielectrics is equal to the integral of the pressure over the
boundary:
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F= (s Gids =1 Hgb—m[i (14.523)

and therefore:

Foflle m NP o w076 N (14.524)

Example 14.19. A dielectric slab of thickness d partially enters between the rectangular plates of a
parallel-plate capacitor connected to an ideal voltage source, which was previously charged with an
electric charge Q and then disconnected from the source. Let the plate area of the capacitor be S.
Determine the force on the dielectric slab as a function of x, using two methods: a) from electrostatic
energy, b) using electric stress (force at the boundary between two dielectrics). Neglect edge effects.
Given: Q=12 uC,5=0.25m? d=0.02m, b =0.5m, & =20.

x-1
+0
d g &
| S

b 1
Figure 14.101. Force on the dielectric slab — isolated system
Solution:

a) Calculation of force from electrostatic energy

In this particular case, the force in the isolated system is given by the following expression:

ﬁz—faaa& 1DQ—L"1/C=I 0’ 2< (14.525)

2[([32 dx

Q=const.

where W, is the energy stored in the electrostatic field.

Neglecting edge effects, the capacitance of the capacitor is given by the following expression:
c=50@r935£ +5093d:—x=509ds—w[ﬁ(5r—1)5c+b] (14.526)

It follows that the force on the dielectric slab is given by the following expression:

2 2
Feind 9. 0
2[C? ox 20C?

%, [—»—[ﬂe -1)d (14.527)

thus, after substituting expression (14.526) into expression (14.527), we obtain:

0 an g1 o_ 61801264 < o (14.528)

F=X=_
2 gOESEt -)Ge+s]” (19G+0.5)

The force acting on the dielectric slab tends to pull it deeper between the plates of the capacitor. If
two different dielectrics are present in an electric field, the one with the higher permittivity tends to
displace the one with the lower permittivity.
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From expression (14.528), it follows that the force on the dielectric slab decreases with increasing
parameter x, because the capacitance of the capacitor increases, leading to a decrease in the voltage
across the capacitor in an isolated system. As the voltage of the capacitor decreases, the intensity of the
electric field between the plates also decreases.

b) Calculation of force using electric stress — force at the boundary between two dielectrics

According to expression (14.118), the pressure at the boundary between the two dielectrics is given
by the following expression:

_ 2
ty = fle —1)§ D Lo+ E (14.529)
2 & LE)
where:
D, =0 : E =-2 (14.530)
cul

and therefore:
e - &lle - 1)

t, = T (14.531)

n

where the capacitance of the capacitor is described by expression (14.526).

The force at the boundary between the two dielectrics is equal to the integral of the pressure over the
boundary:

F= jzg &S = ¢ EALAT] (14.532)
Sp b
and therefore:

gle - )0’ 5

F= > (14.533)
2[4 bLC
After substituting expression (14.526) into expression (14.533), we obtain:
2 _ - -
Pz Q° _db & -1 g = 6.1801264 G (14.534)

e
2 &[0 %(fr -)G+6]> (193 +0.5)°

Example 14.20. A thin, isolated, conducting circular plate is located in the air and is charged with an
electric charge of O =100 pC. From the requirement that the surface of the plate is an equipotential
surface, it follows that the surface charge density (on both sides of the plate) is described by the
expression g =k [0/ Va? -r?, where a = 0.1 m is the radius of the plate, and r is the distance of a
point on the plate from the center of the plate. Calculate: a) the constant k, b) the distribution of the
electric scalar potential along the z-axis perpendicular to the plate, and c) the electric scalar potential of

the plate.

\ A

Figure 14.102. Isolated conducting circular plate
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Solution:

a) Calculation of the constant k

The electric charge on the plate can be calculated by integrating the total surface charge density o
over one side of the plate.

jams k@qzmum o=k—2 (14.535)
l a2 _ 1’2
It holds that:
_rtr 222 =, (14.536)
a’-r? 0
thus, it follows that:
L Q (14.537)
2Untia 20 B/a2 -2

b) Distribution of the electric scalar potential along the z-axis
It holds that:
oS 1 foROrk0r

)= = 14.538
P = 40712, Ef R 4rlE, 3 24,2 ( )
thus, it follows that:
a
p(2)=—2 rtar (14.539)
ALTLE, L 0\/22 +r? E/a2 —r?
Furthermore, it holds that:
a a2 - 1’2 = t2
rUdr _
0\/z2+r2 E/az—rz —rLdr =t Ldt
a
T t
= arcsin ———— (14.540)
ovz*+a® -1 L a2+z2J0
) a a
= arcsin —— = arctan —
at+z72 |Z|
thus, it follows that:
0 a
7) =——— [drctan — 14.541
) 407, || ( )

¢) The electric scalar potential of the plate

The electric scalar potential of the equipotential plate can be obtained from expression (14.541) for
z=0:

_ __ 0
¢pl_¢(0)_8&

0

o =14.1176133 V (14.542)
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Example 14.21. Two mutually parallel and identical thin-wire conductors of length ¢ are placed in the
air. Let both conductors be uniformly charged with a positive electric charge of linear charge density /.
Let the distance between the conductors be d. Determine the expression for the repulsive force between

the conductors.
d}:
+ 1

Figure 14.103. Two isolated charged thin-wire conductors

+A 2

Solution:

Let us calculate the force with which conductor 1 repels conductor 2. Therefore, the local coordinate
system (u, v) of conductor 1 is used (Figure 14.104).

v A

A S

Figure 14.104. Local coordinate system (u, v)

According to expression (14.294), the distribution of the electric scalar potential due to its electric

charge in the local coordinate system can be described by the following expression, suitable for
differentiation:

u+-— u

_t
= — arsinh 2
4rlE, v v

(14.543)

It then follows that the v-component of the electric field intensity, due to the electric charge of conductor
1, is given by the following expression:

/ /
u+t— u—-—
Ev=—%: A 2 - 2 (14.544)
o 401, 0 \/ Rt )
2 2
vit+iut— vit+iu——
( 2) ( j
thus, the force on conductor 2 is:
(/2 2
~ A
F=¢,0(E|_ DAlu=..=—"——[Vd*>+/* —dj@ 14.545
¥ _(I/2V|v=d 2 0rlE, v ( )

Example 14.22. A solid conducting sphere of radius R = 0.1 m is partially immersed, with one-sixth of
its surface, in a medium with a different permittivity. Determine the electric capacitance of the solid
sphere. Given: &, =2,6, =4,63=6,6,4 =3, &4 =3,65=5, &6 =10.
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&y &3

Figure 14.105. Solid conducting sphere surrounded by a heterogeneous dielectric

Solution:

At the boundary surfaces between two adjacent dielectrics, there is continuity of the electric field
intensity, which has only a tangential component. It follows that the distribution of the electric scalar
potential is as if the system consisted of a single homogeneous perfect LIH dielectric. Hence, the electric
scalar potential distribution in the i-th dielectric is described by:

6 [0,

= 14.546
4 40rlE ( )
where O, is the electric charge associated with the i-th part of the sphere.
From expression (14.546), it follows that the electric scalar potential of the solid sphere is:
6 _O (14.547)

Pophere :m C.

where C; is the electric capacitance of the i-th part of the sphere, which is given by the expression:

-4 e
It follows that the total capacitance of the solid sphere is:
6 6
c=>c =TE 5. (14.549)
i=l i=l1
thus, it follows that:
+...+
C =4z, B£“67£T6D€ = 55.6325028 pF (14.550)

From expression (14.549), it follows that the permittivity of the equivalent perfect LIH dielectric is
equal to the arithmetic mean of the permittivities of all six dielectrics, since the capacitance of the sphere
in a perfect LIH dielectric of permittivity ¢ is given by the expression:

C=4[nlelR (14.551)

The following expressions also hold:

6 6
g:k ;> =kD g =Q (14.552)
& i=1 i=1
where Q is the total electric charge on the conducting sphere.
From expression (14.552), it follows that:

o=—235 =5 ___[p . i=1,2,..6 (14.553)

£ +..+& Eq¥...¥Ey
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Example 14.23. Let a point electric charge g be located between two conducting planes at z = * A.
Assume that both planes are held at zero electric scalar potential. Determine the analytical expression
(an infinite sum) that describes the distribution of the electric scalar potential in the region between the
conducting planes. Solve the problem using a direct application of the method of images.

& h \llh N
q
=0 & Z1lp=0
r

Figure 14.106. Point electric charge between two conducting planes
Solution:

The problem is axisymmetric, so a cylindrical coordinate system (7, z) is used. According to the
method of images, there is an infinite number of image charges (Figure 14.106).

2y Th

| | ’
e o o [ ] o [ ] i q E [ ] [ ] @ oo
—q q -q Zi —q q —q
& r s g

Figure 14.107. Real electric charge and image charges

The distribution of the electric scalar potential in the region between the conducting planes is
described by the expression:

g 1 g 2 1 1
¢_4D1@D 2 2+4DTB‘DZ 2 N 2
0 re+z 0 k=1 \/r +(z+4D‘cﬂz) \/r +(z—4D’cUl)
(14.554)
. q Di 1 + 1
AT (S| 2+ (c+ak -2 o 2+ (z -4k Th+2R)

Example 14.24. Two conducting equipotential half-planes are located in air and are connected at an
angle a =71/6. Let the electric scalar potential of the first half-plane be @, =1kV, and the scalar
potential of the second half-plane be @, =0.1kV. Determine the distribution of the electric scalar
potential in the region between the half-planes, which corresponds to the angle a.

2

[24

1

Figure 14.108. Two conducting equipotential half-planes
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Solution:

The solution should be sought in a cylindrical coordinate system, and the distribution of the electric
scalar potential depends only on the angle ¢. In this case, the Laplace differential equation takes the

form:
1
4= aa? (14.555)

and its solution is:
¢=C, p+C, (14.556)
with the given boundary conditions:
¢|¢F0 =¢, =1kV ; ¢|¢FW6 =¢, =0.1kV (14.557)

After determining the constants C; and C, based on expressions (14.556) and (14.557), the final
expression describing the distribution of the electric scalar potential is obtained:

4 =%Eﬂ¢2 -4+ g =1-54 kv (14.558)

Example 14.25. Determine the electric scalar potential function inside a system consisting of two
conducting half-planes held at zero electric scalar potential, separated by a distance of a = 0.1 m, and
closed on one side by a strip along which the potential distribution is given by the expression:

@ =¢(0,y)=100[sin(7nly/ a)+50[sin (3nly/a) V.

y)\
a ¢=0
¢(0,y)
X
p=0 .

Figure 14.109. Two conducting half-planes and a strip
Solution:
This is a 2D problem in the (x, y) coordinate system, where the distribution of the electric scalar

potential is described by the Laplace differential equation, and its general solution that can satisfy the
boundary conditions is given by:

0 _ nlmd nlzrs
9= LAH @ <« +B [ ¢ JEEC gin 2 4 p &OS@J (14.559)
n=1 a

a

where the coefficients B, ;n =1 are equal to zero because the electric scalar potential must remain finite
as x — oo. Moreover, the coefficients D, ;n>1 are zero since the given boundary condition ¢(0,y)
contains only sine functions. It follows that the distribution of the electric scalar potential is described

by the expression:
_ nl@id

$=>G, @ ¢ Gin

nUTy
a

(14.560)
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and after satisfying the given boundary condition, the desired electric scalar potential function is
obtained:

_ni _3@EE
$=10002 @ GinZ2 +50@ ¢ Einoold (14.561)
a a
By substituting the given numerical value for the parameter a =0.1 m, it follows that:
¢ =100 Qin 10 73) + 5073 Qin BG0E) V (14.562)

Example 14.26. Based on the solution of the Laplace differential equation in the 2D rectangular
coordinate system (x, y), determine the electric scalar potential function inside the rectangle shown in
the figure. Let the following be given: @(x,b) =108in (7713/a)+20Bin(B3@A/a) V, a = 0.2 m,
b=0.1 m.

YA
x, b
b @(x, b)

X

¢:O a ~

Figure 14.110. Geometry of the 2D problem and boundary conditions
Solution:
This is a 2D problem in the (x, y) coordinate system, where the distribution of the electric scalar

potential is described by the Laplace differential equation, and its general solution that can satisfy the
boundary conditions is given by:

6= Z(An 3in 22 4 B feos ”mj [écn Finh "2 4 p @osh@J (14.563)
n=1

a a a a

where the coefficients B,;n=1 are equal to zero because the given boundary condition contains only
sine functions. Moreover, the coefficients D, ;n=1 are zero as required by the boundary condition
@(x,0) =0. It follows that the distribution of the electric scalar potential is described by the expression:

$=>G,Bin ”ﬁ;ﬂ Binh ”ﬁ;@ (14.564)
n=l1

From the given boundary condition:

é(x,b) =10 in (7103/a) + 20 Bin 33/ a) (14.565)
it follows that:
6 =G, Gin "2 Ginh 72 + G, Gin S22 ginh S22 (14.566)
a a a a

From expressions (14.565) and (14.566), it follows that:

10=6,ann"2 = =19 _ (14.567)
a . 71h
sinh—
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20 = G;[8inh 3rh = Gy =L (14.568)
a . . 3A
sinh
a
thus it is:
sin ™ ginh 2 sin 22 [gipp 22
— a a a a
¢=100 G + 2003 T (14.569)
sinh—— sinh
a a

By substituting the given numerical values a = 0.2 m, » =0.1 m, it follows that:

E§in(5 (&%) $inh (5 [#Y) + 2Oﬁin(IS [@3) $inh (15 [@y)

3

@=10
sinh T sinh——
2 2

(14.570)

Example 14.27. An electric dipole is centered at the origin of the coordinate system and is located in
the air. A sphere is placed around the dipole, centered at the origin, with a radius of 7, = 1 m. Determine
the electric flux through the portion of the sphere located in the first octant of the Cartesian coordinate
system (x, y, z). Let g =1 pC, a = 0.01 m. Assume that r, >>a.

ZA

ta "o
-q

Vi<

Ql

X

Figure 14.111. Electric dipole and one-eighth of a spherical surface

The electric scalar potential of an electric dipole located at the center of a spherical coordinate system
(r, 9, ¢) is given by expression (14.81), which in the air is:

pléos? _ glaldosd

¢= 5 5 (14.571)
A,k 40rls
thus, the r-component of the electric field intensity is given by:
r__%_ p [dosd _ g & [dosd (14.572)

o 2, 200

The electric flux passing through the given one-eighth of the spherical surface is generated by the
normal component of the electric field intensity, which is the r-component of the electric field intensity.
It holds that:

/2 /2

gta [0 cos 93 Win 9 a9 (14.573)
0 0

Gy

@ =

0 —y

D S = [ &, E, [dS =
S 2
and therefore:
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Bl /2 Dll
o= 12 OfcosIBind I =L =125 nC (14.574)

ATH 8 (%

Example 14.28. Two isolated solid conducting spheres with radii 71 = 0.1 m and r»=0.15 m are located
in the air at a distance of d = 5m from each other. Determine: a) the self and mutual capacitance
coefficients, b) the partial capacitances, c) the mutual electric capacitance between the solid spheres, d)
the electric capacitance of solid sphere 2 if solid sphere 1 is grounded, e) the electric capacitance of solid
sphere 1 if solid sphere 2 is grounded. Assume that d >> ri, d >> .

d

Figure 14.112. Two isolated solid conducting spheres

Solution:

The electric scalar potentials of the solid spheres are given by the following expressions:

Ql Q2 4
¢ =Qa +a = + 14.575
! M @1 12 @2 4 DTD?OEK'l 4 DT[}‘OW ( )

0, 0,
= Q. +a = + 14.576
2 21 0 22 0 4Ll Ld 4Ll ( )

where a; are the potential coefficients.
The system of linear equations (14.575) and (14.576) in matrix notation is given by:

{#}=]a]do} (14.577)

where the matrix of potential coefficients is given by:

o] = —

1

d

(14.578)
40rlE, 1
)

S

a) Calculation of the capacitance coefficients

The matrix of capacitance coefficients is equal to the inverse of the matrix of potential coefficients:

!
) o d
[B]=[a]™ ﬁm}(’l rlz | (14.579)
i U d? 4 71

and therefore:
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1
AT, Oy [d? | 1 d
1
l

e (14.580)
[ ] d’ —n _l
d
The self and mutual capacitance coefficients are:
2
ﬁllzw: 1.11331805x107" F (14.581)
’ d”—nlh
2
By = 4 DT?O U7 66997707x107 F (14.582)
’ d —rl D’z
Br=p,, = - 1 [250“1 nld 3 33995414%107° F (14.583)
’ ' d - rl Dz
b) Calculation of the partial capacitances
The partial capacitances are:
Cyy =B + B, =1.07991851x10™"" F (14.584)
Cyr=Po; + B,y = 1.63657753x107"" F (14.585)
Cir=Cyy == B, = 3.33995414x107"° F (14.586)

c¢) Calculation of the mutual electric capacitance between the solid spheres

The mutual electric capacitance between the solid spheres, according to Figure 14.113, is given by
the expression:

c, _
C=Cp,+ 22 = =684006184x107"? F (14.587)
G +Cyp
Cl,z =0y
| |
Cl,l — J— C2,2

@=0 at infinity
Figure 14.113. Partial capacitances of two isolated solid spheres

d) Calculation of the electric capacitance of solid sphere 2 if solid sphere 1 is grounded

If solid sphere 1 is grounded (Figure 14.114), its electric scalar potential is equal to zero, so the
electric capacitance of solid sphere 2 is:

C,=Ciy+Cyy =Cyy +Cyy =B, =1.66997707 %107 F (14.588)
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O

C)—— —_—— (Cy

=0
Figure 14.114. The electric scalar potential of solid sphere 1 is equal to zero

e) Calculation of the electric capacitance of solid sphere 2 if solid sphere 1 grounded

If solid sphere 2 is grounded (Figure 14.115), its electric scalar potential is equal to zero, so the
electric capacitance of solid sphere 1 is:

C,=Cp, +C; =, =1.11331805x107"" F (14.589)
Cl,2 = C2,l
Cl,l J— J— Cz,z
=0

Figure 14.115. The electric scalar potential of solid sphere 2 is equal to zero

Example 14.29. Two conducting spheres with radii ;1 = 0.05 m and r, = 0.15 m are located in the
unbounded air. Assume that the space between them is filled with a perfect LIH dielectric with a given
relative permittivity & =10. Calculate all partial capacitances.

" ‘.

Figure 14.116. Two conducting spheres in the unbounded air

Solution:

In order to calculate all partial capacitances, it must be assumed that the inner sphere has an electric
charge (;, and the outer sphere has an electric charge Q,.

The electric field intensity is described by the expressions:

9

:m for n <r< r (14590)
0-%r

E,
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0+0

0

2

The electric scalar potential of sphere 2 is given by the expression:

t +
¢2 — J'Ev2 lr = Ql Q2
"2 4rlE,

whereas the electric scalar potential of sphere 1 is given by the expression:

A, O, ADNE,E,

n

¢ =0, +]2-E1 [dlr = Qt0, | & [El——J

Expressions (14.592) and (14.593) in matrix notation are written as:

& ay Qi | O
= ’ ’ ; = [
{ ¢2} [a aMHQz} (#)=1a11(0)

where the potential coefficient matrix is given by the expression:

r2+(£r_1)|]1 i

[a]z 1 &L b 0]
4Tl 1 1
) b}

Furthermore, it holds that:

(0} =1810¢) =[al” O¢)

where the capacitance coefficient matrix is:

Bl=la]" = B B> _ 1 a,,
Boy Bon| Gillan—ap, i,

It follows that:

1 1
2 ]"2 I’2
[Bl=40rz, 2, it
T I T N A 1T
p) & U

The partial capacitance matrix is given by the expression:

[C] _[ Cii Cip } _[ Bt B =B
Gy Cop -5 Bor* Bon

It follows that:
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(14.592)

(14.593)

(14.594)

(14.595)

(14.596)

(14.597)

(14.598)

(14.599)



0 -
2 5)
[c]z4mnz, 2, it (14.600)
r2 - rl i rz - rl
n o &L
Therefore, the partial capacitances are (Figure 14.117):
C;1 =0 (14.601)
Cip =Cy, = 407E, 2, B2 =83448754 pF (14.602)
27h
C,, =4Urlé,k =16.6897508 pF (14.603)

The result would be the same if the inner sphere were a solid conducting sphere.

»=0

|
I
Gy at infinity

Figure 14.117. Partial capacitances

Example 14.30. A solid conducting sphere of radius r; = 0.02 m and a concentric hollow conducting
sphere with inner radius 7> = 0.05 m and outer radius r3 = 0.06 are isolated in the air. A dielectric with
relative permittivity £, =10 fills the space between the spheres. Calculate: a) all partial capacitances,
b) the total capacitance between the spheres if sphere 1 is grounded, c) the total capacitance between the
spheres if sphere 2 is grounded.

Figure 14.118. Two concentric conducting spheres

Solution:

a) Calculation of the partial capacitances

In order to calculate all partial capacitances, it must be assumed that the inner solid sphere (sphere
1) has an electric charge Q;, and the outer hollow sphere (sphere 2) has an electric charge Q,. In order
for the electric field intensity inside sphere 2 to be zero, its inner spherical surface (7 =r, ) must have a
charge —Q,, and its outer spherical surface (r = r3 ) must have a charge O, + Q,.
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In dielectrics, the electric field intensity is described by the expressions:

0

E=— = for n<r<r
V4, 3,0 : ?

+
E - 9*0 Q22 for r>rn
4l lr

The electric scalar potential of hollow sphere 2 is given by the expression:

t +
¢2 — J'Ev2 lr = Ql Q2
" 4UrlE, Ly

whereas the electric scalar potential of solid sphere 1 is given by the expression

f: + 1 1
¢1:¢2+J'El [dlr = Ql Q2 + Ql —
. 4lmle, [y 4lrlE L&,

Expressions (14.606) and (14.607) in matrix notation are written as:

¢1}_[0'1,1 0’1,2}%@} _
B ; =[a]!
{¢2 ayy Q2| |0, {¢}=lall{0}

where the potential coefficient matrix is given by the expression:

non

r3[ﬂr2—r1)+£quDr2 1

4le, 1
3 3
Furthermore, it holds that:

{0} =[810¢) =[a]" U}

where the capacitance coefficient matrix is:

(8] =[a]" B B 1 rp ~dip
=gl = =
Boy Bon| Gl —a, i,

—a;; 4

It follows that:

1
3 3
[Bl=4nz, 2, it
n=n 1

3 [ﬂrz _rl)*'frDﬁsz
3 &L U

The partial capacitance matrix is given by the expression (14.599), so it is:

0 1
3
[C]l=4mnz, 2, i oty
h=h 1 r,—n
&} ‘grl}l de2
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(14.605)

(14.606)

(14.607)

(14.608)

(14.609)

(14.610)

(14.611)

(14.612)

(14.613)



Therefore, the partial capacitances are (Figure 14.117):

G =0 (14.614)

Cir =Cy, = 400T1E, &, 12 = 370883352 pF (14.615)
r2 - rl

C,, = 407(E, 3 = 6.67590034 pF (14.616)

Note: The result would be the same if the inner solid sphere were a hollow conducting sphere.

b) Calculation of the electric capacitance between the spheres if sphere 1 is grounded

If sphere 1 is grounded, then its electric scalar potential is equal to zero, and the electric capacitance
between the spheres is:

C=Cyy +Cys =, =43,76423554 pF (14.617)

c) Calculation of the electric capacitance between the spheres if sphere 2 is grounded

If sphere 2 is grounded, then its electric scalar potential is equal to zero, and the electric capacitance
between the spheres is:

C = C1,2 == ﬂLz = 37,0883352 pF (14618)

Example 14.31. Two mutually parallel thin-wire conductors, of length / =10 m and radius 7, =5 mm,
are located in the air above the ground at heights 4y =5 m and %, =7 m. Let the distance between the
conductors bed =3 m. Using the average potential method, calculate all capacitance coefficients and
the total capacitance between the conductors. Let it be 7, <<d.

K =0 | d |
Figure 14.119. Two mutually parallel thin-wire conductors above the ground

Solution:

In rorder to calculate all partial capacitances using the average potential method, it must be assumed
that both conductors are charged with electric charges O, and Q,, which are uniformly distributed along
the axes of the conductors in the numerical model.

The influence of the ground on the distribution of the electric scalar potential can be taken into
account by satisfying the boundary condition at the ground surface using the method of images.
According to the method of images, two charged conductors in the air (a dielectric half-space) are
replaced by four conductors in an unbounded perfect LIH dielectric whose permittivity is equal to the
permittivity of air (Figure 14.120). In this case, the image charge has the opposite polarity to the
corresponding real charge.
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=00,
/‘\/ __Q_2

Figure 14.120. Real conductors and their mirror images

The electric scalar potentials of the conductors are described by the expressions::
G=a,, W +a, 0, ;5 Py=0,, 0 +0,,[0, (14.619)

which can be written in matrix notation as follows:
{@}=[a]{Q} (14.620)

The potential coefficient matrix is described by the expression:

GU,r)-G(,2)  G({,d)-G({, D)
al= (14.621)
G(!,d)-G(,D) G, 1) -G, 2[hy)
where:
2 2 2
G(e,v)=;2 e Y ! (14.622)
207E, 0 v N2+ 4y
The capacitance coefficient matrix is described by the expression:
L | GU,r)-G(,2hy) G, D)-G((,d)
[Bl=la]" =——- (14.623)
detfa] | G.D)-G(.d) G, 1) -G, 2)
where:
det[a| =[G, ry) -G, 21h)| UG, 1)) = G(0, 21 hy)]
(14.624)
- (G, d)- G, D))?
If the given data are substituted, it follows that:
G(!,r,) =1.311202842x10"° ;  G(¢,2[h) =8.397249834x10° (14.625)
G(0,2h,) =6.181018902x10% ; G(¢,d)=2.111833483x10° (14.626)

164



D =J(h1 thy ) +d? —(h —h, ) =yd* +4Th Th, =12.20655562 m (14.627)

G/, D) =7.015641548x10° (14.628)
1.227230344  0.1410269328
al= 10" (14.629)
0.1410269328  1.249392653
4 1.249392653 -0.1410269328 10710
[8l=la] = (14.630)
-0.1410269328  1.227230344 | 1.51340398
B, =82.555132x107* F (14.631)
o1 = By, =—9.318525305 x10712 F (14.632)
B =81.0907306x10712 F (14.633)
and the partial capacitances are:
Cyy =By + B, =73.2366067 pF (14.634)
Cip =Cy ==, =9.318525305 pF (14.635)
Cro =By + By =71.7722053 pF (14.636)
The total capacitance between the conductors is:
- CiilCy, _
C=Cp+——=4556703117 pF (14.637)

11 tCon

Example 14.32. Two isolated, infinitely long, mutually parallel cylindrical conductors with radii
R1=0.1 m and R>=0.05 m are placed in the air, with their centers separated by a distance of d = 0.5 m.
Assume the solid cylinders are charged with constant linear charge densities Aj=- A2 = A =1 pC/m.
Calculate the electric scalar potential of each cylinder and the per-unit-length capacitance between them.

+A
-1
R
1 R,
v d A
I< >

Figure 14.121. Two infinitely long mutually parallel cylindrical conductors

Solution:

The problem is solved based on Figure 14.122. The equivalent charges are placed on imaginary
infinitely long, straight, thin-wire conductors.
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Y.
A

Y.

S2

A

Figure 14.122. Graphical representation of the parameters required for solving the problem

The following expressions apply:

slz—a2=R12

s%—a2=R22
s +s,=d
1752

From expressions (14.638) and (14.639), it follows that:

2 2_ _p2 2
51 782 —(51 _Sz)[ﬂsl +52)—R1 —R;
from which it follows that:

2 p2
_ . _R Ry
S1 =Sy =

From the system of two linear equations (14.640) and (14.642), it follows that:

2 2
_d Ri —Ry
2

5| =0.2575m

s, =d —5,=0.2425m

a=+s? —R? =0.23728938 m

The electric scalar potentials of the cylindrical conductors are described by the expressions:

= A g8t ) 8450066 %104 V
20T, R

= A w2t A g B o 06475369 %10¢ V
ZDTBO R2 2DT|1‘0 52 +a

9,

The per-unit-length capacitance between two cylindrical conductors is:

S R— A = 14.41072454 pF/m

A
U0 )l v
RIERZ

C=
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(14.638)

(14.639)

(14.640)

(14.641)

(14.642)

(14.643)

(14.644)

(14.645)

(14.646)

(14.647)

(14.6438)



Example 14.33. Between two infinitely long, mutually parallel, eccentric conducting cylinders with
radii Ry = 0.2 m and R, = 0.1 m, air is present, and the distance between their centers is d = 0.05 m.
Calculate the per-unit-length electric capacitance between the conductors.

Figure 14.123. Two infinitely long eccentric cylindrical conductors
Solution:

The problem can be solved with reference to Figure 14.124. The equivalent charges are placed on
imaginary, infinitely long, straight, thin-wire conductors.

A
A

Y_Y

Figure 14.124. Graphical representation of the parameters required for solving the problem

The following expressions apply:

slz—a2=Rl2 ; s%—a2=R22 ;8 =8, =d (14.649)
from which it follows that:
2 p2
=L+ R Ry 355 (14.650)
2 20
s, =8, —d=0.275m (14.651)
a=+st —=R? =0.2561737691m (14.652)

The electric scalar potentials of the cylindrical conductors are described by the expressions:

+
A St

b= 207, R

(14.653)
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+
A 32t

= 14.654
%= rE, R, ( )
and the electric voltage between the cylindrical conductors is given by the expression:
+
U=py-¢ =~ m 2O (14.655)
2rlg, (s, +a)R,
The per-unit-length capacitance between two cylindrical conductors is:
2lnle
C =i = A = daid =92.23099936 pF/m (14.656)
U ¢ -6 In (s2 +a)D€l
(51 +a) R,
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15. STATIONARY CURRENT FIELD

An electrostatic field is created by stationary electric charges in a perfect dielectric. A stationary
current field is generated by electric charges moving uniformly within a conducting medium. In other
words, it is an electromagnetic field produced in a conductor by time-invariant electric currents, also
referred to in the literature as time-independent or steady electric currents.

The vector of the surface density of the stationary electric current in a conducting medium is given by:

J=J,=NGGE (15.1)
where:
N - the number of free charge carriers per cubic meter,
q - the electric charge of a single free charge carrier,
v - the velocity vector of free charge carriers.

From expression (15.1), it follows that:

v =

I (15.2)

Ny

Therefore, according to expression (8.1), the Lorentz force on a free electric charge carrier is given by:
F=qE+qfix) = qE -+ dixB)=qE,, (15.3)

where the equivalent electric field intensity vector is:

Eeu = E+ﬁ[ﬁix1§) (15.4)

therefore, in the case of solid and liquid conducting media:

- _ ~ 1 .
J=KlE, = K[ﬁE +ﬁtﬁj XB)J (15.5)
from which it follows that:
g=1 _JxB (15.6)
K N Ly

where « is the electric conductivity of the conducting medium.

In the case of good conductors, it can be assumed that:

E=2 . J=k[E (15.7)
K
because in good conductors:
d..IB (15.8)
K NI

This means that it is assumed the distribution of a stationary electric current in good conductors does
not depend on the static magnetic field generated by that current. Such an electric field is called a
stationary current field or static current field.

Therefore, stationary electric currents flowing through good conductors create a stationary current
field and a magnetostatic field, which, with a very good approximation, can be considered independent
of each other. The stationary current field generates the magnetostatic field, but the influence of the
magnetostatic field on the stationary current field is neglected.
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15.1. Stationary Electric Charge at the Boundary Between Two Media

A stationary electric charge can be located at the boundary between two LIH media, i.e., at the
boundary between two LIH conductors carrying stationary electric currents, as well as at the boundary
between a conductor and a dielectric (Figure 15.1).

Conclusion: At the boundary between a conductor and a dielectric, in the case of a stationary current
field as well as in the case of an electrostatic field, there is a stationary electric charge.

+++++F+F++++F+F++++FF++

Conductor —_— ]

R i i s T e i i i i o o e e s

Figure 15.1. Stationary electric charge on the surface of a conductor surrounded by a dielectric

K> K

l:.

Figure 15.2. Two conducting LIH media

At the boundary between conducting LIH medium 1, which has the characteristics &; and &, and
conducting LIH medium 2, which has the characteristics &, and &, (Figure 15.2), the following
boundary conditions must be satisfied, according to the expressions given in subchapter 11.1:

ix(E -E,)=0 ; ad-7,)=0 ; adb,-b,)=0 (15.9)
or, alternatively written:

EG=E,=E ; Jy=Jn=Jy ; Dy—Dy=0 (15.10)

From expression (15.10), it follows that:

& &
D.-D. =L -2y =g 15.11
nl n2 [Kl K, J n ( )

Thus, for:

55 (15.12)

K K
the surface density of the the stationary electric charge 0 >0 (Figure 15.3), whereas for:

S8 (15.13)

K K

the surface density of the stationary electric charge g <0.
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FFFEFF T

Figure 15.3. Positive stationary electric charge at the boundary
of two conducting LIH media

15.2. Maxwell's Equations of a Stationary Current Field

According to expressions (6.47) and (6.48), a stationary current field in a stationary conducting
medium is described by two of Maxwell's differential equations:

OxE=0 (15.14)
O =-00, =g, (15.15)

where the newly introduced quantity g, represents the volume density of the stationary electric current
leaked by an independent source into the surrounding conducting medium.
From Maxwell's differential equations of the stationary current field (15.14) and (15.15), or

alternatively from expressions (6.95) and (6.96), it follows that Maxwell's integral equations of the
stationary current field are given by the following expressions:

§Ewi= 0 (15.16)
C
§rs =[g v =1, (15.17)
av \%

where I is the stationary electric current leaked by an independent source into the conducting medium
within volume V. The curve C is illustrated in Figure 1.4, whereas the volume V and the closed surface
0V are shown in Figure 1.3.

Maxwell's differential equation (15.15) is also the differential continuity equation in a conducting
medium. Maxwell's integral equation (15.17) is likewise the integral continuity equation in a conducting

medium, as well as the general form of Kirchhoff’s first law, which includes an independent electric
current source.

15.3. Analogy Between Static Fields

There is an analogy between the stationary current field in a conducting LIH medium and the
electrostatic field in a perfect LIH dielectric, as presented in Table 15.1.

The following quantities of the stationary current field and the electrostatic field are analogous:
JeD ; I=Q ; Ke& ; g4 p, (15.18)

In the case of linear isotropic regions without field sources, there is an analogy between the stationary
current field, the electrostatic field, and the magnetostatic field, where the magnetostatic field is
expressed using the magnetic scalar potential (Table 15.2). In the case of the magnetostatic field, a
source-free region is referred to as a current-free region.
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Table 15.1. Analogy between the electrostatic field and the stationary current field

Electrostatic field Stationary current field
OxE=0 OXE=0
0D = p, O =g
D = £ [E j =K [E
pp=- L= Ap=- S
£ K
E=-0¢ E=-0¢

Table 15.2. Analogy between static fields in a source-free region

Electrostatic Stationary current Magnetostatic
field field field
OxE=0 OxE=0 OxH =0
O0m=0 00 =0 OB =0
D=¢[E J=k[E B=uH
Ap=0 Ap=0 A, =0
E=-0¢ E=-0¢ H=-0¢,

It is important to emphasize that the stationary current field is a conservative field, just like the
electrostatic field, and that the electric voltage between two points A and B is equal to the electric scalar
potential difference at those two points:

B
Ung = [EGU7 =@, ~ ¢y (15.19)
A

In the general case, the distribution of stationary electric current sources may be such that current
leaks from the volume V (with volume density gs), from the surface S (with the normal component of
surface density J,), from the curve C (with linear density 7), and there may also be a set of point electric
current sources. Analogous to expression (6.14), the general integral equation for the electric scalar

potential is given by:
1 g, v J, LS rdr &L
- s + [ + + 35 15.20
¢ 4Urlk EE‘J; r I I z J ( .

S r C r i=1 1

where r is the distance between the source point and the field point.
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15.4. Point Source of Stationary Electric Current

Analogous to expressions (14.9) - (14.11), for a point source of stationary electric current with

intensity / in an unbounded conducting LIH medium, the following holds:
1

= r . = - i > . -
« =1BF) ;. Ag KD5(r) ;@ TG (15.21)

where O(7) is the Dirac delta function associated with the point at the origin of the spherical coordinate
system, where the independent field source is located.

A point source of stationary electric current with intensity / in an unbounded LIH conducting medium
of electrical conductivity A generates a spherically symmetric field (Figure 15.4). According to
expression (15.17), the following holds:

§7 S =k (ELS = 1[j5(r)mv I (15.22)
1%

where, according to Figure 15.4, 0V is a sphere centered at the origin of the spherical coordinate system,
and it follows that the electric field intensity is given by the expression:

E = (15.23)

Figure 15.4. Electric field intensity of a point source of stationary electric current

The electric field intensity around a point source of stationary electric current has only a radial
component, i.e., it holds that:

E=-0¢ = - fl—f[ér (15.24)

from which it follows that:
1 ﬁ _ 1

T r—— (15.25)
Alrrk * r 4 rlk [r

¢=- [Ew@/ =~ [Elir= -

if the common assumption is made that the electric scalar potential is zero at infinity.

15.5. Grounding Resistance of a Solid Perfectly Conducting Sphere in an Unbounded LIH Soil

Let a solid perfectly conducting sphere of radius 7, be placed in an unbounded LIH soil with
electrical conductivity k (Figure 15.5). Let the sphere leak a stationary electric current / into the
surrounding soil from its surface. The objective is to derive the expression for the grounding resistance
of such a sphere, valid for a stationary current field.
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Figure 15.5. Solid perfectly conducting sphere in an unbounded LIH soil

In the region outside the sphere, the electric field intensity and the distribution of the electric scalar
potential are described by expressions (15.23) and (15.25), which also apply in the case of a point source
of stationary electric current.

Inside the solid perfectly conducting sphere, the electric field intensity is zero, and the electric scalar
potential within the sphere (including its surface) is constant and is given by the following expression:

I

¢sphere = ATk D'O (15.26)
The grounding resistance of a solid perfectly conducting sphere in an unbounded LIH medium is:
¢s here 1
R = 2= = 15.27
sphere I ATk 3, (152

If the same sphere is placed in an unbounded ideal LIH dielectric with permittivity &, and is charged
with a charge Q, then its electric scalar potential is:

_ 0
¢sphere - m (15.28)
0

whereas its capacitance is:

Cophere = Q = 4rlE 4, (15.29)
¢sphere
It follows that:
£ & 1
Rsphere Bjsphere = ; 5 Rsphere = —00— (15 30)
sphere

Expression (15.30) is independent of the shape of the grounding electrode, so the analogy between
the electrostatic and stationary current field can be used in numerical modelling of equipotential
grounding systems.

15.6. Method of Images for Stationary Electric Current

Let a point source of stationary electric current with intensity / be located in front of a conducting
half-space at a distance a. Let the point source of electric current be placed in the half-space with
electrical conductivity ;, whereas the remaining part of the space has electrical conductivity &,
(Figure 15.6). For simplicity, let the point source of electric current be located on the x-axis of a
rectangular coordinate system (x, y, ).

The expressions for the distribution of the electric scalar potential in both half-spaces can be
determined using the method of images. The positions of the image electric currents are chosen
consistently, and their magnitudes are determined based on satisfying the boundary conditions
(Figures 15.7 and 15.8).

According to Figure 15.7, the electric scalar potential in conducting medium 1, which is considered
unbounded, is generated by the real electric current / and the image electric current /, , whose position
is the mirror image of the real current source. According to Figure 15.8, the electric scalar potential in
conducting medium 2, which is also considered unbounded, is generated by the image current /;, which
is located at the position of the real electric current source.
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Figure 15.6. Point current source in front of the boundary between
two conducting half-spaces

I (x,y,z)

Figure 15.7. Point current source and its image when the electric scalar potential is calculated
in conducting medium 1, which is considered unbounded

Yy
T(x,y,z)

i

N~
Vx

K3 L)

Figure 15.8. Image point current source when the electric scalar potential is calculated in
conducting medium 2, which is considered unbounded

The distribution of the electric scalar potential in conducting medium 1 (x=0), according to
Figure 15.7, is described by the following expression:

p=—r gl (15.31)
4k, \n n

whereas the distribution of the electric scalar potential in conducting medium 2 (x <0), according to
Figure 15.8, is described by the following expression:

Iy

2 4k,

(15.32)

where:
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n=y(r=af +y2 422 3 m=y(xral vy 42 (15.33)
Expressions (15.31) and (15.32) must satisfy the following boundary conditions:
& oo =%l 2 (15.34)

B T
Ox Ox

x=0

(15.35)

x=0
If expressions (15.31) and (15.32) are substituted into the boundary condition (15.34), taking into
account expression (15.33), the following expression is obtained:
i[ﬂluz):iul (15.36)
Ki 2

Similarly, if expressions (15.31) and (15.32) are substituted into boundary condition (15.35), taking
into account expression (15.33), the following expression is obtained:

From the system of two linear equations (15.36) and (15.37), it follows that:

_Ki—K K|~ Ky

I, = =k, ; kp= 15.38

? K1t Ky : : Kt K, ( :

=25 gop g ok =2%e (15.39)
Kt K, Kt K,

where kg 1is the reflection factor, and kg is the transmission factor, for which the following holds:
kg +kp =1 (15.40)
In the special case when &, — 0, the following holds:

limkp =1 = lim I, =1 (15.41)

Ky -0 Ky -0

According to expressions (15.31) and (15.38), the distribution of the electric scalar potential in
conducting medium 1 is described by the following expression:

6 =—1 ke (15.42)
Ak, \n ny

whereas, according to expressions (15.32) and (15.39), the distribution of the electric scalar potential in
conducting medium 2 is described by the following expression:

kO
¢, = r

= —T— (15.43)
40tlk, G

15.7. Grounding Resistance of a Solid Perfectly Conducting Sphere on the Soil Surface and
Potential Distribution in the Air

Let a solid perfectly conducting sphere of radius 7, be located on the surface of an LIH soil with
electrical conductivity , such that one hemisphere is buried in the soil (Figure 15.9). The sphere leaks
a stationary electric current / into the surrounding soil through the half of its surface that is in direct
contact with the soil. The objective is to derive an expression for the grounding resistance of such a
sphere, valid for a stationary current field.
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J=k-E

Figure 15.9. Solid perfectly conducting sphere on the surface of LIH soil

The surface density of the electric current over the hemisphere that is in direct contact with the soil
is equal in magnitude to that in the case of a sphere buried in an unbounded LIH soil, which leaks a
stationary electric current 2[l The boundary condition at the soil surface (outside the sphere) requires
that no electric current flows from the soil into the air, i.e., at the soil surface:

99 = (15.44)
and this boundary condition is satisfied by mirroring the electric current leaked by the hemisphere into

the soil with respect to the soil surface (Figure 15.10), and the solution is valid only in the lower half-
space occupied by the soil. In this case, the reflection factor is given by the expression:

K—K,:
kR = ar —q ; Kair =0 (15.45)
Kl +Kair
K 2.1
K o
J=x-E

Figure 15.10. Hemisphere and its image with respect to the surface of LIH soil

According to expression (15.26), the electric scalar potential of the sphere is:

20 1

= = 15.46
Dephere Arik G, 207k G ( )

thus, the grounding resistance of the solid perfectly conducting sphere on the surface of LIH soil is:

Ry, = Dot -1 (15.47)

wheee T 2 rlk G,

From expressions (15.27) and (15.47), it follows that the grounding resistance of a sphere on the
surface of LIH soil is twice that of a sphere buried in unbounded LIH soil. This is physically reasonable,
since when the sphere is on the soil surface, only half of the surrounding unbounded soil conducts the
electric current.

It follows that the distribution of the electric scalar potential in the soil is described by the expression:
pAN 1
Ak 207k Uk

¢= (15.48)
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where r is the distance from the center of the sphere to the field point in the soil. The distribution of the
electric scalar potential in the air is described by the following expression:

kp (D i I 2l

$= lim i =1

—T = lim = (15.49)
K0 407K, k-0 407K, 0 Ky + & 20Tk G

where r is the distance from the center of the sphere to the field point in the air. From expressions (15.48)
and (15.49), it follows that, in this particular case, the distribution of the electric scalar potential in both
the air and the soil is described by the same expression.

The electric scalar potential must be continuous throughout the entire space, and the electric scalar
potential in the air is produced by a stationary electric charge located at the boundary between the
conductor (the sphere or the soil) and the dielectric (air). In the general case, the electrostatic field in the
air is defined by the electric scalar potential at the air-soil boundary, which generates a stationary current
field in the soil. In this particular case, due to the central symmetry of the sphere, the continuity of the
potential can be ensured by an electric charge Q located at the boundary between the sphere and the air
(Figure 15.11). There is no stationary electric charge at the boundary between the soil and the air
because, according to expressions (15.48) and (15.50), the normal component of the electric field
intensity at the soil surface is zero in both media.

/ T
+
& A
< u >
K 1 rO
J=x-E

Figure 15.11. Stationary electric charge at the boundary between the sphere and air

In order to ensure the continuity of the electric scalar potential, the distribution of the electric scalar
potential in the air must be described by the following expression (Figure 15.12):

=2 __©° __ I . 0_1 (15.50)
Az, G 20,0 2kG | & K

where r is the distance from the center of the sphere to the field point in the air.

2-0

Figure 15.12. Real and image electric charge when the distribution of the electric scalar
potential is calculated in the air

Expression (15.50) can also be derived from Gauss's law, taking into account the central symmetry
of the electric field in the entire space (Figure 15.13). In this case, Gauss’s law is given by:

§[)Bi§=gouzmmmrzzg (15.51)
S

from which it follows that the electric field intensity vector in the air, in the spherical coordinate system,
is described by the following expression:
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E = ngr (15.52)
2 Orlk, 7

thus, the distribution of the electric scalar potential in the air is described by the following expression:

¢=[EQir= ¢ . 216 __ I (15.53)

ok, A, G 2rk G

Figure 15.13. Stationary electric charge and integration surface S enclosing the upper
hemisphere located in the air

15.8. Grounding Resistance of a Solid Perfectly Conducting Sphere Buried in the Soil and
Potential Distribution in the Air

Let a solid perfectly conducting sphere of radius a be buried in LIH soil of electrical conductivity x,
at a depth & below the soil surface (Figure 15.14). The sphere leaks a stationary electric current / into
the surrounding soil from its surface, and let r, << h. The conductor supplying current to the buried
sphere is insulated from the soil, meaning that the current supply path is not taken into account. The task

is to calculate the grounding resistance of such a sphere, valid for a stationary current field.
€y

A
K

Figure 15.14. Solid perfectly conducting sphere buried in LIH soil

The boundary condition at the soil surface is the requirement that no electric current flows from the
soil into the air, as described by expression (15.44). According to the method of images, this boundary
condition is satisfied by reflecting the electric current leaked by the sphere into the soil with respect to
the soil surface (Figure 15.15), and the resulting solution is valid only in the soil. In this case, the
reflection factor is equal to one.

According to the method of images, the sphere in LIH soil is replaced by two spheres in an
unbounded conducting LIH medium of the same conductivity «. If the assumption that r, <<# is taken
into account, then the distribution of the electric scalar potential in the soil is given by the expression:

__ 1 g
o= e &) 1559

S
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where R is the distance from the field point in the soil to the center of the real sphere, whereas R, is the
distance from the field point to the image sphere.

Figure 15.15. Real sphere and its image with respect to the soil surface

The electric scalar potential of the sphere is described by the following expression:

1 EE 1 1
= = 4 — 15.55
¢Sp here ™ 4 Gk N 2@1} ( )

According to expression (15.55), the contribution of the electric current from the image sphere to the
electric scalar potential of the real sphere is approximated by the contribution of the electric current from
the image sphere to the electric scalar potential at the center of the real sphere.

The distribution of the electric scalar potential in the air is described by the expression (Figure 15.16):

b= tim 1Ty I 2Ky I

————= lim = (15.56)
ki -0 470k, [R Ky -0 4070k, [R Ky, +& 2070k [R

air

air

k-1 —Y

Figure 15.16. Image point source of electric current generating the electric
scalar potential in the air
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Thus, the distribution of the electric scalar potential in the air can be calculated by assuming that the
entire space is filled with soil of electrical conductivity k, and that a sphere located at the position of the
real one leaks an electric current 2./ into the unbounded soil (Figure 15.17).

Figure 15.17. Image source of electric current for calculating the electric
scalar potential in the air

The surface density of the stationary electric charge on the soil surface follows from the boundary
condition:

g=D -D

0 = ‘90 II‘z,air 2=0

zair|,_ z,50il > Dz,soil 0 =0 (15.57)
z= 7=

Z:

From expression (15.56), it is straightforward to obtain that the axisymmetric electric field intensity
in the air, in the cylindrical coordinate system (r, ¢, z) shown in Figure 15.17, is described by the
expression:

. 1[riE, +(z+n)E,]
E;, == . z (15.58)
. 2 rlk (R’
where, according to Figure 15.17:
R=+r? +(z+n)? (15.59)

From expressions (15.58) and (15.59), it follows that the z-component of the electric field intensity
in the air is described by the expression:

I[(z+h) _ I[(z+h)
2Tk R 207k r? +(z +h)f ]2

(15.60)

z,air —

If expression (15.60) is substituted into expression (15.57), the final expression for the surface
density of the stationary electric charge on the soil surface is obtained as follows:

£, L11h

- ¢ [E =
o 2k G2 + 1)

z,air =0

(15.61)

If the surface charge density is integrated over the soil surface, the total amount of stationary electric
charge at the soil-air boundary is obtained as follows:
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00

é‘ODBzEJ- r Ldr _&U

RN e

0= ‘EOKD (15.63)

(15.62)

Q:TJEIDTBDW:
0

from which it follows that:

The distribution of the electric scalar potential in the air, along the z-axis, is described by the integral:

1 o s 1 JoR0rGUr
$(2)= al = (15.64)
2L, S\/r2+z2 2trls, | \/r2+z2
If expression (15.61) is substituted into expression (15.64), it follows that:
ITh 2 r Ldr 1
0= mm ] 3 T 2tk Oz +h (1569
0 \/(r2+h2) P2+ 72 Mz +n)
which can also be obtained from expression (15.56), using the substitution:
R=z+h (15.66)

15.9. Cylindrical Conductor in a Homogeneous Stationary Current Field
Let an infinitely long solid conducting cylinder (LIH medium 1) of radius a be placed in a stationary
current field that is homogeneous far from the cylinder, whereas the surrounding medium is an
unbounded conducting LIH medium (medium 2). To solve this problem, a cylindrical coordinate system
with its origin on the axis of the conducting cylinder is appropriate (Figure 15.18).
J, =y Ey Ay T(r, )
K3

_— &

Figure 15.18. Solid conducting cylinder in a homogeneous stationary current field

Let the permittivities and electrical conductivities of both conducting media be given. Let a stationary
electric current, perpendicular to the conducting cylinder, flow through both media such that the
stationary current field is homogeneous far from the cylinder. The boundary condition at large distances
from the cylinder is that there is no distortion of the field, i.e., it remains homogeneous. According to
expression (14.183), the general solution of the Laplace differential equation in medium 2, which must
satisfy this condition, is:

P(r,p) = i(An 3" +B, E—II—J fc, Bin(n @) + D, Zos(n )] (15.67)
r

n=1
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The distribution of the electric scalar potential is axisymmetric with respect to the x-axis, i.e., it is an
even function with respect to the angle @ Therefore:

C,=0 ; [n (15.68)

and the general solution of the Laplace differential equation (15.67) takes on a new form:

P(r,p) = i(An " + B, E—Il—j [3os (n ) (15.69)
r

n=1

The subsequent procedure for deriving the expression for the distribution of the electric scalar
potential is similar to the one used in deriving the potential distribution for a solid dielectric sphere in a
homogeneous electric field.

From the general solution of the Laplace differential equation (15.69), it follows that the initial
expression for the distribution of the electric scalar potential in medium 2 is:

[o0)

&, :Z(An 3" +B, gl—j [2os (n ) (15.70)
r

n=1

It is sufficient to match the radial component of the electric field at infinity, which, according to
Figure 15.19, is described by the following expression:

E, [dos = — % (15.71)
or |, o
e .
O\ Ey
Figure 15.19. Radial component of the electric field intensity far from the cylinder
If expression (15.70) is substituted into expression (15.71), it follows that:
E, Gosp= - {Z(An LG - B, E—In—ﬂj [¢os (n Djo)} (15.72)
n=l r F 00

From expression (15.72) it follows that n = 1, which means that all coefficients A, and B, are equal

to zero, except for the coefficients A, and B, so from expression (15.72) we obtain:

E, [dos@= —(Al - B G%j [dos@ = — A [dos@ (15.73)
e
which means that:
A =-E, (15.74)

whereas the coefficient B; is currently unknown, and the term containing B, tends to zero as r
approaches infinity.
Thus, the distribution of the electric scalar potential in medium 2 is described by the expression:

¢, =(— Ey Ut + B Ekj [dos @ (15.75)
r

and, to satisfy the boundary conditions between the two media, the electric scalar potential inside the
solid conducting cylinder must be described by the expression:
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¢, = (Cl r + D, Ell—j [dos@ (15.76)
r

From the condition that the electric scalar potential @, on the axis of the solid conducting cylinder
must be finite, it follows that the coefficient:

D, =0 (15.77)

and:
@, =C, I losgp (15.78)
Thus, the distribution of the electric scalar potential in both media is described by expressions (15.75)

and (15.78), where two coefficients are unknown, and they can be determined based on the satisfaction
of the boundary conditions

¢, =%, (15.79)
T 2/ BT ] (15.80)
or r=a or r=a

which yields the following system of linear equations:

B -d*C,=E, &> ; B+, =-E, &> (15.81)
K>
from which it easily follows that:
_ 2 1=K _ 20k,
KitK; Kt Ky

After satisfying all boundary conditions, according to expressions (15.75), (15.78), and (15.82), the
potential distribution in both media is described by the following expressions:

¢ =- 2k, E, G [dos@ = — 2k, E,0 ; r<a (15.83)
K+ K, Ki+ K,
K-k, {aY
¢, = —E,F[osep + QEQ—J LE, Ut dosp ; r=a (15.84)
Kl tKy \r

from which it follows that the electric scalar potential is equal to zero on the plane passing through the
center of the cylinder for which ¢ =+ 71/2,1.e., and that is the plane x = 0.

From expression (15.83), which describes the distribution of the electric scalar potential in medium
1, the expressions for the non-zero components of the electric field in medium 1 can be easily obtained,
which, in the cylindrical coordinate system, are given by:

E =E, [, +E[, (15.85)
E, = _9% _ 2K [E, [dos @ (15.86)
or K, +kK,
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Eo=-ttl-_ 2 g g (15.87)
r 0@ K+ K,

whereas in the Cartesian coordinate system:

2 [k,

E, 0 (15.88)
K T K,

E =E, 0=

from which it follows that, as expected, the magnitude of the electric field inside the solid cylinder has
changed, but the electric field has remained homogeneous.

From expression (15.84), which describes the distribution of the electric scalar potential in medium
2, the expressions for the non-zero components of the electric field intensity in medium 2 can easily be
obtained, which in the cylindrical coordinate system are given by:

E,=E, [§, +E),[3, (15.89)
¢ K -k, {a)
E, = -2 =E, E:OS¢EE1 +1—2E€—j ] (15.90)
or K tK, \r
1 0¢ K-k, {a)
Ey,=-—E2=-E, Binw[ﬁl— L_—2 EE—J J (15.91)
r 0@ K tKky, \r

The surface density of the stationary electric charge at the boundary between the two media follows
from the expression:

Dy| _ ~Dy|_ =&FEy|_-&E,|_ =0 (15.92)

where &£ and &, are the permittivities of the conducting media (Figure 15.18).

From expressions (15.86), (15.90), and (15.92), it follows that the surface density of the stationary
electric charge is given by the expression:

a=(€2+£2 1=K o 2o ]EEO [Gos (15.93)
Kt K, Kt Ky
from which it follows that:
o=KE 2K b o (15.94)
K|+ K,

Definition: Let electric current lines be the lines along which electric current flows in a conducting
medium. They are analogous to electric field lines in a dielectric. The electric field intensity is tangential
to both the electric current lines and the electric field lines.

If k; > K, then the electric current lines have the same graphical appearance as the electric field lines
shown in Figure 14.36. If k| <k, then the electric current lines have the same graphical appearance as
the electric field lines shown in Figure 14.37.

Note: From the analogy between the electrostatic and stationary current field, it follows that, for the
same geometry of the problem, the distribution of the electric scalar potential in the case of a solid
dielectric cylinder surrounded by a perfect LIH dielectric and placed in a homogeneous electric field is
described by expressions that can be obtained from expressions (15.83) and (15.84) by making the
substitutions:

K~ & i Ky—& (15.95)
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15.10. Cylindrical Dielectric in a Homogeneous Stationary Current Field

Let an infinitely long solid dielectric cylinder (medium 1) of radius a be placed in a homogeneous
stationary current field, whereas the surrounding space is filled with an unbounded conducting LIH
medium (medium 2). A suitable coordinate system for solving this problem is the cylindrical coordinate
system with its origin on the axis of the dielectric cylinder (Figure 15.20).

J,=x-E, Ay T(r.¢)

™
(3]
B\
Y

Figure 15.20. Solid dielectric cylinder in a homogeneous stationary current field

The expressions for the distribution of the electric scalar potential in both media can be obtained in

two ways:

In the same manner as for the solid conducting cylinder in a homogeneous stationary current
field (subchapter 15.8), leading to expressions (15.75) and (15.78), which are given by:

@, =C, It losgp (15.96)
?, =(— E, [+ B, Gl—j [dos @ (15.97)
r

and then the unknown constants B; and C; are determined from the boundary conditions:

¢, =%l -, (15.98)

== =0 15.99
i (15.99)

r=a

where the boundary condition (15.99) means that the current field does not enter the solid
dielectric cylinder, i.e., the electric current lines bypass the dielectric.

Using the solutions for the distribution of the electric scalar potential (15.83) and (15.84),
which apply to a solid conducting cylinder (medium 1) in a homogeneous stationary current
field, with the substitutions:

Ky -K ; K -0 (15.100)

Using either of the two described methods, the expressions for the distribution of the electric scalar
potential in both media can be easily obtained and are given by:

¢, =-2[E, G Gosgp=-2[E,& : r<a (15.101)

r r

2 2
¢2=—EODrEE1+ a—zJE’tos¢=—EODcEE1+ "—ZJ . rza (15.102)
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from which it follows that the electric scalar potential is equal to zero on the plane that passes through
the center of the cylinder, where ¢ =+ 71/2, and that is the plane x = 0.

According to expressions (15.101) and (15.102), the distribution of the electric scalar potential in the
solid dielectric cylinder, as well as in the surrounding conducting medium, does not depend on the
properties of these two media. Physically, it is important only that medium 1 is a perfect LIH dielectric,
and medium 2 is a conducting LIH medium.

From expression (15.101), which describes the distribution of the electric scalar potential in medium
1, it is easy to obtain the expressions for the non-zero components of the electric field intensity in
medium 1. These expressions in the cylindrical coordinate system are as follows:

E =E, [& +E,l&, (15.103)
E,, =—%=2E0 [dos @ (15.104)
r
El(p=—lB(yﬂ=—2EE0 [ing (15.105)
r 0@
whereas in the Cartesian coordinate system:
E =E,0=20E,0 (15106)

from which it follows that the electric field intensity in the solid cylinder has doubled in magnitude, but
the electric field has remained homogeneous.

From expression (15.102), which describes the distribution of the electric scalar potential in medium
2, it is easy to obtain the expressions for the non-zero components of the electric field intensity in
medium 2. These expressions in the cylindrical coordinate system are as follows:

E,=E, [§, +E,,[3, (15.107)
__0¢, _ a’
Ey == =2 =E, Bosg 1—r—2 (15.108)
E, --10% =—E, Bing 1+“—2 (15.109)
¢ r 0@ r?

The surface density of the stationary electric charge at the boundary of two media follows from the
expression:
D 2r| -D lr|

=-g Elr| :_£E1r| =0 (15.110)

r=a r=a r=a r=a

From expressions (15.104) and (15.110), it follows that the surface density of the stationary electric
charge is described by the expression:
o=-2[¢[E, dosgp (15.111)

Thus, on the left side of the cylinder, the surface charge is positive, whereas on the right side of the
cylinder it is negative. This surface charge creates an electric field inside the solid dielectric cylinder.

15.11. Solid Perfectly Conducting Cylinder in a Homogeneous Stationary Current Field

Let an infinitely long solid perfectly conducting cylinder (medium 1) with radius a be placed in a
homogeneous stationary current field, whereas the surrounding medium around the cylinder is an
unbounded conducting LIH medium (medium 2). For solving this problem, a cylindrical coordinate
system with the origin on the axis of the conducting cylinder is appropriate (Figure 15.21).
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Figure 15.21. Solid perfectly conducting cylinder in a homogeneous stationary current field
The expressions for the distribution of the electric scalar potential in both media can be obtained in
two ways:

* In the same manner as for the solid conducting cylinder in a homogeneous stationary current
field (subchapter 15.8), leading to expression (15.75), which is given by:

9, =(—Eoﬁr+31 EE) [¢os @ (15.112)
r

and then the unknown constant B, is determined from the boundary condition:
#l._, =0 _, =0 (15.113)

because in the solid perfectly conducting cylinder is:

¢, =const.=0 ; E =0 (15.114)

where, in this special case, the constant electric scalar potential of the solid perfectly
conducting cylinder is equal to zero.

* Using the solutions for the distribution of the electric scalar potential (15.83) and (15.84),
which apply to a solid conducting cylinder (medium 1) in a homogeneous stationary current
field, with the substitutions:

Ky > K 5 K - (15.115)

Using either of the two described methods, the expressions for the distribution of the electric scalar
potential in both media can be easily obtained and are given by:

¢1:0 ;. r<a (15.116)

2 2
¢2=—EODrEE1—a—zJRosqoz—EoDcEEl—a—zJ . rza (15.117)
r r
from which it follows that the electric scalar potential is equal to zero on the plane that passes through
the center of the cylinder, where ¢ =+ 71/2, and that is the plane x = 0.

According to expressions (15.115) and (15.116), the distribution of the electric scalar potential in
both media does not depend on the properties of the two media. Physically, it is only important that
medium 1 is a perfectly conducting medium, and medium 2 is a conducting LIH medium.

From expression (15.116), which describes the distribution of the electric scalar potential in medium
2, it is easy to obtain the expressions for the non-zero components of the electric field intensity in
medium 2. These expressions in the cylindrical coordinate system are as follows:
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E,=E, [, +E,,[3, (15.118)

¢, a*
Ey==—2=E, [Gos @ 1+r—2 (15.119)
Eo=-10% b Ginpdi - 15.120

The surface density of the stationary electric charge at the boundary of two media follows from the
expression:

Dyl _ ~Dy|_ =Dyl _ =6E,|_ =0 (15.121)

r=a -
From expressions (15.119) and (15.121), it follows that the surface density of the stationary electric

charge is described by the expression:
o =20, [E,[dos¢@ (15.122)

from which it follows that the surface charge on the left side of the cylinder is negative, whereas on the
right side it is positive.

There is an analogy between a solid perfectly conducting cylinder in a conducting medium and a
solid conducting cylinder in a dielectric medium. In these cases, the electric current lines and electric
field lines, as well as the equipotential lines, have the same graphical appearance as the electric field
lines and equipotential lines in the case of a solid conducting sphere in a dielectric medium, as shown
in Figure 14.40.

15.12. Solid Conducting Sphere in a Homogeneous Stationary Current Field

Let a solid conducting sphere (medium 1), with radius a, be placed in a homogeneous stationary
current field, whereas the surrounding space around the sphere is filled with an unbounded conducting
LIH medium (medium 2). To solve this problem, a spherical coordinate system is used (Figure 15.22).

There is an analogy between a solid conducting sphere in a stationary current field and a solid
dielectric sphere in a homogeneous electrostatic field. It is only necessary to replace the permittivities
of the media with the electrical conductivities of the media.

- T(r, 9)

Y

Figure 15.22. Solid conducting sphere in a homogeneous stationary current field

According to the analogous expressions (14.217) and (14.218), the distribution of the electric scalar
potential in both media is given by the following expressions:

31K [E, & [Bosd = - 3ty

—_— ——=—I[E,Z ; r<a 15.123
Kk + 2Lk, Kk + 2Lk, 0 ( )

¢ =-
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3
$, = - E, I Bosd + M[éﬁj (E, G @Bosd ; r>a (15.124)
K +20k, \r
from which it follows that the electric scalar potential is equal to zero at the center of the sphere, or on
the plane passing through the center of the sphere where & = 77/2, and that is the plane z = 0.
From expression (15.123), which describes the distribution of the electric scalar potential in medium

1, it is easy to obtain the expressions for the non-zero components of the electric field intensity in
medium 1. These expressions in the cylindrical coordinate system are as follows:

E =E, &, +E; & (15.125)
[
g, =-90 - 3K p oo (15.126)
ar /(1 +2D(2
30
Eg=-ttflio_ 3% o g (15.127)

whereas in the Cartesian coordinate system:

3k,

— 2 [,k (15.128)
Kk + 2Lk,

E =E, k=

From expression (15.124), which describes the distribution of the electric scalar potential in medium
2, it is easy to obtain the expressions for the non-zero components of the electric field intensity in
medium 2. These expressions in the cylindrical coordinate system are as follows:

E, =E,, [&, + E, (&g (15.129)
E, =- 99, =E,GosS 1 +20———2— EE j (15.130)
ar Kl +2D(2
1 09 K| —K ay
E,y =—— 2% =-E, Gind 1—#%% (15.131)
r 0 K +20k, \r

The surface density of the stationary electric charge at the boundary of two media follows from the
expression:

Dyl . =Dyl _ =&Ey| _ ~&E,|_ =0 (15.132)

where & and &, are the permittivities of the conducting media (Figure 15.12).

From expressions (15.126), (15.130), and (15.132), it follows that the surface density of the
stationary electric charge is described by the expression:

o= £2+2B‘2D % 53 g goss (15.133)
m(z K, +2 [k,
from which it follows that:
K5 K B Goss (15.134)
K +2Lk,
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15.13. Solid Dielectric Sphere in a Homogeneous Stationary Current Field

J, =k E, T(r,9)

Y

Figure 15.23. Solid dielectric sphere in a homogeneous stationary current field

Let a solid dielectric sphere (medium 1) of radius a be placed in a homogeneous stationary current
field, whereas the space around the sphere is filled with an unbounded conducting LIH medium (medium
2). A spherical coordinate system with its origin at the center of the sphere is used (Figure 15.23).

The expressions for the electric scalar potentials in both media can be obtained in two ways:

* In the same manner as for a solid dielectric sphere in a homogeneous electrostatic field
(subchapter 14.18), up to expressions (14.212) and (14.209), which are given by:

¢, =C, & Bosd (15.135)
9, =(—EOEr+Bl Gl—ZJ [Gosd (15.136)
r

and after that, the unknown constants B; and C) are determined from the boundary conditions:

& _, =0l _, (15.137)

or or

=0 (15.138)

r=a r=a

where the boundary condition (15.138) means that the current field does not penetrate the
solid dielectric sphere, i.e., the electric current lines bypass the dielectric.

* Using the solutions for the distribution of the electric scalar potential (15.123) and (15.124),
which are valid for a solid conducting sphere (medium 1) in a homogeneous stationary current
field, with the substitutions:

Ky -K ; K -0 (15.139)

Using either of the two described methods, the expressions for the distribution of the electric scalar
potential in both media can be easily obtained and are given by:

¢1=—%Eoﬁrﬁtosﬁ = —%E(,& ; r<a (15.140)

3
¢2=—EOEE1+2"B3J&E¢OSZ9 . r2a (15.141)

from which it follows that the electric scalar potential is equal to zero on the plane that passes through
the center of the sphere, where & =71/2, and that is the plane z = 0.
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According to expressions (15.140) and (15.141), the distribution of the electric scalar potential in
both media does not depend on the properties of the two media. Physically, it is important only that
medium 1 is a perfect LIH dielectric, and medium 2 is a conducting LIH medium.

From expression (15.140), which describes the distribution of the electric scalar potential in medium
1, it is easy to obtain the expressions for the non-zero components of the electric field intensity in
medium 1. These expressions in the cylindrical coordinate system are as follows:

E =E, G, +E,q & (15.142)
g =9 _3 1 noes (15.143)
1r al" 7 0
Ep =22 =3 Gins (15.144)
r 04 2

whereas in the Cartesian coordinate system:

E =E, EE:%EEOEH: (15145)

from which it follows that the electric field intensity in the sphere has increased in magnitude, but the
electric field remains homogeneous.

From expression (15.141), which describes the distribution of the electric scalar potential in medium
2, it is easy to obtain the expressions for the non-zero components of the electric field intensity in
medium 2. These expressions in the cylindrical coordinate system are as follows:

E, = E, [&, + E,g (&g (15.146)
3
E,, :—%:E0 Ecosﬂ[ﬁl— ‘r’—3j (15.147)
3
Eyy =222 = _E Gino i +-2 (15.148)
r 039 2033

The surface density of the stationary electric charge at the boundary of two media follows from the
expression:
D2r| - Dlr|

=-g mlr| =_5E1r| =0 (15.149)

r=a r=a r=a r=a

From expressions (15.143) and (15.149), it follows that the surface density of the stationary
electric charge is described by the expression:

a=—%5m50 [Bos I (15.150)

which means that the surface charge on the left side of the sphere is positive, whereas on the right side
it is negative. This surface charge creates an electric field inside the dielectric sphere.

15.14. Solid Perfectly Conducting Sphere in a Homogeneous Stationary Current Field

Let a solid perfectly conducting sphere (medium 1) of radius a be placed in a homogeneous stationary
current field, whereas the surrounding space is filled with an unbounded conducting LIH medium
(medium 2). To solve this problem, a spherical coordinate system with its origin at the center of the
sphere is suitable (Figure 15.24).
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Figure 15.24. Solid perfectly conducting sphere in a homogeneous stationary current field
The expressions for the distribution of the electric scalar potential in both media can be obtained in
two ways:

* In the same manner as for the solid dielectric sphere in a homogeneous electrostatic field
(subchapter 14.18), up to expression (14.209), which is described by:

9, :(— E, [+ B 91—2) [os S (15.151)
r

and after that, the unknown constant B; can be determined from the boundary condition:

., =9, =0 (15.152)
because in a solid perfectly conducting sphere:
$ =const.=0 ; E =0 (15.153)

* Using the solutions for the distribution of the electric scalar potential (15.123) and (15.124),
which hold for a solid conducting sphere (medium 1) in a homogeneous stationary current
field, with substitutions:

Ky > K ; K - ® (15.154)

Using either of the two described methods, the expressions for the distribution of the electric scalar
potential in both media can be easily obtained and are given by:

¢1 =0 ; r<a (15.155)

3
¢, = — E, G [Bosd + (ﬁj [E, G Bosd ; r=a (15.156)

r

from which it follows that the electric scalar potential is equal to zero on the plane that passes through
the center of the sphere, where J = 71/2, and that is the plane z = 0.

According to expressions (15.155) and (15.156), the distribution of the electric scalar potential in
both media does not depend on the properties of the two media. Physically, it is important only that
medium 1 is a solid, perfectly conducting medium, and medium 2 is a conducting LIH medium.

From expression (15.156), which describes the distribution of the electric scalar potential in medium
2, it is easy to obtain the expressions for the non-zero components of the electric field intensity in
medium 2. These expressions in the cylindrical coordinate system are as follows:

E, = E,, [8, + E,g (&g (15.157)
3
E,, :—(ZL::EO Etosﬂ[ﬁl+2[-;lﬂ—3j (15.158)
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1 ¢2 . 613
E,g =—— =-E, Bind 11 -— 15.159
S X 0 EE 3 ( )
The surface density of the stationary electric charge at the boundary of two media follows from the
expression:
D2r|

a =D21’| =& E‘2r|r=a =0 (15160)

r=a 1r|r= r=a

From expressions (15.158) and (15.160), it follows that the surface density of the stationary electric
charge is described by the expression:
o =30%, [E, dos (15.161)

which means that the surface charge on the left side of the sphere is negative, whereas on the right side
it is positive.

There is an analogy between a solid perfectly conducting sphere in a conducting medium and a solid
conducting sphere in a dielectric medium. In these cases, the electric current lines, electric field lines,
and equipotential lines have the same graphical appearance as shown in Figure 14.40.

15.15. Thin-Wire Conductor in a Conducting Medium and the Average Potential Method

A straight segment of a solid cylindrical conductor with radius 7, and length /¢, in a surrounding
conducting medium, leaks a stationary electric current / (Figure 15.25). Let the surface density of the
electric current be constant along the surface of the conductor's segment. The conductor segment is
located in an unbounded conducting LIH medium with electrical conductivity .

K ¢2"”0
B / A

Figure 15.25. A straight segment of a cylindrical conductor in an unbounded conducting LIH medium

If r, <</, the thin-wire approximation can be used, which assumes that the electric current originates
from the axis of the conductor segment, and the distribution of the electric scalar potential is sought at
points outside the conductor segment, including the surface of the conductor segment. The potential
inside the conductor segment is equal to the potential on its surface. Since in the numerical model the
stationary electric current / leaks from the axis of the conductor segment, it is described by the linear
density of the electric current:

T=%=const. (15.162)
Ay
T(u,v)
P r
t\
u,t
———————————————————————— R e ——
0/2 pLa S

Figure 15.26. Segment of a cylindrical conductor in the local coordinate system (u, v)
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For the sake of simplicity, the segment is given in the local 2D coordinate system (i, v), in which the
axis of the conductor segment and the field point 7(u, v) lie. The position of the segment in the (x, y, z)
coordinate system is arbitrary. According to Figure 15.26, the point T(u, v) at which the electric scalar
potential is computed can be in the first or second quadrant of the local coordinate system (u, v).

There is an analogy between the segment of a solid cylindrical conductor in an unbounded conducting
LIH medium, which leaks a stationary electric current / into the surrounding conducting medium, and
the segment of a solid cylindrical conductor in an unbounded perfect LIH dielectric, which is charged
with charge Q. Since the analogous electrostatic problem is described in detail in subchapter 14.24, the
segment of the cylindrical conductor in the unbounded conducting LIH medium is briefly described in
this subchapter.

The distribution of the electric scalar field around the conductor segment is described by the expression:

¢ 0
2 2
1
p=—L 0 d = of dr (15.163)
Ak, \/(u_t)2+v2 Almk J(u_t)zﬂz
2 2
and after integration, it is obtained that:
L l
b u+— u——
¢ = arsinh 2 _ arsinh 2 (15.164)
40Tl v v

or alternatively written as:

(15.165)

The distribution of the electric scalar potential is axisymmetric with respect to the local axis u, and
the equipotential surfaces are rotational ellipsoids with foci at the ends of the conductor's axis. This
means that in the local coordinate system (i, v), the equipotential lines are ellipses with foci at the ends
of the conductor's axis (Figure 14.54).

The distribution of the electric scalar potential along the mantle of a conductor segment can be written
as:

(15.166)

According to the average potential method, the electric scalar potential of a conductor segment @
is approximated by the average potential along the mantle of the conductor segment:

o= =%D G, 1) G = P(0, 1) T (15.167)

SIS TSN

where P(/,1,)) is the self-resistance of the conductor segment in the unbounded conducting LIH
medium, obtained by the average potential method. It holds that:

195



2
! éﬂrsinhﬁ - E— (15.168)

P(4,v) =
2k 17 v Ji2e? 4y

or alternatively written as:

1 N2 +v2 o 02
P(4,v)=————— ¢ 0n -
2Tk 1 v V2 4y

(15.169)

It also holds that:
P v =£ @) (15.170)
K

where the auxiliary function G(¢,v) is defined by expressions (14.300) and (14.301), and holds for a
segment of a cylindrical conductor in an unbounded perfect LIH dielectric.

Thus, in an unbounded conducting LIH medium, the following holds for a segment of the conductor:
o=@,=P(,r)Ud=RU (15.171)

where R =P(/,r,) is the self-resistance of the segment of the cylindrical conductor in an unbounded
conducting LIH medium, obtained using the average potential method. This resistance is defined
between the conductor segment and a reference point at infinity, or, alternatively, it represents the
contribution of a unit segment current to the average potential of the same segment.

15.16. Grounding Resistance of a Horizontal Conductor Segment in LIH Soil

Let a segment of a cylindrical thin-wire conductor of radius 7, and length ¢ be buried in LIH soil
with electrical conductivity x (Figure 15.27). If this conductor segment leaks a stationary electric current
I into the soil, it acts as an elementary horizontal ground electrode. Therefore, in this particular case, we
refer to the grounding resistance of the conductor segment instead of its self-resistance. The horizontal
ground electrode can be a conducting strip, cylindrical conductor, or wire, and can be implemented as
radial conductors, a ring conductor, a grounding grid, or a combination of these.

The goal is to derive an expression for the grounding resistance of the given equipotential segment
of the cylindrical conductor using the average potential method.

€9

K

1
——

Figure 15.27. Horizontal segment of a cylindrical conductor in LIH soil

For the calculation of the self-resistance of the cylindrical conductor segment using the average
potential method, it should be assumed in the numerical model that the conductor segment uniformly
leaks a stationary electric current / into the soil from its axis.

By the method of images, one segment of the conductor in the LIH half-space with electrical
conductivity « is replaced by two conductor segments in an unbounded LIH medium with electrical
conductivity x (Figure 15.28).
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Figure 15.28. Real and image horizontal segment of a cylindrical conductor

The electric scalar potential of a segment of a cylindrical conductor, obtained by the average

potential method, is described by the expression:
¢=@,,=RU ; R=P(Ury)+P20Hh) (15.172)

where:

R - the total self-resistance of a cylindrical conductor segment in a heterogeneous medium

consisting of soil and air,
P(¢,1y) - the self-resistance of a cylindrical conductor segment in an unlimited conducting LIH
medium, described by the expression (15.169),

P(¢,21h) - the mutual resistance of the real segment of a cylindrical conductor and the image
segment of a cylindrical conductor in an unbounded conducting LIH medium, which is
described by the expression (15.169).

Since the horizontal grounding conductor is approximated by only one straight thin-wire segment of

a cylindrical conductor, then:

Ry =R (15.173)

where R, is grounding resistance of a cylindrical conductor segment.

15.17. Grounding Resistance of Two Parallel Conductor Segments in LIH Soil

Let there be two identical, mutually parallel segments of a cylindrical thin-wire conductor of radius
1, and length /¢, buried in LIH soil with electrical conductivity x (Figure 15.29). Let these two conductor
segments form an equipotential grounding system that leaks a stationary electric current /,, into the
surrounding soil. Assume that the current supply to the conductor segments is insulated from the soil.
The goal is to derive an expression for the electric scalar potential and the grounding resistance of this
equipotential grounding electrode using the average potential method.

The heterogeneity of the entire medium is accounted for by applying the method of images, whereby
the conductor segments are mirrored. Two conductor segments in an LIH half-space with electrical
conductivity x are replaced by four conductor segments in an unbounded LIH medium with the same
electrical conductivity x (Figure 15.30).

The electric scalar potentials of the conductor segments are described by the following expressions:

@ =R, O, + R, , (15.174)

@, =Ry U, + R, U, (15.175)
where the self and mutual resistances of the conductor segments are described by:

Ry, =P(t,n,)+ Pt,2) (15.176)
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R, =R, =P((,d)+P(t,D)
Ry, = P(t,ry)+ P(¢, 2 hy)

where the function P(Z, v) is described by expression (15.169).
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Figure 15.29. Two parallel segments of a thin-wire cylindrical conductor

Figure 15.30. Real and image segments of the cylindrical conductor
Since the conductor segments form an equipotential grounding system, it follows that:
D=9, =0,
I +1, =1,

The symmetric system of linear equations in matrix notation can be written as follows:
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(15.180)



R2,1 R2,2 _1 12 = O (15181)
-1 -1 0 | |®,] |-Iy

L, =1,=-% (15.182)
2
R, +R
? =0, =0, :%Dgr (15.183)

15.18. Resistance Between Two Parallel Conductor Segments in LIH Soil

Let there be two identical, mutually parallel segments of a cylindrical thin-wire conductor with radius
r, and length ¢ buried in LIH soil with electrical conductivity x (Figure 15.31). Let a stationary electric
current / flow between these two equipotential conductor segments. Assume the current supply to the
conductor segments is insulated from the soil. The goal is to derive an expression for the resistance
between these two segments using the average potential method. In this case, each of these two
conductor segments is a horizontal equipotential grounding electrode.

The heterogeneity of the entire medium is accounted for by applying the method of images. Two
conductor segments in an LIH half-space with electrical conductivity x are replaced by four conductor
segments in an unbounded LIH medium with the same electrical conductivity x (Figure 15.32).

Figure 15.31. Two parallel segments of a cylindrical conductor

According to Figure 15.31, the horizontal grounding electrode 1 leaks a stationary electric current /
into the soil, whereas the horizontal grounding electrode 2 receives a stationary electric current / from
the soil, meaning that grounding electrode 2 leaks a stationary electric current —/ into the soil. Each of
these two grounding electrodes is approximated in the numerical model by just one segment of a
cylindrical conductor.

The electric scalar potentials of the conductor segments are described by the following expressions:
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where the self and mutual resistances of the conductor segments, obtained using the average potential
method, are described by the expressions (15.176) - (15.178).

Figure 15.32. Real and image segments of the cylindrical conductor

The resistance between these two conductor segments is described by the following expression:

r=2"% =R, +Ry, —2[R;, (15.186)
In the special case when h; = h,, it follows that:
D, =-@ Rzz?l =20R,; —R,,) (15.187)

15.19. Grounding Resistance of a Vertical Conductor Segment in LIH Soil

Let there be a segment of a cylindrical thin-wire conductor with radius 7, and length ¢, buried in
LIH soil with electrical conductivity x (Figure 15.33). The conductor segment leaks a stationary electric
current / into the soil. The goal is to derive an expression for the grounding resistance of this
equipotential cylindrical conductor segment using the average potential method. For the solution of the
problem, only the part of the conductor buried in the soil is relevant.

&o

K

Figure 15.33. Vertical segment of a cylindrical conductor in LIH soil
By the method of images, one conductor segment in an LIH half-space with electrical conductivity

x is replaced by two conductor segments in an unbounded LIH medium with the same electrical
conductivity x (Figure 15.34).
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Figure 15.34. Real and image vertical segment of a cylindrical conductor

According to Figure 15.34, in this special case, the real and image segments of the conductor can be
replaced in the numerical model by a single unified segment of a cylindrical conductor with radius 7,
and length 2[/ in an LIH medium with electrical conductivity x, which leaks a stationary electric
current 2[/.

The electric scalar potential of this unified segment, obtained by the average potential method, is
described by the expression:
®=I1R=20P20,1) (15.188)

where the function P(é, v) is described by the expression (15.169).
It follows that the grounding resistance of the vertical conductor segment is described by:

1 VAad? +2 +200 412
R=—2 2[4 On - (15.189)
ATk T ro s 472 + 1

15.20. Numerical Modelling of Equipotential Grounding Grids

Let the equipotential grounding grid be located in LIH soil with electrical conductivity x. In the
numerical model, the conductors of the equipotential grounding grid (Figure 15.35) are divided into
straight cylindrical segments.

Figure 15.35. lllustrative example of an equipotential grounding grid

Let there be a total of n segments. Let the grounding current /,, be known - this is the electric current
that the grounding system leaks into the soil. Let the unknowns be: the electric currents of the segments
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Ii;k=1,2,..,n, and the electric scalar potential of the grounding grid ¢gr. All electric scalar
potentials of the conductor segments @, ; k =1, 2,..., n are equal to the potential of the grounding grid.
Different weighted residual methods can be used for the numerical approximation of the electric

scalar potential of segments, with specific cases including the point collocation method and the average
potential method. For the average potential method, the system of linear equations is given by:

YR I, =®=®, ; k=12..n (15.190)
k=1
D=y (15.191)
k=1

which, in matrix notation, is given by:

R, - R, -1 I, 0

=] (15.192)
R,, R,, -1{|n 0
__1 _1 O_ ¢gl‘ _Igr

where R =Ry 1=1,2,....,n ; k=1,2,...,n are the self and mutual resistances of the conductor
segments. This, in fact, represents the contribution of the unit current of the k-th segment to the potential
of the i-th segment, taking into account the heterogeneity of the entire space.

The self and mutual resistances R;; in an unbounded LIH soil of electrical conductivity « are
analogous to the self and mutual potential coefficients @; ) in an unbounded perfect LIH dielectric with
permittivity &. The relationship between them is described by the following expression:

£
Ry =@, (15.193)

The self-potential coefficients a;; are described by expression (14.303). In the special case of
parallel conductor segments, as shown in Figure 14.57, the mutual potential coefficients a;, are
described by expression (14.304). In the case of general parallelism of conductor segments, as shown in
Figure 14.58, the mutual potential coefficients are described by expressions (14.305) - (14.307). If the
conductor segments are non-parallel (Figure 14.59), then the mutual potential coefficients a;, are
described by expressions (14.310) and (14.311).

If there are multiple equipotential grounding grids, then the system of linear equations (15.192) needs

to be extended by adding one additional equation and one additional unknown for each new
equipotential grounding grid.

The system of linear equations obtained using the average potential method is symmetric, whereas
the point collocation method yields an asymmetric system of linear equations.

After solving the system of linear equations (15.192), the electric scalar potential can be computed
at any point in the soil. The distribution of the electric scalar potential in the soil, or on the surface of
the soil, is described by the following expression:

n
$=> R U, (15.194)
k=1

where R, is the resistance between the k-th segment and the field point, taking into account the
heterogeneity of the medium. This, in fact, represents the contribution of the unit current of the k-th
segment to the potential of the field point, considering the heterogeneity of the entire space.
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Algorithms for numerical modelling of equipotential grounding electrodes in heterogeneous soil,
such as horizontally stratified multilayer soil, as well as algorithms for numerical modelling of non-
equipotential grounding electrodes in homogeneous and heterogeneous soil, are much more complex.
Particularly complex is the time-harmonic and transient analysis of grounding systems.

15.21. Equivalent Radius of a Solid Rectangular Conductor

In the numerical model of the grounding grid, it is assumed that the conductor segments have a
cylindrical cross-section. However, in practice, a galvanized steel strip with a rectangular cross-section
is used, which, for the purposes of numerical modelling, can be approximated as a cylindrical conductor
(Figure 15.36).

a

Figure 15.36. Rectangular conductor and equivalent cylindrical conductor

The equivalent radius of a rectangular conductor can be calculated using several criteria: the criterion
of the same perimeter, the criterion of the same cross-sectional area, or, for example, the method of the
average geometric distance. A more detailed numerical analysis based on the boundary element method
shows that the equivalent radius can be well approximated using the criterion of the same perimeter,
such that:

y, =240 (15.195)
m

15.22. Circular Perfectly Conducting Plate in an Unbounded Soil

Let a thin, circular, perfectly conducting plate with radius a be located in an unbounded LIH soil
with electrical conductivity x, and let it leak a stationary electric current with intensity / into the soil
(Figure 15.37). It is easy to conclude that, under the given assumptions, such a plate is equipotential.

1

z

Figure 15.37. Circular perfectly conducting plate in an unbounded LIH soil

Since the distribution of the electric scalar potential is axially symmetric with respect to the z-axis, a
2D cylindrical coordinate system (r, z) is used. In the theoretical consideration, the starting point is an
equipotential rotational ellipsoid created by a straight, thin-wire conductor segment of length ¢, which
uniformly leaks a stationary electric current with intensity / from its axis into the surrounding soil
(Figure 15.38). The rotational ellipsoid is formed by rotating an ellipse around the z-axis, with the foci
of the ellipse located at the ends of the conductor segment.
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Figure 15.38. Equipotential rotational ellipsoid around the conductor segment

The distribution of the electric scalar potential around a conductor segment, which uniformly leaks
a stationary electric current with intensity / from its axis in the numerical model, is described by
expression (15.165), which can be written as follows:

(15.196)

~
=
(3]
+
N\
A\l
+
NS} N~
N—
[\S)
+
A\l
+
RS [N s

= On
407k 2 7\

For the equipotential ellipse, which has a small semi-axis of length aa (the radius of the equipotential
plate) and a large semi-axis of length b (Figure 15.39), the following holds:

!’
2

= \b%-4? (15.197)

v

Figure 15.39. Major and minor semi-axes of the equipotential ellipse around the conductor segment

If b tends to zero, then the equipotential rotational ellipsoid, with a small semi-axis of length a,
becomes an equipotential circular plate with radius a. Thus, according to expression (15.197), the
following holds:

2

=J-a® = jm (15.198)

4
lim —
b-02
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After substituting expression (15.198) into the expression for the distribution of the electric scalar
potential (15.196), the resulting expression for the distribution of the electric scalar potential around a
circular perfectly conducting plate in an unbounded LIH soil is:

I PPz @)’ + o+
¢ = Bk n (15.199)
J r2+(z—jﬂh)2 + z—jla&

The distribution of the electric scalar potential around a circular plate is an even function with respect
to the z-axis, so for further processing, expression (15.199) can be rewritten in the following form:

I VP42l +j@)? + 2|+
= 'BDTD(D!IEHH (15.200)
/ V(i@ )i
from which it follows that:
I JA+ RGOz + | z|+j &
P = — On (15.201)
JBHTLE JA- RG] + 2| -j
where:
A=rt+72-4° (15.202)
Let it be:

JA+ RG] =a+ B ; JA- RGOz =a- ;B (15.203)

from which, after squaring these two expressions, it follows that:

a*-p*=A ;. alf=|z|l (15.204)
Furthermore, it is:
A+ A2 +4a’ 32
at-AWm*-72@*=0 ; a’= 5 at (15.205)

from which it follows that:

2 22 _ 2 242
a:\/Aﬂ/A +4la" 37 ,6’=\/ A+\A”+40° [ (15.206)

2 ’ 2

If the expressions labeled as (15.203) are substituted into expression (15.200), a new expression for
the distribution of the electric scalar potential around the circular plate is obtained:

.1 (o +]zl)+ {5 +a)
P= Jmimatk " (a+<l)- g +a) o2

from which it follows that:

I jRArctan Bra
a

p=—— ne Moo L Gretan BFE (15.208)
B Ol 4070k a+|z|
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Since, according to (15.204):

B= | z| @
a
it is easily obtained that:
Bra _a _B
a+lz| a |

(15.209)

(15.210)

From expressions (15.210) and (15.208), the following practical expressions for the distribution of
the electric scalar potential around the circular perfectly conducting plate follow can be obtained:

¢ =——— [rctan 2= d [rcsin
407la Tk a A0rtalk a2 +a’
¢= _r [rctan s = d [rcsin A

40T K |z| 407k [+

where the auxiliary functions a and f are described by expression (15.206).

From expressions (15.206) and (15.211), it is easily obtained that for z =0 & r=a:

[2_ 2 . a
a=+\r-—-a ; =— [Arcsin —
¢ 4 Orla Tk r
whereas for z=0 & r<a:
1
a=0 ; ¢=&,=—— =const.

P ek

From expressions (15.206) and (15.211), it follows that for » =0

1 a
a=|z ; =a ; =—[Arctan —
Il A ¢ 4 O7lh Tk | z]

(15.211)

(15.212)

(15.213)

(15.214)

(15.215)

The expression for the distribution of the surface density of the electric current on one side of the

equipotential circular plate can be obtained from the following expression:

J=—/(Elim% ; ¢=;Brctan£
zﬂg 0z 40rla k Z
7>

It holds that:

B _ B _
¢ I 5%Zﬂ_ I Z%Zﬁ

- = E
0z 4nlhlk (ﬁf 22 ATk B2 +7°
1+

zﬁaﬁ—,ﬁ’
0z

. 0 1 ) 1 o1

J‘—KD1m—¢ =- im = Oim —
-0 0z 40l z-0 ﬁ2+12 401lh -0
z>0 z>0 z>0
r<a r<a r<a

(15.216)

(15.217)

(15.218)



J=—1 Oim 2 S 0| 2 (15.219)
ATl -0\ g+ [A2+amin? 40T | 204

r<a

and finally:

J = ! (15.220)

AT Gla? -2

The expression (15.220) that describes the distribution of the surface density of the electric current
on one side of the equipotential plate can also be obtained from expression (15.199), which has the
following alternative form:

¢ = _r arsinh ttjle —arsinh 2o jla (15.221)
jBUTk [k r r
It follows that:
o I ! - ! (15.222)
2 Jj B Orlk [ \/(z+th)2+r2 \/(z—jl]z)2+r2
and it is:
J=—x0im 92 = U EE L1 J (15.223)
2200:  8Orla Jri-a?  rr-a?
y=-41 ! - ! (15.224)
8 rla ij[{/az—rz i]-E/az_rz

By choosing the sign in expression (15.224) that gives the physical solution, which is the positive
real solution, it follows that:

_ jo 1 _ 1 _ ! (15.225)
8Ll jB/az—r2 —jB/az—r2 4DTBIB/a2—r2

15.23. Circular Perfectly Conducting Plate on the Soil Surface

Let a thin, circular, perfectly conducting plate with radius a be located on the surface of the LIH
soil with electrical conductivity k, and let it leak a stationary electric current with intensity / into the soil
(Figure 15.40). It is easy to conclude that, under the given assumptions, such a plate is equipotential.

According to the method of images, after the perfectly conducting plate is reflected with respect to
the soil surface, a perfectly conducting plate in an unbounded LIH soil (Figure 15.37) is obtained, which
leaks a stationary electric current with intensity 2 -/ into the soil. Since the plate is on the soil surface,
the same expression describes the distribution of the electric scalar potential in both the air and the soil.
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Figure 15.40. Circular perfectly conducting plate on the surface of the LIH soil

From expressions (15.211) and (15.212), which apply for half of the electric current, it follows that
the distribution of the electric scalar potential around the circular perfectly conducting plate is described
by the following expressions:

p=—2L GretanL=— L Garesin——2 (15.226)
4Urla Lk a 2Urlalk a+a?
¢ = L arctan ﬁ = arcsinL (15.227)
A0 Tk |z| 20tk R

where the auxiliary functions a and f are described by expression (15.206).

According to expression (15.220), the surface density of the electric current that the circular
equipotential plate leaks into the soil from one side is described by the following expression:

20 _ I

J= =
amm@la® -7 20 Gla® -2

(15.228)

and this means that the surface density of the stationary electric charge located on the other side of the
circular equipotential plate is described by the following expression:

o= Q : o ._1 (15.229)
2rth R a® - r? & K

From expression (15.214), it follows that the electric scalar potential of the plate is:

20 1
=@, = = = const. 15.230
P = ik dlaik ( )
and thus the grounding resistance of the plate is:
(0))
Ry=—P = (15.231)

P T4k

From expression (15.213), it follows that the distribution of the electric scalar potential on the soil
surface (z =0 & r= a) is described by the following expression:

2[@
¢ = _r Garesin - = 2P Gresin & (15.232)
2 0rla Ck r T r

From expression (15.214), it follows that the distribution of the electric scalar potential along the
Z-axis (r = 0) is described by the following expression:

2@
@ =; Circtan —— = Pl Grctan —— (15.233)
207t x | z| m | z|
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15.24. Solved Examples

Example 15.1. A solid perfectly conducting sphere of radius 7, =1.25 cm is buried at a depth 2 =3 m
below the surface of an LIH soil with electrical conductivity & = 0.1 S/m. If the sphere leaks a stationary
electric current of intensity / = 100 A into the soil, determine: a) the distribution of the electric field
intensity in the soil, b) the distribution of the electric field intensity on the soil surface, c) the distribution
of the electric scalar potential on the soil surface, d) the electric scalar potential of the sphere and the
grounding resistance of the sphere. Assume that 4 >>r,. Use a 2D cylindrical coordinate system (r, z).

€y
! 7}
K l
z
h

O—t

Figure 15.41. A solid perfectly conducting sphere buried in LIH soil

r
A
7

Solution:

a) The distribution of the electric field intensity in the soil
The method of images is used. With the introduced assumption that & >> 5, both the real sphere and
its image are approximated as point sources of stationary electric current.

If the solution is sought within the soil, the real sphere and its mirror image in an unbounded LIH
soil with electrical conductivity x both leak a stationary electric current / (Figure 15.42).

Figure 15.42. Real and image solid sphere in an unbounded LIH soil

The reflection factor is:

kg =—=——-=1 (15.234)

The electric field intensity vector in the soil (z =0) due to the electric current from the real sphere is
described by the following expression (Figure 15.42):
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go 1 gB+(-n)E, 1 B +(-h)E,
U amk R’ R sk o)

(15.235)

whereas the electric field intensity vector in the soil due to the electric current from the image sphere is
described by the following expression:

PR E(Er+(z+h)ﬁzz I E(Er+(z+h)@Z
4k R R, 4k \/(r2+(z+h)2)3

(15.236)

and it follows that the total electric field intensity in the soil at the field point (r, z) is described by:

. I r@ +(z-h)E, r@ +(c+h)E (15.237)
2 +h

- h
E=E +E,= L + z
A [ 2w e-np) [P+ enp)

b) The distribution of the electric field intensity on the soil surface

The electric current does not exit the soil, i.e., at the soil surface, the electric field intensity has no
z-component (Figure 15.43).

v

Y

Figure 15.43. Electric field intensity vector on the soil surface
The electric field intensity vector on the soil surface due to the electric current from the real sphere
is described by the following expression (Figure 15.43):
E, L= I deﬁr;hﬁz :4D{[D(E(Er_hE§
=0 4k R \/(r2+h2)

(15.238)

whereas the electric field intensity vector on the soil surface due to the electric current from the image
sphere is described by the following expression:

_ I E(Er+hﬁz _ 1 E(Er+hﬁz
=0 407k [R? R 40Ttk \/(}’2 +h2)3

1)

(15.239)

and it follows that the total electric field intensity on the soil surface, i.e., at the field point (r, 0), is
described by:

E|

+—lfz

! d 3 (15.240)

=, =0 20Tk D\/(r2+h2)3 r

z=0 z=0
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c) The distribution of the electric scalar potential on the soil surface

According to Figure 15.42, the distribution of the electric scalar potential in the soil (z 20) is
described by the following expression:

p=—1 @l+lqz I 1 + ! (15.241)
4DT|]( R RS 4DTD( r2 +(Z_h)2 r2 +(Z+h)2

and thus, the distribution of the electric scalar potential on the soil surface (z = 0) is described by:

Az =20 DTID(ER= : )
4 2Tk G r? +h

(15.242)

d) The electric scalar potential of the sphere and the grounding resistance of the sphere

Assuming that & >>r,according to Figure 15.42, the electric scalar potential of the sphere is
described by the following expression:

1 1 1
=—[|— +— | =6.37946064 kV 15.243
¢sphere 40Tk EE " 7 DZJ ( )
where the electric scalar potential due to the image solid sphere is calculated at the center of the sphere.

The grounding resistance of the solid sphere is:

Rsphere — ¢sphere - 1 l +L =63.7946064 Q (15.244)
I 401k \r, 20

Example 15.2. A solid perfectly conducting sphere of radius r, =1.25 cm is buried at a depth below
the surface of an LIH soil with electrical conductivity A =0.1 S/m. If the sphere leaks a stationary
electric current of intensity / = 100 A into the soil, determine: a) the distribution of the electric scalar
potential in the air, b) the distribution of the electric field intensity in the air, c) the distribution of the
surface charge density on the soil surface. Assume that #>>r,. Use a 2D cylindrical coordinate
system (r, z). The solid perfectly conducting sphere buried in LIH soil is shown in Figure 15.41.

Solution:

a) The distribution of the electric scalar potential in the air

The method of images is used. With the introduced assumption that 4 >> 1, both the real sphere and
its image are approximated as point sources of stationary electric current.

\ 2

Yy ky- 1
Figure 15.44. Image point source of electric current

The distribution of the electric scalar potential in the air is described by expression (15.56), which reads:
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$= lim — 19— gy I 2 !
ko0 4 TR R kg 20 4Tk, [R Ky +K 270K (R

(15.245)
where, according to Figure 15.44, the distance between the image point source of electric current and
the field point in the air is described by the expression:

R=y r?+(h-z) (15.246)

and the distribution of the electric scalar potential in the air (z <0) is described by the expression:

g2 L ! (15.247)
4tk R 2k [R ZDTD(E’r2+(h—Z)2
If the given data are substituted, then it follows that:
200 v (15.248)

6=
rrEL/r2 +(9-2z)

b) The distribution of the electric field intensity in the air

Based on expressions (15.245) and (15.247), it is easy to conclude that the electric field intensity
vector in the air (z < 0) is described by the expression

20 yE-(-2)6, . 1 & -(-2)E, (15.249)

_ -
ATk R R 2 Ok /[rz w(h _—Z)2]3

If the given data are substituted, then it follows that:

E=

(15.250)

c) The distribution of the surface density of the stationary electric charge on the soil surface

From expression (15.249), it follows that the electric field intensity in the air at the soil surface (z = 0)
is described by the expression:
Eair =0 = 2DITD(E(@1. _hﬁi
Z V2 +0?)
At the soil-air boundary, the tangential component of the electric field intensity vector is continuous,

whereas the normal component of the electric field intensity vector is zero in the soil and non-zero in
the air due to the accumulation of stationary electric charge at the soil-air boundary. It holds that:

(15.251)

n [ﬁ[jair - l_jsoil) == é.z [ﬁ[jair - l_jsoil) == é.z |)D.air =0 (15252)
and therefore it holds that:
o=-&F,ul _ = & Lk 3 (15.253)
) z=
2 Orlk E/ (r2 + h2)
If the given data are substituted, then it follows that:
- D0l © (15.254)
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Example 15.3. Two ends of an electrical network are grounded via three solid perfectly conducting
spheres of radius 7,, each half-buried in a homogeneous soil with electrical conductivity x = 0.01 S/m.
Determine the total resistance between the grounded ends of the network, assuming that a, b >> r,.
Neglect the resistance of the connecting conductors. Let it be: 7y =0.5m, a =5 m, b =250 m.

Figure 15.45. Solid perfectly conducting spheres half-buried in LIH soil

Solution:

Due to symmetry, it holds that:

D=0, ; L1=1, =é ; Iy= -1 (15.255)

According to subchapter 15.7, using the method of images, a solid perfectly conducting hemisphere

on the surface of a homogeneous medium (soil) that leaks an electric current / into the soil is equivalent

to a solid perfectly conducting sphere in an unbounded LIH medium with soil conductivity, which leaks
a stationary electric current 2-/ into that medium.

It follows that:

o =0,=—1 _fhl+1-2 (15.256)
Ak \(r, a b
whereas:

o= 1 _fhl.l_2 (15.257)

Ak (b b 1,

and the resistance between the grounded ends of the network is:
r=B %o 1 gl 4,31 495107084 @ (15.258)

1 4tk \a b 1,

Example 15.4. The grounding electrode is formed by a perfectly conducting hemisphere buried in a
spherically layered three-layer soil. Determine the grounding resistance of the hemisphere, assuming
that the hemisphere leaks a stationary electric current into the soil. Let it be: 7y =0.5m, r =1m,
rn,=3m, K, =0.1 S/m, k, =0.01 S/m, k5 =0.005 S/m.

Air (x =0) *1

o

K

K> 7y
K3

Figure 15.46. Perfectly conducting hemisphere buried in a three-layer soil
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Solution:

Using the method of images, a perfectly conducting hemisphere on the surface of a spherically
layered three-layer soil, which leaks an electric current [ into the soil, is replaced by a solid perfectly
conducting sphere in an unbounded spherically layered three-layer medium, which leaks an electric
current 2-/ into that medium.

In the spherical coordinate system, the electric field intensity vector in the i-th medium is described
by the expression:

E, =L2Eér . i=1,2,3 (15.259)
4 Orlk;, O
which can be obtained from the following expression:
§7, S =k, [k, @3 =210 (15.260)
s

The electric scalar potential of the hemisphere (hemispherical grounding electrode) is calculated by
integrating the electric field intensity from the hemisphere to infinity:

n ) 00
¢sphere = IEI Ldlr + IEZ Ldlr + JE3 Lilr (15.261)

) n n

which gives the following expression:

¢§phere = _I i l _l +i l - i + L Gl_ (15.262)
‘ 2t |k \ry 1) Kx\n n) Kyn
and the grounding resistance of the hemisphere is::
Ryphere = ¢Sphere = Lplgl-L +L N + € Gl— (15.263)
1 2Ur |k \ny, 1) Ky \nn 1 Ky 1

If the given data are substituted, then it follows that:

R =22.8122085 Q (15.264)

sphere

Example 15.5. Determine the grounding resistance and electric scalar potential of the grounding system
formed by two solid perfectly conducting hemispheres on the surface of a homogeneous soil with
electrical conductivity x = 0.01 S/m. Let it be: I =100 A, d =5m, 1, =0.2 m, r, =0.4 m. Assume that
d>>n,r,.

Figure 15.47. Grounding system formed by two solid perfectly conducting hemispheres
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Solution:

According to subchapter 15.7, using the method of images, a solid perfectly conducting hemisphere
on the surface of a homogeneous medium (soil) that leaks an electric current [ into the soil is equivalent
to a solid perfectly conducting sphere in an unbounded LIH medium with soil conductivity, which leaks

a stationary electric current 2-/ into that medium.
The system of linear equations for calculating the electric currents is:

o coco o L Jfo2o 2] 1 [2m 2o,
VU 4k | g d Atk | 4 n

L+1,=1

which, after simplification, takes the following form:

(l_ngl _[L_ngz =0
n o d r, d
I +1,=1
If the given data are substituted, the system of linear equations becomes:
4.8, -2.30, =0
1, +1, =100

and its solutions are:

I =%D]00=32.3943662 A ;I =%D]00=67.6056338 A

According to expression (15.265), the electric scalar potential of the grounding system is:

@, = L ol Bl 2599305717 kv
2tk | n d

whereas the grounding system resistance is:

<p1‘
R, =—5-=27.9305717 Q
I
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(15.268)

(15.269)

(15.270)

(15.271)

(15.272)
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Example 15.6. In an unbounded conducting LIH medium 2, a hole in the shape of an infinitely long
hollow cylinder is drilled and filled with conducting LIH medium 1. A stationary electric current flows
through both media, such that far from the cylinder, the electric field is homogeneous. Determine the
electric voltage between points A and B. Let it be: Ey =1 V/m, k; = 0.01 S/m, k<, = 0.1 S/m,a=0.1m.

— o 7(r,9)

Figure 15.48. Solid conducting cylinder in a homogeneous stationary current field

Solution:

The general solutions of the Laplace differential equation in media 1 and 2, which can satisfy the
given boundary conditions, are:

¢ = i(c 3" + D, G—l,,)@os (nlyp) (15.274)
n=1 r

¢, = i(An " +B, G—lnj@os(n ) (15.275)
n=1I r

In subchapter 15.9, after satisfying the boundary conditions, expression (15.83) was obtained, which
reads:

P =- 2ty [E, & Bosp = — 2tk E,& ; r<a (15.276)
Kt Ky Kt Ky
The electric voltage between points A and B is:
4k
Upp =@ —Ps =209, =2W1| = 2 [, L (15.277)

K K

If the given data are substituted, then it follows that:

U s =0.36363636 V (15.278)

Example 15.7. A thin, perfectly conducting circular plate is located on the surface of an LIH soil with
electrical conductivity x = 0.01 S/m, which leaks a stationary electric current of / = 100 A into the soil.
From the requirement that the plate is equipotential, it follows that the surface density of the electric
current (on one side of the plate) is described by the expression J =k L /+ a®—r?, where a =1 m is
the radius of the plate. Calculate: a) the constant k, b) the distribution of the electric scalar potential
along the z-axis perpendicular to the plate, c) the electric scalar potential of the plate and the grounding

resistance of the plate.
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Figure 15.49. Perfectly conducting circular plate on the surface of an LIH soil

Solution:

a) Calculation of the constant k

The equipotential circular plate leaks a stationary electric current / into the soil from only one side,
and the surface density of the electric current is described by the expression:

kU

J=_ x4 (15.279)
a2 _r2
It holds that:
I:IJDﬂS:kmEjM = - kDEING® - r?| =kDER3D (15.280)
s 0 Va*-r? 0

and it follows that:
1 _ 1

’

J=
20 2 07l Gla® - 12

(15.281)

b) Distribution of the electric scalar potential along the z-axis

By the method of images, the equipotential plate that leaks an electric current / into the LIH soil can
be replaced by an equipotential plate in an unbounded LIH medium with conductivity x, which leaks an
electric current 2-/ into the surrounding medium, i.e., an electric current / from each of its sides.

It holds that:

¢(z)=4D1TD(Ej2URmS = mlru( aj??ﬂzmr (15.282)
N 0 ro+z
and it follows that:
1 r r Udr
b= E'([\/Zl — (15.283)
Since:
< r Ldlr _ at-r*=¢
‘([\/Zz + 72 B/a2 - _[—rDtZr=tDtlt]
) (15.284)
= TL = [arcsin ;] = arcsin ————— = arctan —
oVt +a® -1 a® +7? 0 a’+7° E

it follows that:
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Circtan — (15.285)

YT E

c) Electric scalar potential of the plate and the grounding resistance of the plate

The electric scalar potential of the plate can be obtained from the expression (15.285) for z = 0:

@, =¢(0) = I _osyv (15.286)
4(kla
and the grounding resistance of the plate is:
(0))
1=—"1=—1 =25 Q (15.287)
P I 4Alkla

Example 15.8. Two thin circular equipotential plates are located on the surface of an LIH soil with
electrical conductivity x = 0.01 S/m, and a stationary electric current of intensity / = 100 A flows
between them. Let the radii of the plates be ; =20 m and r, =5 m and let the centers of the plates be
separated by a distance of d = 100 m. Calculate the electrical resistance between the plates. Using the
collocation point method to determine the total mutual resistances of the plates. Let the collocation
points be at the centers of the plates.

Figure 15.50. Two thin circular equipotential plates on the surface of an LIH soil

Solution:

Since plate 1 leaks an electric current / into the soil, and plate 2 leaks an electric current — / into the
soil, the electric scalar potentials of the plates are described by the expressions:

@& =R, 0+R,{-1)=R,0-R,0 (15.288)
@, =Ry O +Ry, ({-1)=Ry, 0 -R,, I (15.289)

where the total self-resistances of the plates are described by the expressions:

T Ak 2 4k 4

According to expression (15.232), the mutual total resistances of the plates are calculated using the
point collocation method at the center point of each plate:

2[R
R, =1 Gresin =222 Gregin 2 =0.15922133 Q (15.291)
2T 2wk Oy d s d
2[R
Ry, =—— [Dresin & == 2L Giresin -1 = 0.16023554 Q (15.292)
Yok d d
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The electrical resistance between the plates is:

_‘pl_‘pz

Example 15.9. A thin, equipotential circular plate is buried in LIH soil with electrical conductivity
x=0.01 S/m at a depth of & = 0.8 m. Let the radius of the plate be @ =20 m. Calculate the grounding
resistance of the plate, using the point collocation method to determine the mutual resistance between
the plate and its image. Let the collocation point be at the center of the plate.

Air

K

Figure 15.51. Equipotential circular plate buried in LIH soil

Solution:

By the method of images, the equipotential plate that leaks an electric current / into the soil, is
mirrored with respect to the soil surface (Figure 15.52).

I I

[_

Figure 15.52. Real and image circular plate in an unbounded LIH soil

The electric scalar potential of the plate is described by the expression:

®=1 [ﬂRself + Rmut) =1 Degr (15294)
where, according to expression (15.214), the self-resistance of the real plate is:
Ry = 1 - 0.625 Q (15.295)
8lalk

whereas, according to expression (15.233), the mutual resistance between the real and image plates,
calculated using the point collocation method, is described by the expression:

R, =—— [rctan—— = 0.593236658 Q (15.296)
ATk 20h

It follows that the grounding resistance of the equipotential plate is:

Ry = Ry + Ry =1.218236658 Q (15.297)
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Example 15.10. Two equipotential circular plates are buried parallel to the surface of an LIH soil at a
depth of & = 0.8 m. Let the electrical resistivity of the soil be p = 1000 Qm. Let the radii of the plates
be 1 =r, =10m, and let the centers of the plates be spaced at a distance of d = 100 m. Calculate the
electrical resistance between the plates, using the point collocation method to determine the mutual
resistances of the plates and their images. The collocation points are located at the centers of the plates.

Figure 15.53. Two equipotential circular plates buried in LIH soil

Solution:

According to the method of image, the equipotential plates are mirrored with respect to the soil
surface (Figure 15.54).

K h
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Figure 15.54. Real and image circular plates in an unbounded LIH soil

Since plate 1 leaks an electric current / into the soil, and plate 2 leaks an electric current —/ into the
soil, the electric scalar potentials of the plates are described by the expressions:

and the electrical resistance between the equipotential plates is given by the following expression:

_¢1_¢2

R= = Rl,l + R2’2 - Rl,2 - Rz’l (15300)

For the total self and mutual resistances of the plates, the following expressions are valid:
Rii=Ryr 5 Rip=Ry, (15.301)

because the plates are at the same depth and have equal radii.
It follows that the electrical resistance between the plates is described by the following expression:

where the total self-resistance of plate 1 is described by the following expression:

Ry=—+ — ' [Grcran—L =23.73746154 O (15.303)
1UROi Ik 4r [k [k

It holds that:
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Kk =—=0.001 S/m (15.304)

The total mutual resistance between the plates is described by the following expression:

R, = ; arcsinr—2 + arc‘[anr—2 =1.594110635 Q (15.305)
T 40rh, k d a,
where:
A+A2 +41 R m)
ap, = 5 =99.51173726 (15.306)
whereas:
A=d*+(2h) -} =9.90256x10° (15.307)
It follows that the electrical resistance between the plates is:
R=20R, - Ry,)=44.28670181 Q (15.308)

Example 15.11. Two equipotential circular plates are buried parallel to the surface of an LIH soil at a
depth of & = 0.8 m. Let the electrical resistivity of the soil be p = 1000 Qm. Let the radii of the plates
be r=10mand r, =5m, and let the centers of the plates be spaced at a distance of 4 =100 m.
Calculate the electrical resistance between the plates, using the point collocation method to determine
the mutual resistances of the plates and their images. The collocation points are located at the centers of
the plates.

Solution:

This example differs from the previous one only in that the radius of plate 2 is half the size. Therefore,
in this case, the radii of the plates are not equal, and the electrical resistance between the plates is
described by the following expression:

R:¢1_¢2

=R +Ry, — R~ Ry, =65.622216435 Q (15.309)

where the total self-resistances of the plates are:

R, =——+ [arctan —L— = 2373746154 Q (15.310)
18k 4Ol [k 20h
Ryy=— 4 [arctan —2— = 45.07092455 Q (15.311)
2 8h kAT K 20h
The total mutual resistance R, , is:
_ 1 . r2 r2 _
R, =———— [Jlarcsin—= + arctan—=— | =1.5921111 Q (15.312)
240, k d a,
where:
A+ A% +402 o)
a, = 3 =99.88776909 (15.313)
and in this case, it is:
A=d? +(2m) -} =9.97756x10° (15.314)
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The total mutual resistance R, is:

Ry, =—— (arcsin’L + arctan—1- | =1.594110635 Q
Y G d a,,

where:

2 2 2
02,1:\/A+JA FA () =99.51173726

2

and in this case, it is:
A=d* +(2) -} =9.90256x10°

(15.315)

(15.316)

(15.317)

Example 15.12. For a straight thin-wire cylindrical conductor of length /=15 m, which is buried
parallel to the surface of an LIH soil at a depth & = 0.8, calculate the grounding resistance. Let the
electrical resistivity of the soil be p =100 Qm. Let the radius of the conductor be 7 =5.5 mm. Solve the
problem using the average potential method (APM), assuming that the conductor is approximated in the

numerical model by only one thin-wire cylindrical segment.
20

K

I/
I

Figure 15.55. Cylindrical conductor in LIH soil

Solution:

The conductor is mirrored with respect to the soil surface (Figure 15.56).

 ——
1
h
B N
A
/ h
——

Figure 15.56. Real and image cylindrical conductor
The grounding resistance of the cylindrical conductor is given by the expression:
Ry, = P(t, )+ P, 2[h)

where, according to expression (15.169), it holds that:

N+ +0 0

1
PUl,v)y=— [/ n
ZDTD(W% v N2 +v? 4y

If the given data are substituted, then it follows that:
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R, =8.06870065 +2.15922329 =10.22792394 Q (15.320)

Using the UZEM" software package, the grounding resistance of the given conductor was calculated
by dividing the conductor into n mutually equal segments. The procedure has numerically converged if
further increasing the total number of equal segments does not affect the final result. Therefore, the
result obtained with a sufficiently large number of segments can be considered a numerically accurate
solution.

Numerical results show that for n = 100 mutually equal segments, the result can be considered
accurate. If the conductor is approximated by a single segment, the error relative to the exact result is
6.52%. If the conductor is divided into 3 equal segments, the error compared to the exact result is 6.31%.

Example 15.13. In LIH soil with electrical resistivity p = 100 Qm, two identical thin-wire cylindrical
conductors are buried to a depth of ¢ =1m, perpendicular to the soil surface. Let the radius of the
conductor be 7, =0.01 m. Let a stationary electric current of intensity /=100 A flow between the
conductors. Using the average potential method (APM), calculate the electric scalar potential of each
conductor and the electrical resistance between the conductors. The distance between the axes of the
conductors is d = 20 m. Approximate the part of the conductor buried in the soil as a single thin-wire
segment of length /.

+

Air
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<

Figure 15.57. Two thin-wire cylindrical conductors
Solution:
According to the method of images, a segment of a thin cylindrical conductor buried in LIH soil with

electrical conductivity « is replaced by two conductor segments in an unbounded LIH medium with the
same electrical conductivity x (Figure 15.58).

>
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Figure 15.58. Real and image segments of thin-wire cylindrical conductors

* The UZEM software package was developed by the author of this textbook in his doctoral dissertation
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In this case, the conductor segment and its image can be considered as a single unified conductor
segment of length 2 [/, which leaks a stationary electric current + 2-/ into an unbounded LIH medium.

The electric scalar potentials of the unified thin-wire conductors are described by the expressions:

@ =R, 20 +R,{-20)=20R, T -2[R, T (15.321)
@, =Ry RO + Ry, ((-200)=2[Ry, T -2[R,, I (15.322)

and the electrical resistance between the thin-wire conductors is described by the expression:

For this specific case, the following expressions hold:
Rl,l = R2’2 ; Rl,2 = R2,1 ; ¢1 == <p2 (15324)

because the conductors are identical and have equal radii.

According to the APM, the electrical resistance between the conductors is described by the
expression:
R=4UR,, - R,)=40PC2, 1) - P21, d)] (15.325)

where the function P(/,v) is described by the expression (15.169) and also by the expression (15.319).
If the given data are substituted, then it follows that:

Ry = P20, 1) =39.760551797 Q (15.326)
Ry, = P(2[,d) =0.397556775 Q (15.327)
R =157.4519801 Q (15.328)

The electric scalar potentials of the conductors are:

O =-0,= § (1 = 7.872599004 kV (15.329)

Example 15.14. In LIH soil with electrical resistivity p = 100 Qm, two thin-wire cylindrical conductors
are buried to a depth of /=1m, perpendicular to the soil surface. Let the radii of the conductors be
71 =0.01 mand 7, =0.008 m. Let a stationary electric current of intensity / = 100 A flow between the
conductors. Using the average potential method (APM), calculate the electric scalar potential of each
conductor and the electrical resistance between the conductors. The distance between the axes of the
conductors is d = 20 m. Approximate the part of the conductor buried in the soil as a single thin-wire
segment of length /. Let the conductors be shown in Figure 15.57.

Solution:

This example differs from the previous one only in that the radii of the conductors are different. In
this case, the electrical resistance between the conductors is described by the following expression:

R= @ =20{R,, + Ry, ~ Ry >~ Ry,) (15.330)

and the electrical resistance between the conductors is described by the expression:

R=20P20, 1) + P(2, 1) - 2[(P(21, d)] (15.331)
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where the function P(/,v) is described by the expression (15.169) and also by the expression (15.319).
If the given data are substituted, then it follows that:

Ry = P22, 1) =39.760551797 Q (15.332)
Ry, = P(2, 1) = 41.528331995 Q (15.333)
R, =Ry, = P(2[, d) = 0.397556775 Q (15.334)
R =160.9875405Q (15.335)
The electric scalar potentials of the conductors are:
@, =20R, | - Ry,) T =7.872599004 kV (15.336)
@, =2[{R,, Ry, ) = -8.226155044 kV (15.337)

Example 15.15. In aLLIH soil with electrical resistivity p = 100 Qm, two thin-wire cylindrical conductors
are buried to depths ¢, =1m and ¢, = 0.8 m, perpendicular to the soil surface. Let the radii of the
conductors be 7y; =0.01m and 7, =0.008 m. Let a stationary electric current of intensity / = 100 A
flow between the conductors. Calculate the electric scalar potential of each conductor and the electrical
resistance between the conductors. The distance between the axes of the conductors is d = 20 m. The
part of the conductor buried in the soil can be approximated as a single thin-wire segment. Using the
average potential method (APM), calculate the total self-resistances of the conductor segments, and
calculate the total mutual resistances of the conductor segments using the point collocation method
(PCM). Let the collocation points 71 and 7> be located at the center of the buried part of the conductors.
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Figure 15.59. Two thin-wire cylindrical conductors of different lengths
Solution:

According to the method of images, a segment of a thin cylindrical conductor buried in LIH soil with
electrical conductivity « is replaced by two conductor segments in an unbounded LIH medium with the
same electrical conductivity x (Figure 15.60). In this case, the conductor segment and its image can be
considered as a single unified conductor segment of double length that leaks a stationary electric current
+ 2.1 into an unbounded LIH medium.

The electric scalar potentials of the unified thin-wire conductors are described by the expressions:
@ =R, 20 +R,({-20)=2R, 0 -2R, T (15.338)
@, =Ry 20 + Ry, ({-200)=2[R,,; T -2[R,, I (15.339)
and the electrical resistance between the thin-wire conductors is described by the expression:
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Figure 15.60. Real and image segments of thin-wire cylindrical conductors

The total self-resistances of the segments, according to the APM, are described by the expressions:

Ry =PQU 1) 5 Ryp =P, 1) (15.341)

where the function P(/,v) is described by the expression (15.169) and also by the expression (15.319).

The total mutual resistances of the segments, according to the PCM, are described by expressions:

R, =HQ2O,, 01/2,d) 5 Ry, =HQO, (,/2,d) (15.342)

where, according to expression (15.165), the function H(/,u,v) is described by the expression:

o) ol
vo+lu +E + u+ E
H(,u,v)= Loy (15.343)
40k 1 2
o) e
vit+iu—— + u-—
2 2
If the given data are substituted, then it follows that:
Ry, = P21y, 1) =39.760551797 Q (15.344)
Ry, = P25, 1p) =49.700689746 Q (15.345)
R, =HQ2[,, (1/2,d) =0.3976573466 Q (15.346)
Ry =H(2[y, £,/2,d) =0.3976425012 Q (15.347)
R =177.3318834 Q (15.348)
The electric scalar potentials of the conductors are:
@ =20R,, - R,) 0 =7.87257899 kV (15.349)
@, =20R,, — Ry, )T = —9.860609449 kV (15.350)

The total mutual resistance R, is equal to the electric scalar potential at the collocation point 7}
due to the unit electric current of the conductor segment 2 (and its image), whereas the total mutual
resistance R, is equal to the electric scalar potential at the collocation point 7> due to the unit electric

current of the conductor segment 1 (and its image).
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16. MAGNETOSTATIC FIELD

The static magnetic field, or magnetostatic field, is a field generated by stationary electric currents
and permanent magnets. Stationary electric currents flowing through good conductors produce a
stationary current field and a magnetostatic field, which, to a very good approximation, can be
considered independent of each other.

The two fundamental cases of the magnetostatic field are:
* Magnetostatic field in a current-free region (j o =0),
* Magnetostatic field in a current-carrying region (f o 20).

A current-carrying region is a region in which independent sources of the magnetostatic field exist,
namely, a stationary electric current.

The magnetostatic field in a linear and isotropic current-free region is analogous to the electrostatic
field and the stationary current field in a linear and isotropic source-free region.

16.1. Maxwell's Equations of the Magnetostatic Field
Maxwell's differential equations of the magnetostatic field in a current-carrying region are given as:

OxH=J =] (16.1)

OB=0 (16.2)

where the vector of the surface density of source (impressed) electric current J is a known function.
The medium in which the field is considered may be either a perfect dielectric or a conducting medium.
If the magnetostatic field is considered in a conducting medium, then the vector of the surface density
of source (impressed) electric current J that creates the magnetostatic field is isolated from the medium
itself. Therefore, the only property of the medium that is relevant to the magnetostatic field is its
magnetic permeability .

Maxwell's differential equations of the magnetostatic field in a current-free region are given as:

OxH=0 (16.3)
OB=0 (16.4)
Thus, in the general case, Maxwell's differential equations of the magnetostatic field are given as:

OxH=J (16.5)

OB=0 (16.6)

In the general case, Maxwell's integral equations of the magnetostatic field are as follows:

§H 7 = [T TS = I (16.7)
C S

§1§ @S=0 ;: S=ov (16.8)
S

where [, is the stationary electric current flowing through the oriented surface S enclosed by the
oriented curve C (Figure 1.4). In other words, it is the electric current enclosed by the oriented closed
curve C, considering the right-hand rule. Maxwell's integral equation (16.7) is Ampere's law.
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16.2. Magnetic Properties of Materials
According to expression (3.3), the constitutive equation holds:
B= y, i +M) (16.9)

where M is the magnetization vector.
In the case of an isotropic material, the constitutive equation is:

B = i+y,)H =y [H = ulH (16.10)

where £/ is the relative magnetic permeability of the material, whereas Y, is the magnetic
susceptibility of the material.

In an LIH material, the magnetic permeability u is a scalar constant, whereas in a nonlinear isotropic
material, x is a scalar function dependent on the magnitude of the magnetic field intensity.

The magnetic properties of a material can be explained by the interaction between an external
magnetic field and the microscopic magnetic dipoles of atoms and molecules, which are generated by
the motion of bound electrons within the atom. The resulting change, manifested in the microscopic
magnetic dipole moments within the material, is referred to as the magnetization of the material.

With respect to magnetic properties, there are five basic types of materials:
* Diamagnetic materials (4, <1, y, =1)-e.g., C, Cu, Ag, Zn, water,
* Paramagnetic materials (4. >1, 1, =1) - e.g., Al, Pb,
» Ferromagnetic materials (4, >>1) - e.g., Fe, Ni, Co, Gd,
* Antiferromagnetic materials (£ =1) - e.g., MnO,
» Ferrimagnetic materials ( (. >>1) - e.g., Fe3Oy, ferrites.

The influence of diamagnetic and paramagnetic materials on the magnetic field can, in most cases,
be neglected, i.e., their relative magnetic permeability can be assumed to be equal to 1.

Only diamagnetic materials tend to move out of a magnetic field because their magnetic permeability
is lower than the magnetic permeability of vacuum (air).

Antiferromagnetic materials (e.g., manganese fluoride, manganese dioxide, manganese oxide, nickel
fluoride) do not respond to a magnetic field at low temperatures, but above the Néel temperature they
become paramagnetic. Below the Néel temperature, neighboring microscopic magnetic dipoles within
these materials are oriented in opposite directions due to the influence of the external magnetic field.

The difference between ferromagnetic and ferrimagnetic materials is that the molecular magnetic
dipoles within each domain of a ferromagnetic material are parallel to each other, whereas strong
interatomic bonds in ferrimagnetic materials force some molecular magnetic dipoles in each domain to
be antiparallel to the main direction of magnetization in the magnetic domain (Figure 16.1).

A subset of ferrimagnetic materials, known as ferrites, is particularly important in engineering
because these materials have significantly lower electrical conductivity than ferromagnetic materials
(they are semiconductors in terms of electrical conductivity), whereas their magnetic properties are
somewhat inferior to those of ferromagnetic materials. Eddy current losses in ferrites are much lower
than in ferromagnetic materials, making ferrites suitable for use at high frequencies.

Ferromagnetic materials include iron (Fe), cobalt (Co), nickel (Ni), gadolinium (Gd), dysprosium
(Dy), terbium (Tb), holmium (Ho), erbium (Er), and their alloys. Among these chemical elements, the
most pronounced ferromagnetic properties are found in Fe, Co, Ni, and Gd, which are referred to as the
primary ferromagnetic materials. Ferromagnetic properties are also found in alloys of manganese,
copper, and aluminum, as well as alloys of manganese, silver, and aluminum.

In ferromagnetic materials, there are microscopic regions of spontaneous magnetization called
magnetic domains. These domains rotate under the influence of an external magnetic field, similar to
permanent magnets.
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Figure 16.1. Magnetic dipoles in magnetic domains of different materials

16.3. Natural Magnet and Electromagnet

Magnetism was discovered in China and Europe around 800 years BCE. A natural magnet is a
permanent magnet found in nature, whereas artificial permanent magnets can be obtained by
magnetizing magnetically hard materials. A permanent magnet has two poles:

* North magnetic pole (N),
*  South magnetic pole (S).

The English physicist and royal physician William Gilbert determined that like magnetic poles repel
each other, whereas unlike poles attract. He published this discovery in 1600 in his book De Magnete,
Magneticisque Corporibus, et de Magno Magnete Tellure (On the Magnet and Magnetic Bodies, and
on That Great Magnet the Earth), also known simply as De Magnete. The publication of this book is
considered by many to mark the beginning of the scientific study of electricity and magnetism. The book
describes more than 600 experiments, many of which Gilbert conducted using a metal model of the
Earth called a 'terrella’. He concluded that the Earth itself is a natural magnet, which explains the
orientation of the magnetic compass needle. He confirmed the results of Peregrinus’s experiment, which
showed that isolated magnetic poles or magnetic charges do not exist - when a magnet is divided, its
poles cannot be separated. Since it was already known in ancient Greece that amber (electron in Greek),
when rubbed with cloth, attracts small objects such as strands of wool, Gilbert introduced the term
electricus in De Magnete, meaning ‘like amber’. From this term, the words electricity and electrical
engineering later originated. He called substances that exhibit similar properties to amber 'electrical
materials'. Among other contributions, he introduced the concepts of electric force and magnetic pole.

The magnetic field is visually represented by magnetic field lines, where the magnetic flux density
vector is tangent to each line. These lines are closed curves that emerge from the north magnetic pole of
a magnet and enter the south magnetic pole (Figure 16.2).

Figure 16.2. Magnetic field lines of a straight permanent magnet
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If a small test permanent magnet, such as a compass needle, is placed along a magnetic field line
(Figure 16.3), then the north magnetic pole of the magnet repels the north magnetic pole of the compass
and attracts its south magnetic pole. Thus, a magnetic field line indicates the direction of the magnetic
force acting on the north magnetic pole of the test magnet. Ferromagnetic materials are attracted by both
poles of a magnet because a medium with higher permeability tends to occupy the space where a medium
with lower permeability, such as air, is present.

The Earth is a large natural magnet (Figure 16.3). The Earth's south magnetic pole is located near its
geographic north pole. However, the Earth's south magnetic pole is also referred to as the north
geomagnetic pole, which can sometimes cause unnecessary confusion. Today, many scientists claim
that the magnetic poles switch places and that the last such reversal occurred about 780,000 years ago.
This conclusion is based on the fact that certain rocks contain information about the intensity and
direction of the magnetic field at the time of their formation. The Earth's magnetic field reduces the
harmful effects of cosmic radiation and the solar wind. Therefore, during each pole reversal, some
species go extinct and new ones arise due to mutations. According to one theory, the Earth's magnetic
field is generated by electric currents in the molten iron core, which does not rotate uniformly (due to
turbulences in its flow), resulting in an irregular magnetic field that is not aligned with the Earth's axis
of rotation. For accurate use of a compass, it is therefore necessary to know the so-called magnetic
declination for each location on Earth, which is the angle between the geographic meridian and the
magnetic field line (the direction in which the compass needle points). Curves that connect locations
with the same magnetic declination are called isogons.

Geographic north pole

Rotation
axis

Geographic south pole

Figure 16.3. Earth's magnetic field
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Figure 16.4. Magnetic field lines of a straight electromagnet
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An electromagnet is formed when a coil is wound around a ferromagnetic core and a stationary
electric current is passed through it. The direction of the magnetic field, i.e., the position of the north
and south magnetic poles of the magnet, is determined by the right-hand rule (Figure 16.4). The curled
fingers indicate the direction of the stationary electric current, whereas the extended thumb shows the
direction of the magnetic field line through the body of the electromagnet.

16.4. Ferromagnetism

In ferromagnetic materials, microscopic regions of spontaneous magnetization, called magnetic
domains, rotate under the influence of an external magnetic field, similar to permanent magnets. In an
unmagnetized material, magnetic domains are oriented randomly (Figure 16.5).
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Figure 16.5. Orientation of magnetic domains in an unmagnetized ferromagnetic material

Figure 16.6. Orientation of magnetic domains in a magnetically saturated ferromagnetic material

Under the influence of an external magnetic field, magnetic domains in a ferromagnetic material
align in the direction of the external field. When the external magnetic field is strong enough, all
magnetic domains become aligned with the field direction (Figure 16.6). This state is referred to as
magnetic saturation. Further increase in excitation, i.e., the intensity of the external magnetic field,
results in only a negligible increase in magnetic flux density in the ferromagnetic material. The
alignment of magnetic domains in a ferromagnetic material under the influence of an external field
occurs because like magnetic poles repel each other, whereas unlike poles attract (Figure 16.7).
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ferromagnetic material

Figure 16.7. Effect of an external magnetic field on magnetic domains
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16.5. Magnetic Hysteresis

Hysteresis is a phenomenon that causes the magnetic flux density (B) to lag behind the magnetic field
intensity (H), so that the magnetization curve for increasing and decreasing fields is not the same. The
loop that represents the magnetization curve is called the hysteresis loop (Figure 16.8). The existence of
magnetic hysteresis means that the current state of magnetization of a material depends on its magnetic
history.
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Figure 16.8. Graphical representation of the magnetic hysteresis loop B(H)

Curve a in Figure 16.8 represents the initial magnetization curve, whereas the closed curve is the
hysteresis loop that forms during magnetization with alternating current. The quantity B; is known as
remanent magnetism or remanence, whereas the quantity H. has several names, including coercivity,
magnetic coercivity, coercive field, and coercive force.

If a ferromagnetic material is magnetized in one direction under the influence of an external
excitation and that excitation is then removed, the material will not become completely demagnetized.
Remanent magnetism is the magnetic induction remaining in the ferromagnetic material after the
external magnetic field has been removed. Coercivity is the strength of a magnetic field in the opposite
direction of the remanent magnetism that is required to demagnetize the ferromagnetic material.

If a ferromagnetic material is magnetized - meaning its magnetic domains are predominantly aligned
in one direction - then a certain amount of energy is required to demagnetize it. This property of
ferromagnetic materials is the basis for the creation of magnetic memory.

Magnetic materials with relatively high remanent magnetization and coercivity are called hard
magnetic materials, whereas those with low remanent magnetization and coercivity are called soft
magnetic materials. The cores of transformers and the cores of inductors used in electronics are made
of soft magnetic materials. The area of the hysteresis loop is proportional to the amount of thermal
energy loss in the ferromagnetic material due to hysteresis.

In physics, a hysteresis loop is represented as the dependence of magnetization (M) on the intensity
of the external magnetic field (H), which provides greater insight into the magnetization of the material.
However, this representation is not commonly used in electrical engineering practice (Figure 16.9). The
quantity M. is known as remanent magnetization.

According to expression (16.9), the following holds:
B= y,lH+P, ;. P =y M (16.11)

where 13m is the magnetic polarization vector.

The hysteresis loop M = M(H) is equivalent to the magnetic hysteresis loop Pm= Pn(H), and for high-
permeability materials, it is approximately equal to the magnetic hysteresis loop B(H).
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Figure 16.9. Graphical representation of the magnetic hysteresis loop M(H)

16.6. Magnetostatic Field in a Current-Free Region

In a linear and isotropic medium without field sources, there is an analogy among the magnetostatic
field, the electrostatic field, and the stationary current field (Table 15.2). In the case of a magnetostatic
field, the region without field sources is called a current-free region, which is a region where the surface
density of source (impressed) electric current is zero. In the current-free region, instead of the magnetic
vector potential, a magnetic scalar potential can be used.

The fundamental equations of the magnetostatic field in a linear and isotropic current-free region are:
OxH=0 ; OB=0 ; B=ulH ; A, =0 ; H=-0¢,, (16.12)

where ¢, is the magnetic scalar potential.

Analogous to the electrostatic field, the following holds:

B
Vap = [H U7 = grp = P (16.13)
A

where:
Vap - the magnetic voltage between point A and point B,
@..4 - the magnetic scalar potential of a point A,

@, - the magnetic scalar potential of a point B.

For magnetic circuits, analogous to electrical circuits, Kirchhoff's laws apply:

ngi =0 (16.14)

N M M _
26=2 V=Y @Ry 5 Ry =— (16.15)
k=1 =1 =1

where:

@, <Z7j - the magnetic flux,
O - the magnetomotive force,
R,,; - the magnetic reluctance,

V; - the magnetic voltage.
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Expression (16.14) states that the sum of the magnetic fluxes entering the considered node of the
magnetic circuit is zero, whereas expression (16.17) states that along a closed curve (contour), the sum
of the magnetomotive forces is equal to the sum of the magnetic voltages.

The second Kirchhoff's law (16.15) can also be written in the more commonly used form:

N m
Y6 =) H, (16.16)
k=1 =1

and this is, in fact, Ampere's law.

Unlike the electric scalar potential, the magnetic scalar potential is not always well-defined, meaning
that it can have two different values at the same point. To illustrate this, consider the magnetic scalar
potential around an isolated, infinitely long straight conductor carrying a stationary electric current /
(Figure 16.10). Let the infinitely long straight conductor be located along the z-axis of a cylindrical
coordinate system (r, @ z). Figure 16.10 shows the field lines and equipotential lines in a current-free
region. The field lines are concentric circles centered on the conductor's axis, whereas the equipotential
lines are radial rays that are perpendicular to the field lines.

Figure 16.10. Equipotential lines and magnetic field lines around an infinitely long straight
conductor carrying a stationary electric current

In the cylindrical coordinate system (r, @ z), the magnetic scalar potential in a current-free region
depends only on the angle @ so it holds that:

2
Ap, = %M=O (16.17)
r 0(02
from which it follows that:
¢, =C, [p+C, (16.18)

and the unknown constants C; and C, can be determined from the boundary conditions:

I 0 (16.19)

¢m|¢:0 = ¢m|¢:2m-:

and it follows that the distribution of the magnetic scalar potential is described by the expression:

- 4
=I1-— 16.20
b 1612 o2
The magnetic field intensity is described by the expression:
H=H,=- lElaﬂ =1 (16.21)
rooQ 20Ot

234



16.7. Biot-Savart Law

The fundamental equations of the magnetostatic field in a current-carrying region, within which
independent sources of the magnetostatic field are present, are as follows:

OxH=J ; OB=0 ; B=OxA ; AA = -ulJ (16.22)
whereas in a linear and isotropic medium, the distribution of the magnetic vector potential is described
by Poisson's differential equation, which reads:

AA = -uld (16.23)

where J is the surface density vector of a stationary electric current, which represents an independent
source of the magnetostatic field in the considered region.

The particular solution (the solution in a homogeneous and unbounded medium) of Poisson's
differential equation (16.23) is given by:

A=A gl (16.24)
4Ur voT
where r is the distance between the source point and the field point.
The following holds:
B=0xi = £ f|oxL|av = £ d|ofL]|xjav (16.25)
4L 5, r 4l 7 r
because it is:
OxJ =0 (16.26)
Furthermore, it is:
1 I r
Ol=|l=z=-0=-"_ 16.27
(”j r? r ( )

and after substituting the expression (16.27) into the expression (16.25), the following expression is
obtained, as explained in Figure 16.11:

- 7 X7
B= iqj iy (16.28)
4l 5, o
or equivalently written:
A=y (16.29)
4l 5, o

These two expressions are known as the Biot-Savart law. This is the integral form of the Biot-Savart
law, whereas the differential form of the Biot-Savart law is given by:

ag=F E(jx?)wv g = L(jxf)wv (16.30)
T

~y
~

Figure 16.11. Figure associated with the Biot-Savart law
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16.8. Magnetic Field of a Thin-Wire Conductor

The thin-wire approximation of a conductor implies that in the numerical model, the electric current
flows along the axis of the conductor. In other words, a thin-wire conductor is an idealized conductor
represented by a geometric line. Let a stationary electric current of intensity / flow through a thin-wire
conductor, which is, in the general case, curvilinear (Figure 16.12).

dar
C
Il
Figure 16.12. Thin-wire conductor carrying a stationary electric current of intensity 1

For a thin-wire conductor, it holds that:
JO@V = 107 (16.31)

and in an unbounded LIH medium, it holds that:

A:ﬂ dar : dﬂzﬂﬂ (16.32)
4DTC r 401 r

whereas the Biot-Savart law is described by the following expressions (Figure 16.13):

H:L[J‘d[xr : dﬁ:LM (16.33)
4bm o r aor 3

C

Figure 16.13. Vector of the infinitesimal magnetic field intensity

If necessary, the distance between the source point and the field point can be denoted by R instead
of r, and the following expressions hold:

A:ﬂ ar : dazﬂﬂ (16.34)
407 L R 40T R

]—}:L dr xR : dﬁ:LM (16.35)
4l 7. R 40r  R®

16.8.1. Magnetic Field Intensity of a Straight Thin-Wire Conductor

Let a stationary electric current of intensity / flow through a short, straight thin-wire conductor of
length ¢ (Figure 16.14-a). Let the conductor be located in an unbounded LIH medium with magnetic
permeability x. The goal is to derive an expression for the distribution of the magnetic field intensity
around the conductor, starting from the Biot-Savart law.

Since the distribution of the magnetic field intensity is axially symmetric with respect to the axis
along which the thin-wire conductor lies, the solution is sought in the cylindrical coordinate system
(r, @ 2). The distribution of the magnetic field intensity does not depend on the angle @ and therefore,
it only has a ¢component. Integration along the axis of the thin-wire conductor is performed as shown
in Figure 16.14-b.
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Figure 16.14. Short, straight thin-wire conductor and integration along the conductor's axis

It follows from expression (16.35) that:

i = E(pDI [J-smﬂmﬂi/ : §=D(§,df)
A, R
and it follows that:
¢ ¢
B, I 2 e G2 di
fi=g,n-—0] T2=g,dL0] .
Alr v R 4lr N ( (t—z)2+r2j
2 2

where:

dr=dt ; sinz9=§ . R=y(z-1) +r?

After performing the analytical integration, it follows from expression (16.37) that:

/

2
Ot t—z

—z, L
N [
2

H

= ¢ GALST—B [ﬂsinal + sina'z)

where the angles a; and a, are shown in Figure 16.15.
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Figure 16.15. Graphical representation of the angles a, and a,
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According to Figure 16.15, it holds that:
L l
——2Z —+z
sing, =—2 (16.40)

G- e

In the special case when a; =a,a, =0 (Figure 16.16-a), it holds that:

sina; =

H= Bina (16.41)

40Tl

In the special case when a; =a, =a (Figure 16.16-b), it holds that:

H =20 Winag = ! Wina (16.42)
4 rls U
For an infinitely long straight conductor, it holds that:

Mo -t = H=—1_1 (16.43)

PR 20 ¢ '
A
r faz
=
o bl

Figure 16.16. Special cases of the straight thin-wire conductor

16.8.2. Magnetic Field Intensity Along the Axis of a Circular Thin-Wire Loop

Let a stationary electric current of intensity / flow through a circular thin-wire loop (current loop) of
radius a (Figure 16.17). Let the thin-wire circular loop be located in an unbounded LIH medium with
magnetic permeability x. The goal is to derive an expression for the distribution of the magnetic field
intensity along the axis of the thin-wire circular loop, starting from the Biot-Savart law.

ZA

Figure 16.17. Calculation of the magnetic field intensity along the axis of a circular thin-wire loop
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Since the distribution of the magnetic field intensity is axially symmetric, the solution is sought in
the cylindrical coordinate system (r, @ z). Along the z-axis of the cylindrical coordinate system, the
magnetic field intensity has only a z-component. Integration along the thin-wire conductor is performed
as shown in Figure 16.17, and to calculate the magnetic field intensity along the z-axis, only the z-
component dH , of the infinitesimal magnetic field intensity dH needs to be integrated.

It follows from expression (16.35) that:

1 s - = Vi
dH =—— ; Oldr, R)J= — 16.44
407 R? ( ) 2 ( )
and it follows that, according to Figure 16.17:
dH, =cosa WH = 1 ?;ST” R‘; (16.45)
With the substitutions:
cosa=2=—2 . R=y;2+q? (16.46)
R 22 +a?
it follows from expression (16.45) that:
dH, = ig’;m ar 3 (16.47)
V2 +a?)
and it follows that:
2
H=H, = It fdr = I (16.48)
2, 2P 2, 2P
40t (z+a)C 2 (z+a)

In the special case, at the center of the circular thin-wire loop, the magnetic field intensity is described
by the expression:
1

Hz=0:2gl

The expression for the magnetic field intensity at the center of the circular thin-wire loop
(Figure 16.18) can be more easily obtained by substituting R = a into expression (16.44), so that:

I s
4lnla®

(16.49)

dH =dH, = (16.50)

and it follows that:

1 (16.51)

H:HZ:%Efd/ =
At ] 20

because, in this special case, each infinitesimal segment of the thin-wire loop contributes to the magnetic
field intensity in the direction of the z-axis.

ZA
dlj])\
C
LN
a

1

Figure 16.18. Calculation of the magnetic field intensity at the center of the circular thin-wire loop
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16.9. Method of Images for a Current-Carrying Segment of a Thin-Wire Conductor

16.9.1. Infinitesimal Segment of a Thin-Wire Conductor Parallel to the Boundary Plane

Let an infinitesimal (infinitely small) segment of a thin-wire conductor, of length d7, carrying a
stationary electric current of intensity /, be positioned at a distance a in front of a homogeneous half-
space. Assume that this infinitesimal segment lies in the half-space with magnetic permeability u,
whereas the remaining part of the space has magnetic permeability u» (Figure 16.19). For simplicity, let
the segment lie along the x-axis of a Cartesian coordinate system (x, y, z), and let the stationary electric
current through it flow in the direction of the y-axis.

1y
Ho H

Figure 16.19. Infinitesimal segment of a thin-wire conductor in front of a homogeneous
half-space, parallel to the boundary plane

Expressions for the distribution of the infinitesimal magnetic field intensity in both half-spaces can
be determined using the method of images. The positions of the image infinitesimal segments of the
thin-wire conductor are coherently chosen, and their magnitudes are determined based on the satisfaction
of the boundary conditions (Figures 16.20 and 16.21).

According to Figure 16.20, the magnetic field intensity in medium 1, which is considered unbounded,
is created by the real electric current / and the image electric current /,. According to Figure 16.21, the
magnetic field intensity in medium 2, which is considered unbounded, is created by the image electric
current /;, which is located at the position of the real electric current.

From expression (16.33), it follows that the distribution of the infinitesimal magnetic field intensity
in medium 1 (x =0), according to Figure 16.20, is described by the following expressions:

407 H r; 4l ) r
- +
dH, = - dr IEBQX + I D;Zx __ar IEQXB a) + I [q); a) (16.53)
4DT rl r2 4DT rl r2

whereas the distribution of the infinitesimal magnetic field intensity in medium 2 (x <0), according to
Figure 16.21, is described by the following expressions:

_ drs IDrlzz dr I, &
dH 5, 4DTdrl3 4DTdrl3 (16.54)
40r r13 40r ;»13
where:
R=(e-a)d+yG+zE={non,n) o n=ylc-af +y>+2 (16.56)
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B=(xra)d +yG+ ek ={nun,m) o n=ylcral+y2+2 (16.57)

dF <7 =dr x5 )=n, O - ny k=20 - (x—a) k (16.58)
dF <7y =dr {jx 7, )= 1y, G = 1oy Tk = 20 — (x +a) (& (16.59)
A
Y T(x,vy,2z)
;:2
i
I, I X
<€ a a .
H H

Figure 16.20. Infinitesimal segment of a thin-wire conductor and its image when the magnetic
field intensity is calculated in medium 1, which is considered unbounded

y
T(x,y,2)

=

4|

Hy Hy

Figure 16.21. Image of the infinitesimal segment of a thin-wire conductor when the magnetic field
intensity is calculated in medium 2, which is considered unbounded

Expressions (16.52) - (16.55) must satisfy the following boundary conditions:

dH,,| _, =dH,,|

x= x=0

(16.60)

phy WH | o = o WH | (16.61)

x=0

If expressions (16.53) and (16.55) are substituted into boundary condition (16.60), taking into
account expressions (16.56) and (16.57), the following expression is obtained:

I-1,=1, (16.62)

If expressions (16.52) and (16.54) are substituted into boundary condition (16.61), taking into
account expressions (16.56) and (16.57), the following expression is obtained:

mtr+L)=m 0, (16.63)

From the system of two linear equations (16.62) and (16.63), it follows that:
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L=2"Hg-a ; g=2TA (16.64)

Hh+ 1 R
I, :L’llg =k; 0 ;  ky :L’ll (16.65)
H Ht iy

where kg is the reflection factor, whereas ktis the transmission factor.

It is valid that:
kg +kp =1 (16.66)

In the special case when 1, — oo, itis valid that:

lim kg =1 = lim [, =1 (16.67)
My — My
lim k=0 = lim I, =0 (16.68)
Hy —»® Hy »>®

and it follows that the magnetic field intensity vector is perpendicular to the boundary surface of the
infinitely permeable medium, and that the magnetic field intensity in the infinitely permeable medium
is equal to zero.

According to expression (16.33) and Figure 16.20, the distribution of the infinitesimal magnetic field
intensity in medium 1 (x = 0) is described by the following expression:

- /X7 /X T
dfiy =L T (16.69)
40T ) 10}

whereas, according to expression (16.33) and Figure 16.21, the distribution of the infinitesimal magnetic
field intensity in medium 2 (x <0) is described by the following expression:

(16.70)

Expressions (16.69) and (16.70) are valid if the infinitesimal segment of the thin-wire conductor lies
in the plane x = const., and then it holds that:

i’ =dr, [ +dr, k (16.71)

16.9.2. Infinitesimal Segment of a Thin-Wire Conductor Perpendicular to the Boundary Plane

Let an infinitesimal segment of a thin-wire conductor, of length d/, carrying a stationary electric
current of intensity /, be positioned at a distance a in front of a homogeneous half-space. Assume that
this infinitesimal segment lies in the half-space with magnetic permeability ui, whereas the remaining
part of the space has magnetic permeability w» (Figure 16.22). For simplicity, let the segment lie along
the x-axis of a Cartesian coordinate system (x, y, z), and let the stationary electric current through it flow
in the direction of the x-axis (Figure 16.22).

Expressions for the distribution of the infinitesimal magnetic field intensity in both half-spaces can
be determined using the method of images. The positions of the image infinitesimal segments of the
thin-wire conductor are coherently chosen, and their magnitudes are determined based on the satisfaction
of boundary conditions (Figures 16.23 and 16.24).

The distribution of the magnetic field intensity is axisymmetric with respect to the x-axis and has no
x-component, which means that the normal component of the magnetic field intensity at the boundary
surface is zero. Therefore, it is sufficient to satisfy the boundary condition:
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dH, | . = dH,, |

x= x=0

or dH,| _ =dH,,| (16.72)

whereas the boundary condition (16.61) for the normal component of the magnetic flux density is
automatically satisfied.

Yy
)2%) H

Figure 16.22. An infinitesimal segment of a thin-wire conductor in front of a homogeneous
half-space perpendicular to the boundary plane

T(x,y,z)

dr, _—
ha a

2k

H H

Figure 16.23. Infinitesimal segment of a thin-wire conductor and its image when the magnetic field
intensity is calculated in medium 1, which is considered unbounded

According to Figure 16.23, the magnetic field intensity in medium 1, which is considered unbounded,
is created by the real electric current / and the image electric current /,. According to Figure 16.24, the

magnetic field intensity in medium 2, which is considered unbounded, is created by the image electric
current /;, which is located at the position of the real electric current.

y
T(x,y,z)

i R
\CZ x
a1,

) 45

Figure 16.24. Image of the infinitesimal segment of a thin-wire conductor when the magnetic field
intensity is calculated in medium 2, which is considered to be unbounded

According to expression (16.33) and Figure 16.23, the distribution of the infinitesimal magnetic field
intensity in medium 1 (x = 0) is described by the following expression:
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_dr (1%, L, \_ dr [IG 1L,
dHy, =- EE3 -2 j_— EE -2 (16.73)

4l p) 4l ”13 p)
a,, =4y _Tathy ) & g1 LG (16.74)
Yam R 4 ) 4m (5 B '

whereas, according to expression (16.33) and Figure 16.24, the distribution of the infinitesimal magnetic
field intensity in medium 2 (x <0) is described by the following expression:

dHy, = -2 it - df L2 (16.75)
401 5 4tr 5

dH,, =23y - 16.76
T4 4m (1670

where:
i <7 =de i <7 )= -, G+n K=-zJ+y [k (16.77)
iy x 7y =—di x7y == dr i x 7y )= 1y, G =1y k=203 — y [k (16.78)

whereas the vectors 7; and 7,, as well as their magnitudes, are described by (16.56) and (16.57)

Expressions (16.73) - (16.76) must satisfy the boundary conditions (16.72), from which expression
(16.62) is obtained. This means that for the infinitesimal segment of the conductor perpendicular to the
boundary plane between two media, the reflection factor (16.64) and transmission factor (16.65) hold,
which were derived for the infinitesimal segment of the conductor parallel to the boundary plane
between the two media.

According to expression (16.33), the distribution of the infinitesimal magnetic field intensity in
medium 1 (x = 0) is described by the following expression:

af, =~ [Ed[ N kg LWZ;”ZJ (16.79)
p)

amr | 3

i

whereas the distribution of the infinitesimal magnetic field intensity in medium 2 (x < 0) is described
by the following expression:

ai, =k I gl xn (16.80)
Atr 5

16.9.3. Method of Images for a Thin-Wire Conductor of Arbitrary Shape

Let us consider a thin-wire conductor of arbitrary shape and length ¢, carrying a stationary electric
current of intensity /, placed in front of a homogeneous half-space. The conductor is located in a half-
space with magnetic permeability ui, whereas the remaining part of the space has magnetic permeability
(2 (Figure 16.25). For the sake of visual clarity in the graphical representation, assume that the conductor
lies in the plane z = 0 of the Cartesian coordinate system (x, y, z). The stationary electric current flows
through the conductor in the indicated direction (Figure 16.25).

According to Figure 16.26, the magnetic field intensity in medium 1, which is considered to be
unbounded, is generated by the real electric current / and an image electric current /,, whose position
is the mirror image of the real current. According to Figure 16.27, the magnetic field intensity in medium
2, which is also considered to be unbounded, is generated by an electric current /; located at the position
of the real electric current. The reflection factor ki is given by expression (16.64), whereas the
transmission factor kr is given by expression (16.65).
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Figure 16.25. Thin-wire conductor in front of a homogeneous half-space
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Figure 16.26. Thin-wire conductor and its mirror image when the magnetic field intensity
is calculated in medium 1, which is considered unbounded

According to expression (16.33), the distribution of the magnetic field intensity in medium 1 (x =0)

is described by the following expression:

-~ 1

C

1

_ dr xn dr,
H, _4DTEEI P +kRDCJ;

sz
3

(16.81)

r

whereas the distribution of the magnetic field intensity in medium 2 (x<0) is described by the

following expression:

- kO drxrF
H,=-1L 1 16.82
? 4DTE'£ r (1082
1y
T(x,y,z) C kTI
i
dr
X
2% My

Figure 16.27. The image of the thin-wire conductor when the magnetic field intensity is calculated
in medium 2, which is considered unbounded
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Since the boundary surface between the two media is x = 0, it follows that:

di' =dr, G +dr, G +dr,(k 5 diy=—dr G +ds, G +dr, & (16.83)

16.10. Energy Stored in the Magnetostatic Field

According to expression (12.3), the energy stored in the magnetic field can be calculated by
integrating over the observed volume, such that:

Y B
szjoaa— v e=( [HBBWY ; OB=—T[it (16.84)
ov 01 Vo
If the medium is linear, then the previous expression takes the following form:
W, =1Ejﬁuémiv (16.85)
2y

whereas for a linear and isotropic medium, the stored magnetostatic energy is described by the following
expression:

1 1 5
W =—[0O HBWV =— (H~” LV 16.86
n 2[& 2%# (16.86)

In the case of an unbounded medium, according to expression (12.12), the total stored magnetostatic
energy can be calculated by integrating over the source, such that:

A
Wy, =[ [ J @ity (16.87)
Vo

where for a linear medium, the total stored magnetostatic energy is described by the following
expression:

W, =%EIiDKBiV (16.88)
\%

where the surface density of electric current J isisolated from the medium if the medium is conducting.
In this case, expressions (16.87) and (16.88) hold for both a perfect dielectric and a conducting medium,
with the only significant characteristic of the medium being its magnetic permeability.

16.10.1. Calculation of Inductance from the Energy Stored in the Magnetostatic Field

The inductance of the system can be calculated by first determining the energy stored in the
magnetostatic field of the system. For the magnetostatic field in a linear and isotropic medium, the
following holds:

1 1 ) 1 ,  W?
Wy =—OBHEY =—(uH @V =—0L0%=—— (16.89)
2 25 2 200

where ¥ is the magnetic flux linkage, and L is the inductance of the system.

From expression (16.89), it follows that the inductance of the system is given by the following
expression:
L=%:%[j3mﬂi\/:%qm}lzﬂiv (16.90)
1 1~ 1
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16.10.2. Self-Inductances and Mutual Inductances of a System of Thin-Wire Loops

Let there be n thin-wire loops (current loops) in a linear medium, each carrying a stationary electric
current. The magnetic energy stored in such a system can be described by the following expression:

1 n 1 n n
Wo =2 L U7+ 20 2 My 00y (16.91)
j=l =l k=1
K#j
where:
L; - the inductance (self-inductance) of the j-th thin-wire loop,

M;, =M, ; - the mutual inductance between the j-th and k-th thin-wire loops.

16.11. Magnetic Dipole

A magnetic dipole is a thin-wire loop (current loop) of arbitrary shape carrying a stationary electric
current, for which the dimensions of the loop are much smaller than the distance from the field point to
the loop, i.e., r >> a (Figure 16.28).

A T(r,d0,9)

Figure 16.28. Magnetic dipole in a spherical coordinate system

For the sake of simplicity, let the thin-wire loop be circular, with radius a, and let it carry a stationary
electric current of intensity /. In the mathematical derivation, for simplicity, let the field point 7 lie in
the plane x =. The magnetic dipole is assumed to be located in an unbounded LIH medium with
permeability u.

According to expression (16.34), the magnetic vector potential of the thin-wire circular loop is
described by the following expression:

A:ﬂ dr : dgzﬂﬂ (16.92)
401 CR 407 R

Due to the axial symmetry with respect to the z-axis, in the spherical coordinate system (7, 9, ¢), the
following holds (Figure 16.29):
A= A(p ; dA(p =sin @ldA (16.93)

A
dA¢-e¢ dA

X\L

Figure 16.29. Graphical explanation of expression (16.93) — top view in the 7 = 0 plane
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It follows that:

s1n¢)D11§0
ER  dr=ald 16.94
U3 R T aor J R aeq (1654

i-z BuD Efsinqoﬂi/ _3 B(J
c

If two opposite points on the thin-wire circular loop are connected (Figure 16.30), it follows that:

— O (1 1
A=e | 2 -2 |Binew 16.95
S0, o E{(ﬁ rzj inplp (16.95)

Figure 16.30. Connecting two opposite points on the thin-wire circular loop

Similar to the electric dipole described in subchapter 14.10, for » >> a (Figure 16.31-a), the following
holds:

n=r—altosa ; nr,=r+aldosa (16.96)

and it follows that:
n=20ildosa ; nlh=r>-a’los’a = r’ (16.97)

from which it follows that:

1_1_n-n_2Mkosa (16.98)

nono nlh r’

If approximation (16.98) is substituted into expression (16.95), the following expression is obtained:

s IR Ej cos a Bin gl (16.99)

(92DT2

A A

Figure 16.31. Definition of the angle o
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According to Figure 16.31-b, for the point 7 that lies in the plane x = 0, the following is true:
OC =rlosa=0Bos(7/2-¢)=0BBing ; OB=rEind (16.100)

from which it follows that:
cosa =sind [sing (16.101)

If the expression (16.101) is substituted into the expression (16.99), the following expression is obtained:
2 g m 2 3
A=E¢BL[7UBZ Bzmﬁqsinzwﬂl¢=éthuiuw B;MB@ (16.102)
20Tty 0 2Lrr 2

from which it follows that for » >> a, the magnetic vector potential of a magnetic dipole can be
approximated using the following expression:

A:,uﬁhXF :,uﬂnﬁinﬂ

Lé, (16.103)
atnir® 4t ?
where the magnetic dipole moment is (Figure 16.32):
m=IBH=1G"k ; m=I8=IG"0r (16.104)

where S is the area of a circular thin-wire loop.

The unit normal vector 7n to the surface enclosed by the loop is oriented according to the right-hand rule
with respect to the direction of the electric current (Figure 16.32).

Figure 16.32. Graphical representation of the magnetic dipole moment m

If the thin-wire loop has some other arbitrary shape, such as rectangular or square, then the expression
for the magnetic dipole moment holds":

m=11[S[n (16.105)

where, in this general case, S is the area of the considered thin-wire loop, whereas 7 is the unit normal
vector to the surface enclosed by the loop, oriented according to the right-hand rule.

It holds that:

e, rLég r8ind (&,
BszAz% 9 9 0 (16.106)
r2Bingd | or 09
0 0 rBind A

* The definition and proof for an arbitrary thin-wire loop are given in [2] (pp. 63-64), whereas the proof for a
square thin-wire loop is presented in [6] (pp. 160-161).
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According to expression (16.108), the components of the magnetic flux density vector of the
magnetic dipole are:

_ ulnldosd B. = M in 8ind

B.=0 16.107
20nlr3 9 ( )

4lnird ’ ¢

T

and the components of the magnetic field intensity vector of the magnetic dipole are:

mldosd He = m 8ind

H =
200l 41nlr3

r ; Hg=0 (16.108)

Based on the comparison of expression (16.108) with the expressions for the components of the
electric field intensity of the electric dipole (14.87) - (14.89), taking into account the expression for the
electric scalar potential of the electric dipole (14.84), it is easy to conclude that the magnetic scalar
potential of the magnetic dipole can be described by the following expression:

mlF _ mldosd

= 16.109
Om Alnlrd 4lnlr? ( )
and it follows that:
ﬁz—wm:—%@r—ld’% 2 1 P A (16.110)
or r 09 rBind 0@

from which the expressions for the components of the magnetic field intensity vector of the magnetic
dipole can be obtained:

Hy= - Wn omlosd oy 1§ mBind (16.111)
or 20nlr3 r 09 4lnlr

which are, as expected, identical to the expressions (16.108).

@ e

Figure 16.33. a) Electric field lines of two opposite point charges of equal magnitude,
b) Magnetic field lines of a circular thin-wire loop

a)

In Figure 16.33-a, the electric field lines of two opposite point charges of equal magnitude are shown,
whereas in Figure 16.33-b, the magnetic field lines of a circular thin-wire loop through which a
stationary electric current flows are shown.

The approximate expressions valid for the electric dipole and magnetic dipole provide a good
approximation only for points that are sufficiently distant from the field sources. The field lines for these
are shown in Figure 16.34.
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a) b)

Figure 16.34. a) Electric field lines of an electric dipole, b) Magnetic field lines of a magnetic dipole

16.12. Cylindrical Medium in a Homogeneous Magnetostatic Field

Let a solid infinitely long cylinder (medium 1), with radius @ and magnetic permeability x1, be placed
in a magnetostatic field that is homogeneous far from the cylinder, whereas around the cylinder is an
unbounded material (medium 2) with magnetic permeability . For solving this problem, a cylindrical
coordinate system with the origin on the axis of the cylinder (Figure 16.35) is suitable, as well as the
use of the magnetic scalar potential.

Ay T(r,9)

E— o r

H

Figure 16.35. Cylindrical LIH medium in a homogeneous magnetostatic field

The boundary condition at large distances from the cylinder is that there is no distortion of the field,
i.e., it remains homogeneous. The general solution of the Laplace differential equation in medium 2,
which must be adapted to satisfy this requirement, is given by expression (14.183):

G (r, @) = i(cn 3" +D, E—ll—j F, Gin (n @) + G, [os (n )] (16.112)
=1 r

The distribution of the magnetic scalar potential is axisymmetric with respect to the x-axis, i.e., it is
an even function with respect to the angle ¢. Therefore:

F,=0 ; [n (16.113)

and the general solution of the Laplace differential equation (16.112) takes the following new form:

P (7, D) :i(cn 3" +D, E—ll—j [2os (1 [§) (16.114)
=1 r
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The further procedure for deriving the expression for the distribution of the magnetic scalar potential
is analogous to the procedure for deriving the expression for the distribution of the electric scalar
potential in the case of a conducting cylinder in a homogeneous stationary current field.

From the general solution of the Laplace differential equation (16.114), it follows that the initial
expression for the distribution of the magnetic scalar potential in medium 2 is:

00

P2 =Z(Cn " + D, GI—J [dos (1 [§) (16.115)
r

n=1

It is sufficient to adjust the radial component of the magnetic field intensity at infinity, which,
according to Figure 16.36, is described by the following expression:

H, [dos ¢= - ‘z’—mz (16.116)
r 1w
e )
¢\ H,

Figure 16.36. Radial component of the magnetic field intensity far from the cylinder

If expression (16.115) is substituted into expression (16.116), it follows that:

00

H,Rosp= — {Z(cm @G - D, E—l”—ﬂ] [os(n @‘0)} (16.117)
r

n=1 7 —

From expression (16.117), it follows that n = 1, which means that all coefficients C;, and D, are

equal to zero, except for the coefficients C; and D;. Therefore, expression (16.117) becomes:

H, [bosp= —(Cl - D, Ell—zj [dos@p = - C| bos @ (16.118)
) e
from which it follows that:
C,=H, (16.119)

whereas the coefficient D, is, for now, unknown, and the term with D, tends to zero as r approaches
infinity.

Thus, the distribution of the magnetic scalar potential in medium 2 is described by the expression:
11/ =(—H()Dr+Dl E—)l—j (dos @ (16.120)
r

and, to satisfy the boundary conditions between the two media, the magnetic scalar potential inside the
cylinder must be described by the expression:

Pt =(F1 F+ G, ELJ [dosg (16.121)
r

From the condition that the magnetic scalar potential at the axis of the cylinder must be finite, it
follows that the coefficient:

G, =0 (16.122)
and it follows that:
¢ =F & osg (16.123)

252



Therefore, the distribution of the magnetic scalar potential in both media is described by expressions
(16.120) and (16.123), where two coefficients are unknown, and they can be determined based on the
satisfaction of the boundary conditions.

Guntl, =, =Pmol, -, (16.124)

D1 P>
- " == = 16.125
H or |, Hy or | _. ( )

from which the following system of linear equations follows:

‘o —ath=m,m o R =g, (16.126)
a a

and it follows that:

p=H, @ p=-p piHe (16.127)
M+ M+

After satisfying all boundary conditions, according to expressions (16.120), (16.123), and (16.127),
the distribution of the magnetic scalar potential in both media is described by the expressions:

b =— 20, [H, & Gosg = — 20, (H,k ; r<a (16.128)
) i

2
6., = —H, FRosp + M[ﬁﬁj [H,Gosg ; r2a (16.129)
Mty \r
and it follows that the magnetic scalar potential is equal to zero on the plane passing through the center
of the cylinder, where ¢ =+ 71/2, which corresponds to the plane x = 0.

From the expression (16.128) that describes the distribution of the magnetic scalar potential in
medium 1, the expressions for the nonzero components of the magnetic field intensity in medium 1 can
be easily derived, which in the cylindrical coordinate system are as follows:

H =H, [ +H,E, (16.130)

H,, =—%=L%EHO [Gos @ (16.131)
or [+,

o= m o 206 i, (16.132)
ridog M+

whereas in the Cartesian coordinate system, it is:

H=H, 0= 24 [H, O (16.133)
P s)

from which it follows that, as expected, the magnetic field intensity in the cylinder changed in
magnitude, but the magnetic field remained homogeneous.

From the expression (16.129) that describes the distribution of the magnetic scalar potential in
medium 2, the expressions for the nonzero components of the magnetic field intensity in medium 2 can
be easily derived, which in the cylindrical coordinate system are as follows:
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fiy = Hyy (6, + Hay B, (16.134)
2
H2r - a¢m2 :H() @OS¢EE1 +ME€£) J (16135)
or Mt \r
| ¢ -ty {a)
H, =—— m2 =—H. & 1- Land S 2 5 | B 16.136
2¢ ’ a¢ 0 lnwl:ﬁ ﬂl +'L[2 Eﬁ]"j J ( )

It can be imagined that medium 2 is present everywhere, and the influence of medium 1 can be
replaced by a sinusoidal surface current (Figure 16.37). The obtained solution is valid only in medium 2.

It holds that:
4 O, =y T, + M) (16.137)

from which it follows that the magnetization vector, considering the expression (16.133), is:

M=t i "y g (16.138)
H )
H, T(r.$)

e

> Hy
 —
-_— I >
> \ a / x

N v
~®_.’
E K=K, -sing

Figure 16.37. The linear density of the equivalent surface current for L > [,

The linear density of the equivalent surface current is described by the expression:

K =M xii = M xii = M [{i x&, )= M Gin g%, = K,, Gin g[8, (16.139)
from which it follows that:
K,=m=P"Foy o i "oy (16.140)
Hy 2y o)

and this is the maximum value of the linear density of the equivalent surface current for 4 > f,, and
the minimum value of the linear density of the equivalent surface current for 4 < ,.

16.13. Solid Sphere in a Homogeneous Magnetostatic Field

Let a solid sphere (LIH medium 1 with permeability £/, radius a) be placed in a magnetostatic field
that is homogeneous far from the sphere, whereas around the sphere is an unbounded LIH medium
(medium 2) with permeability f,.For solving this problem, a spherical coordinate system with the
origin at the center of the sphere (Figure 16.38) is suitable, as well as the use of the magnetic scalar
potential.
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Em— T(r,9)
—_ Ha

H

Figure 16.38. A solid sphere in a homogeneous magnetostatic field

The expressions for the distribution of the magnetic scalar potential are analogous to the expressions
for the distribution of the electric scalar potential that were obtained for a solid dielectric sphere in a
homogeneous electric field. According to the analogous expressions (14.217) and (14.218), after
applying the boundary conditions to the general solution of the Laplace differential equation, it follows
that:

¢m1 —-_ 3D'12 D{OBBD&? - _ﬂmo& . r<a (16.141)
My + 20, th 2L,
3
- a
b, = - H, [ Bosd + ﬁ[ﬁﬂ (H,GFRosd ; rza (16.142)

From the expression (16.141) that describes the distribution of the scalar magnetic potential in
medium 1, expressions for the nonzero components of the magnetic field intensity in medium 1 can
easily be derived, which in the spherical coordinate system are given as:

H/ =H, [é +Hg 3 (16.143)

o, =-9%m - 30h o pogs (16.144)
or  p+20

Hyg=-t9%%m___ 3Ub oy g (16.145)
r D 619 /,11 + 2'112

whereas in the Cartesian coordinate system, it is:

30,

— 72 __[H, & (16.146)
My + 200,

H =H, k=

From the expression (16.142) that describes the distribution of the scalar magnetic potential in
medium 2, expressions for the nonzero components of the magnetic field intensity in medium 2 can be
easily derived, which in the spherical coordinate system are given as:

H,=H, [ +H,g &, (16.147)
H, =- P =H, [dos? 1+2[-17 J (16.148)
r My + 200,
1 9¢ - aY
Hyy=——2%m2 -y mingp- "2 ¢ (16.149)
rod M+20u, \r
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It can be imagined that medium 2 is present everywhere, and the influence of medium 1 can be
replaced by a sinusoidal surface current (Figure 16.39). The obtained solution is valid only in medium 2.

It holds that:
4 O, =y T, + M) (16.150)

from which it follows that the magnetization vector, considering the expression (16.146), is:

M=t 3 g (16.151)
1) My + 200,

T(r,9)

A\ 4

Figure 16.39. The linear density of the equivalent surface current for [ < [,

The linear density of the equivalent surface current is described by the expression:

R =M xii =M xii = M [k x&, )= M Bind &, = K, BinI 3, (16.152)
from which it follows that:
K, =M :M[leg,gﬂmo (16.153)
My My + 200,

and this is the maximum value of the linear density of the equivalent surface current for 4 > f,, and
the minimum value of the linear density of the equivalent surface current for 4 < y,.

It is important to note that the unit vector €
of the cylindrical coordinate system (7, ¢, z).

¢ Which appears in expression (16.152), is the unit vector
Another way to determine the expression (16.151), which describes the magnetization vector of the

solid sphere, is based on expressions (16.109) and (16.142). Based on these two expressions, the
distribution of the magnetic field intensity in medium 2 can be described using the following expression:

- mF
¢, =—H,[F + (16.154)
YT 4l
where the magnetic dipole moment of the solid sphere is:
m=am o g o=sw,, 0T s, (16.155)

H+ 20, phere H+ 20, phere

from which the expression (16.151) can be easily derived.
Analogous to electric field lines, the magnetic field lines for £ > (4, are shown in Figure 14.36, and
the magnetic field lines for 4 < i, are shown in Figure 14.37.

256



16.14. Magnetic Force on a Thin-Wire Current-Carrying Conductor

Let a stationary electric current of intensity / flow through a thin-wire conductor. From Lorentz's
force law (8.7), it follows that the magnetic force acting on the conductor, through which an electric
current flows and which is located in a magnetic field, is described by the expression:

Fp=[(7xB)av (16.156)
\%4

where J is the vector of the surface density of electric current flowing through the thin-wire conductor.

For a thin-wire current-carrying conductor, it holds that:
JO@V =107 (16.157)
and the expression for the magnetic force on a thin-wire conductor (16.156) takes on a new form:

Fp=10(d7 xB) (16.158)
C

whereas the magnetic force on an infinitesimal segment of the thin-wire conductor (Figure 16.40) is
described by the following expression:

dF,, = 1{d7 x B) (16.159)

Figure 16.40. Magnetic force on an infinitesimal segment of the thin-wire conductor

In the special case when the magnetic field is homogeneous, and the segment of the thin-wire
conductor is straight and of finite length ¢, the expression for the magnetic force is:

Fo= 17 xB) (16.160)

where the vector / takes the direction of the stationary electric current.

If, under the previously mentioned assumptions, it is also true that / [ B, then the expression for
the magnetic force (16.160) takes on a new form:

F,=BOM (16.161)

16.15. Magnetic Force Between Two Infinitely Long, Parallel Conductors

Let two straight, infinitely long, parallel thin-wire conductors be located in an unbounded LIH
medium with magnetic permeability u. Let the conductors be separated by a distance d and let stationary
electric currents flow through them (Figure 16.41).

A straight conductor does not act on itself. According to the law of action and reaction, it holds that:

F,=-F, (16.162)

where:

}7“1,2 - the force on conductor 1 due to the stationary current flowing through conductor 2,

}7“2’1 - the force on conductor 2 due to the stationary current flowing through conductor 1.
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Figure 16.41. Two parallel thin-wire conductors

It holds that:

Fy =115 xB,,) (16.163)

where (, is the length of conductor 2 on which the magnetic force acts, whereas the magnetic induction
at the location of conductor 2 due to the electric current in conductor 1 is described by the expression:

1
B, =uE—1L _ 16.164
21 =H S i ( )
and thus the magnitude of the magnetic force acting on a unit length of conductor 2 is:
Fa. 1,
—==1,[B,, =uE—>= (N/m 16.165
’, 2 = S Grd (N/m) ( )

Therefore, the attractive magnetic force per unit length of the infinitely long thin-wire conductors is
described by the expression:
1, U,

Fpul :/'Igi

(16.166)
207t

In Figure 16.42, a graphical explanation is provided for why the force between parallel thin-wire
conductors is attractive when their currents flow in the same direction. If the electric currents flow in
the same direction, the magnetic field intensities between the conductors cancel each other out, and thus
the magnetic force between the conductors is attractive. The reason is the tendency for the magnetic
field to evenly distribute itself throughout the entire space. If the current directions are opposite, the
magnetic field intensities between the conductors add up, and therefore the magnetic force between the
conductors is repulsive.

@ |® @6 ® ®
LA Al I A (1,

—> < < —

F1,2 Fz’l F‘]’Z FZ,I

Figure 16.42. Directions of magnetic field intensity depending on the directions of electric currents
Therefore, if a stationary electric current flows through a circular closed loop, the magnetic forces

tend to expand the loop. In this case, all magnetic field lines pass through the loop (Figure 16.33-b), and
they tend to be evenly distributed throughout the entire space.
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16.16. Force in the Magnetostatic Field of an Isolated System

The force can be calculated from the energy of the system, i.e., from the inductance of the system.
An isolated system is one that does not exchange energy with its surroundings, meaning it is a system
in which the time-invariant magnetic flux linkages are specified. Such a system tends toward a state of
minimum energy, and in it, the force is described by the following expression:

F=-0W, (16.167)

where W, is the energy stored in the magnetostatic field.

In an isolated system, the force in the direction of vector s is described by the following expression:

F=- %EFO = —EOG‘LWm

16.168
Os Os ( )

¥ =const.

where s, is a unit vector.
In an isolated system, the force in the direction of vector s is also described by the following expression:
2 2
F:—EO% :—EOElw—ﬁl :Eonl L Ba£ (16.169)
2 0ds\L 2 \L Os

Os

% =const.

where ¥ and L are the magnetic flux linkage and the inductance of the isolated system, respectively.

16.17. Force in the Magnetostatic Field of a Non-Isolated System

A non-isolated system is a system that exchanges energy with its surroundings, meaning it is a system
in which the magnitudes of stationary electric currents are specified. Such a system tends toward a state
of maximum energy, and in it, the force is described by the following expression:

F=0W, (16.170)

where W, is the energy stored in the magnetostatic field.

In a non-isolated system, the force in the direction of vector s is described by the following expression:

F=Dng -5
Os Os

(16.171)

I =const.
where s is a unit vector.

In a non-isolated system, the force in the direction of vector s is also described by the following

expression:
2
F =5, % =5, BI— L (16.172)
Os 1 =const 2 Os

where I and L are the electric current and the inductance of the non-isolated system, respectively.

The force between two electric current circuits, in a non-isolated system, in the direction of the vector
s 1is described by the following expression:

. 9 1.0, oM,
ik =5 ‘g’m =5, 0H— 5 . E-I—aj’k (16.173)
A S

Ij,Ik = const.

where M is the mutual inductance of the j-th and k-th electric current circuits.
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16.18. Forces and Stresses in the Magnetostatic Field

The volume V is enclosed by a surface S =0V (Figure 16.43), where 7 is the vector of the outer
unit normal to the surface S.

The magnetic force acting on the volume V can be calculated by integrating over the closed surface S:

F=[JxBWv = §i, @s (16.174)
Vv S

where 1, is the magnetic stress vector.

ov=_S

Figure 16.43. Volume V enclosed by a surface S

In a magnetostatic field, the magnetic stress vector in an LIH medium is described by the expression:
- S (S 1
[y = ,u[EH[ﬁHEﬂi) - EEHZ Eﬂi} (16.175)

The surface integral described by expression (16.174) can be expressed as a vector sum of three
surface integrals of the first kind:

F = §i, WS =i Gty TS + j §t,y, WS +K [§1,,, @S (16.176)
S S S S

where the magnetic stress vector in the Cartesian coordinate system can be written as:

O +tpy O+, K (16.177)

t

m

=t

mx

The magnetic field intensity vector H splits in half the angle between the external unit normal vector
7 and the magnetic stress vector 7., (Figure 16.44):

Figure 16.44. The relative position of the three vectors

In the special case where the magnetic field intensity vector is collinear with the vector of the outer
unit normal, the following holds:

H

+tHGE = 1, =%Eum2mi (16.178)

whereas in the second special case, when the magnetic field intensity vector is perpendicular to the
vector of the outer unit normal, the following holds:

260



HOi = fmz—%gunﬂm (16.179)

Based on the magnetic stress vector at the boundary between two LIH media with magnetic
permeabilities £4 and (4, an expression for the magnetostatic pressure at the boundary of these two

- 2
H U

media can be easily derived as:

where:
B, - the normal component of the magnetic flux density vector,

H, - the tangential component of the magnetic field intensity vector.

The magnetic force at the boundary between two media is described by a surface integral over the
boundary surface of the two LIH media, Sp:

Fo= [ Gis = [ @S (16.181)
Sp Sy
where n is the vector of the outer unit normal to the boundary surface between the two LIH media,
which is oriented from the medium with higher magnetic permeability towards the medium with lower
magnetic permeability.
The surface integral described by expression (16.181) can be expressed as a vector sum of three
surface integrals of the first kind:

Fy= [0 Gitas =1 Ofsy" Ghy TS + j O Oy TS +k Ofey' T, TS (16.182)
Sb Sb Sb Sb
where the vector of the outer unit normal to the boundary surface between the two LIH media in a
Cartesian coordinate system is described by the expression:

ﬁ=nxﬁ+nyj+nzi=cosaﬁ+cosﬁ§+cosyfﬁ (16.183)

where a, 5, and y are angles between the unit normal vector and Cartesian coordinate axes.

16.19. Magnetic Vector Potential of a Thin-Wire Conductor Segment

Let there be a thin-wire conductor segment of length ¢ and radius r,, along the axis of which a
stationary electric current of intensity / flows. The thin-wire segment is located in an unbounded LIH
medium with magnetic permeability u. If r, <</, then the thin-wire approximation can be used, which
assumes that the stationary electric current flows along the axis of the conductor segment. The task is to
find the distribution of the vector magnetic potential in points outside the conductor segment, including
the surface of the conductor segment.

AV T(u,v)

Y

Y ~

(/2 . y/2

& A
< r g

Figure 16.45. A segment of a cylindrical conductor in the local coordinate system (u, v)
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For simplicity, the segment is given in the local 2D coordinate system (u, v), in which the axis of the
conductor segment and the field point 7(u, v) lie. The position of the segment in the (x, y, z) coordinate
system is arbitrary. According to Figure 16.45, the point 7(u, v), where the magnetic vector potential is
calculated, can be in either the first or second quadrant of the local coordinate system (u, v).

In an unbounded LIH medium with magnetic permeability u, the infinitesimal magnetic vector
potential of a thin-wire conductor segment is described by the expression (16.32), which reads:

di = HI (16.184)
401 r
and it is:
(/2
A= g 4 (16.185)
AT

072 A2+ (e —u)?

where ¢, is the unit vector of the local u-axis, and the direction of this unit vector is, in fact, the direction
of the stationary electric current of intensity /.

After integration, from expression (16.185), the following expressions for the distribution of the
magnetic vector potential around the thin-wire conductor segment are obtained:

l l
u+— u——

2 _ arsinh—2 (16.186)
A% 1%

arsinh

b

I

I
s
=

(16.187)

u

MO

ve + u+5 +u+5
A=¢ Duul]n

4l /

2

2
vZ + (u —fj +u
2
Expressions (16.186) and (16.187) can be easily derived based on the analogy with the expressions

for the distribution of the electric scalar potential around a segment of a cylindrical conductor in the
electrostatic case, or in the case of a stationary electric current field.

16.20. Neumann's Formula

Let two thin-wire loops be given (Figure 16.46). Let loop 1 carry a stationary electric current /1, and
loop 2 carry a stationary electric current /».. Assume that the thin-wire loops are located in an unbounded
LIH medium with magnetic permeability «. The goal is to derive expressions for the self-inductance and
mutual inductance of these two thin-wire loops.

Figure 16.46. Two thin-wire loops
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According to expression (16.32), the magnetic vector potential along the axis of loop 2 due to the
electric current in loop 1 is given by the expression:

Ay, =H Dj% (16.188)

The magnetic flux linkage, caused by the current in loop 1 and linking loop 2, is described by the
expression:

¥, = _[52,1 s = J‘(ngz,l)mg = §A2,1 iz, (16.189)
S S, ¢,

where S» is the oriented surface bounded by the curve C, that is, the oriented surface enclosed by thin-
wire loop 2, following the right-hand rule.
If expression (16.188) is substituted into expression (16.189), it follows that:

- 1 - _ ﬂljl d/_{ W/E
Y. =0¢A,, U, = — —_— 16.190
21 c{ 2,1 Lty 4DTE§C§ r ( )

from which it follows that the mutual inductance M of the thin-wire loops is described by the expression:

B B o u dr, [/,
M=My =M, -qu §lf2 (16.191)

which is known as Neumann's formula.

Using Neumann's formula, the self-inductance of the thin-wire loop can also be calculated
(Figure 16.47). In this case, the curve C is on the axis of the thin-wire loop, and the curve C' is on the
inner edge of the thin-wire loop.

Figure 16.47. Integration curves for calculating the self-inductance of a thin-wire loop

From expression (16.191), it follows that the self-inductance of the thin-wire loop is described by
the following expressions:

_ _ _ M dr '
L=Lpy + Ly : Lext—4mﬂi i ; (16.192)

where Lex; is the external inductance of the thin-wire loop, wheresa Lint is the internal inductance of the
thin-wire loop, which in the case of a thin-wire conductor with a circular cross-section can be
approximated by the following expression:

Lint = L{nt @loop = /;CE; |Jloop (16193)
where:
1}, = Heond (16.194)
1nt 8 DT .
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is the unit internal inductance of the loop, or the unit internal inductance of an infinitely long straight
conductor with a circular cross-section through which a stationary electric current flows.

16.21. Inductances of Segments of Thin-Wire Cylindrical Conductors

The mutual inductance of two thin-wire loops, described by Neumann's formula (16.191), can be
calculated by approximating each of the thin-wire loops as a set of straight segments of a thin cylindrical
conductor. Let thin-wire loop 1 have m segments of the conductor, and thin-wire loop 2 have n segments
of the conductor.

Under the given assumptions, from expression (16.191), the mutual inductance of the two thin-wire
loops shown in Figure 16.48 is approximated by the following expression:

L dr; [/, o o
M:ﬁTDZZ J _[ hr 2= 2.2 Lix (16.195)

i=1k=1 C); Cy, i=l k=1

where ;) is the mutual inductance of the i-th conductor segment of thin-wire loop 1 and the k-th
conductor segment of thin-wire loop 2. The mutual inductances of the conductor segments are also
referred to as partial inductances.

Figure 16.48. Two thin-wire loops approximated as a set of straight segments
of cylindrical conductors

From expression (16.195), it follows that the mutual inductances of the two segments of thin-wire
conductors are described by the following expression:

L :LDJ' J‘M (16.196)

40T r
Cii Co

and can also be described by the expression:

dfli lji/Zk

r

_ U
Ly =cosBy B of | (16.197)
Cli C2k

where B, is the angle between the differential arc elements of the oriented thin-wire segments:

Bix =0dpy, diy, (16.198)
It holds that:

L x :cos,Bi’k CulE Wy Ly [y :cosﬁi’k Cu ke Wy T OR (16.199)

where a; are the potential coefficients of the two cylindrical conductor segments in a perfect dielectric,
which were derived using the average potential method in subchapter 14.24, whereas R;, are the mutual
resistances of the two cylindrical conductor segments in a conducting medium, which were obtained
using the average potential method.

If the thin-wire loop is approximated as a set of n straight segments of a thin cylindrical conductor,

then from expression (16.192), the following expression for the self-inductance of the thin-wire loop is
obtained:
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n n n n
L=Lin + D> L;+20>, > Ly 5 Lip = Heond D4 (16.200)
i=1 i=1 k=it 8T I

where the mutual inductance of the i-th and k-th segments of the thin-wire loop is described by the
expression:

_u dr; Wk
Li=7=0 | (16.201)
amr iy

whereas the external inductance of the i-th segment of the thin-wire loop is described by the expression:

L= AL (16.202)

i1 —
40T ¢ c r

The integration curves ¢; and ¢y lie on the axis of the corresponding segment of the thin-wire
conductor, whereas the integration curve ¢ lies on the surface of the i-th segment of the thin-wire
conductor (Figure 16.49).

Ci Cl, # ¢ 2"’/'0

i 7

>

Figure 16.49. Straight segment of a cylindrical conductor in an unbounded LIH
medium with magnetic permeability u

Based on the analogy with the potential coefficients and resistances described by expression
(16.199), it is easy to conclude that the external inductance of the i-th segment of a cylindrical conductor,
with length ¢, and radius 7,, in an unbounded LIH medium with permeability u, is described by the
following expression:

MO+ + 0. 2
L= oV 70 i =F((;, 1) (16.203)
1 1 B 5 170
2DT I’O \/[1 +r0 + rO

where the auxiliary function is:

2 2 2
Feovy =t qomn Yt 4
2or

(16.204)

v \/£2+v2 +v

Ly

Figure 16.50. Special case of parallelism between two conductor segments

If the two segments are located in an unbounded LIH medium with magnetic permeability x, and are
parallel to each other as shown in Figure 16.50 and separated by a distance d, then their mutual
inductance is described by the following expression:

i un
d VE+d? +d

JO2+d? +0, 2
Li,k:Lk,i:iF(éiad)zi%T ¢, On N i b (16.205)
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where the sign depends on the orientation of the segments. These two segments may belong to the same
thin-wire loop, or they may belong to two different thin-wire loops.

In the general case of parallelism between two conductor segments (Figure 16.51), the k-th conductor
segment is observed in the local coordinate system (u, v) of the i-th conductor segment. In this local
coordinate system, the endpoints of the k-th segment are denoted as 7 (u;, vy ) and T, (u,, vy ).

AV
gk
71l(ul'vk) Tz(uz,vk)

u
>

/.

1

Figure 16.51. General case of parallelism between two conductor segments

If the two conductor segments are located in an unbounded LIH medium with magnetic permeability
1, and are mutually parallel as shown in Figure 16.51, then their mutual inductance can be described by
the following expression:

L, =iﬁT[ﬂq +C,-Cy-C,) (16.206)

where the sign depends on the orientation of the conductor segments, whereas the auxiliary functions
C,, are described by the following expressions:

C,= wy, Eﬂn(w/wfn +vi +me - ywi+vi ;. m=1,2,3,4 (16.207)

£, L. £, 2
w Sus+—L ;o w, = ——=~ ; wy=u+—+ ;. ow,=u,——+ 16.208
1Ty 27T 3T 4=t T ( )

Mutually non-parallel (oblique and perpendicular) conductor segments lie in the same plane or in
mutually parallel planes. Thus, if non-parallel conductor segments do not lie in the same plane, then
there are two and only two mutually parallel planes in which they lie (Figure 16.52). If they lie in the
same plane, this is a special case of two parallel planes that have overlapped. Let the conductor segments
be oriented from point P to point K. This means that the angle a [ (0, ).

Figure 16.52. General case of non-parallelism between two conductor segments
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From expression (16.197), it follows that the mutual inductance of two non-parallel segments of a
thin-wire conductor in an unbounded LIH medium with magnetic permeability x is defined by the
expression:

Sk Nk
Lik:icosa'[!'u DJ del__dlﬂ ; cos B =xcosa (16.209)
i 4DT r_ik ]
$p p ’
where:
2,2, 12
f =& +02 +D? —2[F ) [bosa (16.210)

The parameters ¢p, ¢, /7p, /7, @, and D can be easily computed from the global coordinates of the
starting and ending points of the conductor segments.

The solution to the integral (16.209) is known as Tseitlin's formula®, which can be written as:

Ly =*xcosa %EﬁA(Ep,qp)'i' A(EK”]K)_ A(EP”]K) - A(EK’HP)] (16.211)

where:

A(éEn) = ED]n(l]—EEtosa%ri’k) + /7|:I]n(f—l7 Etosa'+ri’k)
[5+/7+ri,k UJ (16.212)

+ (fan—

2

[drctan

sina

The sign in expressions (16.209) and (16.211) depends on the orientation of the arc differential
vectors of the i-th and k-th conductor segments. If both arc length differential vectors are oriented from
point P to point K, or from point K to point P, then the sign is positive. Otherwise, the sign is negative.

16.22. Relationship Between Magnetic Field Lines and the Magnetic Vector Potential

In the 2D computation of the magnetic field using the magnetic vector potential, it is very easy to
draw the magnetic field lines because the lines where A = const. are also the field lines. The proof of
this statement follows below.

Since the magnetic flux density vector is tangential to the magnetic field line (Figure 16.53), it holds
that the vectors:

B=B,0+B,0 ; d/'=dx0+dy[j (16.213)

are mutually collinear, and the following expression holds:

dy_ By

16.214
dx B ( )

X

yT B

field line

X

>

Figure 16.53. Magnetic field line in the (x, y) coordinate system

* The formula is named after the Russian scientist L. A. Tseitlin (rus. LleiiTmun)
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Since the magnetic induction lies in the (x, y) plane, the magnetic vector potential is directed along

the z-axis, i.e., the following holds:
A= ALk (16.215)
and it is:
i j kK
B=oxi=| L 9 =6—Aﬁ—a—A[] (16.216)
Ox OJy y 0x
0O 0 A
From expression (16.214), it follows that:
(16.217)

B, Ldx - B, Ldy=0
and from expressions (16.216) and (16.217), it follows that for the magnetic field line, the following

holds:
a—Aﬂix + a—Aﬂiy =dA=0 = A=const. (16.218)

Ox dy

This proves the statement that in 2D problems, the lines where A = const. are also magnetic field lines.
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16.23. Solved Examples

Example 16.1. Using Ampere's law, derive the expression for the magnetic field intensity inside and
outside an infinitely long straight cylindrical conductor carrying a stationary electric current of intensity
I. Let the radius of the conductor be 7, and assume the conductor is located in air.

Figure 16.54. An infinitely long straight conductor

Solution:

The distribution of magnetic field strength is axisymmetric with respect to the axis of the conductor,
so a cylindrical coordinate system (r, ¢, z) is used.

The surface density of a stationary electric current is constant across the cross-sectional area of the
conductor:

J =—=L=const. (16.219)

For r <7, Ampere's law states (Figure 16.55):

2
fHw@ =H Emmrzmrzmzldz—m (16.220)

g ry Ut

Figure 16.55. Integration curves inside and outside the conductor

From equation (16.220), it follows that the magnetic field intensity inside the conductor is described
by the expression:

H= ) 5 for rsp (16.221)
2 Ul
For r >r, Ampere's law states (Figure 16.55):
§H L =HROTG =1 (16.222)

G
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from which it follows that the magnetic field intensity outside the conductor is described by the
expression:
I

20l

for r>rp, (16.223)

The magnetic field intensity is graphically shown in Figure 16.56.

H=H,

>
ry r

Figure 16.56. Graphical representation of the magnetic field intensity

Example 16.2. Let a stationary electric current of intensity / flow through an infinitely long straight
conductor of radius R. Determine the expression for the distribution of the magnetic vector potential,
and then, from the known distribution of the magnetic vector potential, determine the distribution of the
magnetic field intensity. Let the conductor be in the air, let the permeability of the conductor be u, and
let the magnetic vector potential A = 0 along the axis of the conductor.

Figure 16.57. Conductor in the Cartesian coordinate system

Solution:
The magnetic vector potential satisfies Poisson's differential equation:
AA= - pulb (16.224)

where in this case:
A=Ak ; J=Jk (16.225)

The distribution of the magnetic vector potential is axisymmetric with respect to the z-axis, so the
cylindrical coordinate system (7, @, z) is used. In this case, it holds that:

2 2
AAzlEla—[rBaﬁj N A (16.226)

r or or r2 6¢2 072
= =
Inside the conductor (7 < r, ) it holds that:
AA, = 1 [—Ia—(r Baﬁj = -yl (16.227)
r or or
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whereas outside the conductor ( r > 1) it holds that:

AA, = 1[-16—(@%) =0 (16.228)
r or or
It follows that:
A=A = C/Onr —%DJDI32+C2 for r<r, (16.229)
A=A, = Cynr+C, for r>r (16.230)

where C;, C,, C;, and C, are unknown constants that can be determined from the following boundary

conditions:
Al,.y=0 (16.231)
Hy|,_, =Ho|,_, (16.232)
Al = A, (16.233)

From the boundary condition (16.231), it follows that:
C=C,=0 (16.234)

and, according to the expression (16.229), it follows that:

A=A = - igut:mz for rs<r, (16.235)
Furthermore, it holds that:
e, r [éq) e,
ﬁ:i[ﬁmxg)zL 9 0 :—laaéﬁq, (16.236)
U U | or M Or
0O 0 A
from which it follows that:
H=Hy=- l[—fé (16.237)
U Or

From the expressions (16.232) and (16.237), it follows that:

[_ 1 g"ﬁj _ (_L B"ﬁ} (16.238)

; or M, Or

And, after differentiating the expressions (16.235) and (16.230), it is obtained that:

Gy
0 r

r=r, H

%U ir} (16.239)

r=r,

from which it follows that:
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1 1 di
C3=_5|:.UODID%2=_EHIODI ==

A=A2=—‘;°—;Ennr+c4 for r>r,

Furthermore, from the boundary condition (16.233) and from the expressions (16.235) and

(16.241), it follows that:

1 2 Ho L1
- —u & =-
4D1 0 2007

C4= NOD lnro _i
207 2

On I + C4

from which it follows that:

The final expressions are:

1 0A Ik
H1:H1¢=_—d3—1: 5
H or 2010

1 0A 1
HZ:H2¢:__ 2 —
U, or 2Tk

5 NS

T 207

(16.240)

(16.241)

(16.242)

(16.243)

(16.244)

(16.245)

(16.246)

(16.247)

(16.248)

Example 16.3. A stationary electric current of intensity / flows through an infinitely long strip of width
a. Determine the distribution of the magnetic field intensity along the z-axis (in the plane x = 0), which

is perpendicular to the strip.

Figure 16.58. Conducting an infinitely long strip

Solution:

Due to symmetry, the resulting magnetic field intensity vector along the z-axis has only an

x-component (Figure 16.59).
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Figure 16.59. Infinitesimal vector of magnetic field intensity

According to Figure 16.59, it holds that:

dH, =dH Gina = dr (16.249)
207TF 1
where:
am =4 : dar= Lo . r=az? 412 (16.250)
20Tt a
It follows that:
dH, = — o % (16.251)
207lh 72 +42
and it is:
1 ar2 dt 1 a
H=H, = 0 [ ——5=——[arctan—— (16.252)
2orte 2, 2+ mh 20%

Example 16.4. For an infinitely long straight conductor of radius r,, carrying a stationary electric
current of intensity /, determine the expression for the internal inductance per unit length of the
conductor: a) from the magnetic flux linkage, b) from the magnetic energy stored in the magnetostatic
field. Let the material of the conductor be linear, homogeneous, and isotropic, and let its magnetic
permeability be u.

®

I \o
Figure 16.60. Infinitely long cylindrical conductor

Solution:
The distribution of magnetic field intensity inside the conductor is described by the expression:

o= tome - 1T (16.253)
2l 2070y

a) Calculation of the per-unit-length internal inductance from the magnetic flux linkage

The magnetic flux is closed around the axis of the conductor. The infinitesimal magnetic flux per
unit length is given by:

d® = uH WS =y Hr (16.254)

whereas the infinitesimal magnetic flux linkage per unit length is described by the expression:
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2
dtﬂzkﬂ¢=%mmm=’"—2[pmm (16.255)

4

where k; is the flux linkage factor, which is equal to the ratio of the electric current enclosed by the flux
lines to the total current through which the magnetic flux linkage is expressed.
It follows that:

3
d‘//:,u[-li‘lﬂtir (16.256)
20l

0

and the magnetic flux linkage per unit length of the conductor is:

v=us——drm=tL=r 0 (16.257)
207 | 8

from which it follows that the per-unit-length internal inductance of the conductor is described by the

expression:

-_H (16.258)

b) Calculation of the per-unit-length internal inductance from the stored magnetic energy

The magnetic energy stored within one meter of length of an infinitely long conductor is described
by the expression:

2 2
Clr =% =% (16.259)

W,

m

0 2 Ty
S AR Io v iv ARG P
2 atmhy

O ="

from which it follows that the per-unit-length internal inductance of the conductor is described by the
expression:
_2W, _ u

L =_F
I? 807

int

(16.260)

Note: The per-unit-length external inductance of an infinitely long straight conductor is infinite because
the assumed return conductor is located at infinity.

Example 16.5. For a copper, infinitely long, straight hollow cylindrical conductor with inner radius
1 =lcm and outer radius r, =5 cm, calculate the per-unit-length internal inductance: a) from the
magnetic flux linkage, b) from the magnetic energy stored in the magnetostatic field. Assume that the
conductor carries a stationary electric current.

)

@A

Figure 16.61. Infinitely long hollow cylindrical conductor
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Solution:

The surface density of a stationary electric current in a conductor is described by the expression:
1

It follows that the magnetic field intensity in the conductor is described by the expression:

- Ienc =J|:{r2_r12)DT: I Drz_rl2
20 2 2y -rf)r 1

(16.262)

a) Calculation of the per-unit-length internal inductance from the magnetic flux linkage

The magnetic flux is closed around the axis of the conductor. The infinitesimal magnetic flux per
unit length is given by:

d® = u,[H LdS = u,[HUr (16.263)
whereas the infinitesimal magnetic flux linkage per unit length is described by the expression:
I P =i
dW=kLDi¢=%QlJOEHBir= — Wy (B dlr (16.264)
h=h

where k; is the flux linkage factor, which is equal to the ratio of the electric current enclosed by the flux
lines to the total current through which the magnetic flux linkage is expressed.

It follows that:

4

.

aw=— M onrgel (16.265)
20ry -ri) T r

and the magnetic flux linkage per unit length of the conductor is:

4
_ Ho L o204
= —=r B +r Unr

203 - )’ EE‘* o j

n

=L,,0 (16.266)

n

from which it follows that the per-unit-length internal inductance is described by the expression:

4 4
v Ho 7N 20, 4, 44 D
== -5 +ry +r On—= (16.267)
lﬁnt )i 5 [{rzz _ r12)2 Or EE 4 1 2 1 1 n

By substituting the given data, it is obtained that:

Ly, :% = 4.639216594x107 1L (16.268)

m

b) Calculation of the per-unit-length internal inductance from the stored magnetic energy

The magnetic energy stored within one meter of length of an infinitely long conductor is described
by the expression:

n

T 2 _ .2 2
_Hy {2 _ Hy o’ (r 1 )2 _ L, U
W =20 H"RUOrk Ur = dr = (16.269)
"2 . 4mr§—rf)2mq r 2

4l 4l

from which it follows that the per-unit-length internal inductance of the conductor is described by the
expression:
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2[W, H r = 22 4, 4T
o = o o —rf O+t +r o2 (16.270)
1 20 - 1) 7 4 i

L =

Example 16.6. Determine the per-unit-length inductance of a coaxial cable carrying a stationary electric
current. Given: n, =lcm, n =2cm, r; =3cm, U, =10, (4,5 =5.

Figure 16.62. Infinitely long coaxial cable

Solution:

The per-unit-length inductance is most easily determined from the magnetic energy stored in the
magnetostatic field. The magnetic field intensity is described by the expressions:

H=H, = d SO for r<y (16.271)
o
1
H=H,= for n<r<mn (16.272)
2lnlr
H=H,= dz— for r,<r<n (16.273)
2% R - r
The stored energy is described by the expressions:
2 +1, +
W, =W +W., + W, LZI =4 L22 Ls 2 (16.274)
Wmi=%[jHi2EIDTDrDVr=%ELi 7> i=1,2,3 (16.275)
Vi
from which it follows that:
_ M _ nH
L="+L=05% (16.276)
8ln m
L= Ho e 2013862044 M1 (16.277)
201  p m
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4 2 _.2
st B g 3T g 6370605 M (16.278)
20 | (r5-13) o 4y -ry) m

L=1,+1, + L, =08023364 “1 (16.279)
m

Example 16.7. Determine the per-unit-length inductance of a two-wire isolated electric line, assuming
that a stationary electric current flows through the line. Let the radius of each conductor be r,, the
conductors be spaced by a distance d, the magnetic permeability of the conductor be /.4, and the line
be located in the air. Assume that d >>r,.

A
N

Figure 16.63. Two-wire isolated electric line

Solution:

Since d >>r,, it can be assumed that one conductor does not affect the internal inductance of the
other conductor. According to expression (16.258), the per-unit-length internal inductance of an
infinitely long conductor is:

[ﬁnt cond — Hoond (16280)
8ln

and the per-unit-length internal inductance of the electric line is:

_ _H
Lmt =2 |:Lint cond _ﬁnnd (16'281)

The easiest way to derive this expression is to calculate the internal inductance of the conductor from
the magnetic energy stored within an isolated, infinitely long conductor.

The per-unit-length external inductance of the electric line is most easily calculated from the
magnetic flux linkage, based on Figure 16.64.

H

1(®) ¢ (X) 1
Figure 16.64. The magnetic field intensity vector between the conductors of a electric line

All the external magnetic flux of the electric line passes between the conductors. In the cylindrical
coordinate system with the origin at the axis of the left conductor, the magnetic field intensity at the
straight line between the conductors is described by the expression:

a=_1 E€l+ ! j[éq, (16.282)
200 \r d-r

Since the conductors contribute equally to the magnetic flux passing between the conductors, to
calculate the magnetic flux between the conductors, the magnetic flux can be calculated only from the
electric current of the left conductor and then doubled:
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d-r, _
w;qujggig:zg‘ﬂgj ar _ U p d=h _; o (16.283)
S 207 sor

ext
T N

from which it follows that the per-unit-length external inductance of the two-wire electric line for
d>>r is:

L =%=&D]nuzﬂﬂlni (16.284)
VA

et o T n
The total per-unit-length inductance of the two-wire electric line is described by the expression:

L=, +1, =Heond y o @ _Fohbo g d (16.285)
Atm m r, m\ 4 I

Example 16.8. Determine the per-unit-length mutual inductance of two isolated, infinitely long,
mutually parallel two-wire electric lines. Let the radius of the conductors be negligible compared to the
distance between them. Let 7,, , r,, and r; be given. Electric lines are in the air and carry stationary
electric currents.

Figure 16.65. Two isolated two-wire electric lines

Solution:

The magnetic flux linkage that links line 2 and is produced by the stationary electric current in line
1 (Figure 16.66) is described by the expression:

q Ty
1=Py = —2#5?5 Ldlr - _;’531& Calr (16.286)

Y.

\ 2,1

N

4

Figure 16.66. Magnetic flux linkage from a single conductor of line 1
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From expression (16.286), it follows that:

w, =gty g (16.287)
T2 g ’

Therefore, the per-unit-length mutual inductance of two infinitely long, mutually parallel electric
lines is:

W
M=M,,=M,, =21 =t g% (16.288)
' S 20r

Example 16.9. A two-wire electric line in the air is located above a permeable half-space, whose relative
magnetic permeability is /. =5. Determine the per-unit-length external inductance of the line using the
method of images. Assume that a stationary electric current flows through the line. Let the following be
given: iy =5m, hy =5.5m, r,=2cm, d =2m. Assume that d >>r,.

d O—
1

hy

Ho

H=Hy My
Figure 16.67. Two-wire electric line above a permeable half-space

Solution:

The effect of medium heterogeneity can be taken into account by satisfying the boundary condition
at the boundary of two LIH (linear, isotropic, homogeneous) media using the method of images.
According to the method of images, two conductors in the air are replaced by four conductors in an
unbounded LIH medium with magnetic permeability equal to that of air (Figure 16.68).

According to expression (16.64), the reflection factor is:

N

— 16.289
g3 (16259
while the parameter D (Figure 16.68) is described by the expression:
D= J(h1 +hyV +d> = (=, =d* +40h h, =10.67707825 m (16.290)

The external magnetic flux linkage per unit length of the line, assuming that d >>r,, is described by
the expression:

d D 200,
w=0=[pus=2cfol i kg pdr_Trdrf_,
3 207 . 207 " b T

7 (16.291)
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Figure 16.68. Real and image two-wire electric line in an unbounded LIH air

From expression (16.291), it follows that:

2
Lo=tomd+ gL —Hgnd s mm—2 (16.292)
Toon 207 At h, 7| n 20/ hy

By substituting the given data, it is obtained that:

L, =1.846830485 M1 (16.293)
m

Example 16.10. Calculate the per-unit-length leakage inductance of an electric machine slot, assuming
that the magnetic permeability of the iron is infinite. Let a stationary electric current flow through the
copper conductor. The calculation should also include the leakage inductance of the air gap above the
copper conductor, which has a height of a. Assume that the part of the magnetic field line in the copper
conductor and the air gap is straight and parallel to the x-axis, and that the magnetic field intensity along
this part of each field line in the copper conductor and air gap is constant. Determine the solution: a)
from the magnetic flux linkage; b) from the magnetic energy stored in the magnetostatic field. Let the
following be given: a=1cm, b =3 cm, h =6 cm.

7 I® Hpe = P

v =

Figure 16.69. Electric machine slot
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Solution:

Under the given assumptions, it holds that:

H=H =H =t =10Y  for 0<y<h
b hib
Lo 1
H:szsz%:Z for h<y<h+a

a) Calculation of leakage inductance from the magnetic flux linkage

The magnetic field lines close as shown in Figure 16.70.

Y

—

v =

Figure 16.70. Graphical representation of the magnetic field line

(16.294)

(16.295)

The infinitesimal magnetic flux linkage in the copper conductor is described by the expression:

/ y y Y
AW, == [ @, == o, == [, (H, Gy = p, 1 B=—— [
1= 1= 1= Y =H W2 y

(16.296)

from which it follows that the magnetic flux linkage per unit length of the copper conductor is:

_:uo [J‘Z D L,

(16.297)

The infinitesimal magnetic flux linkage in the air gap above the copper conductor is described by the

expression:

d¥, = Ielnc i, =do, Zﬂomzﬂiy:ﬂo%ﬂiy

from which it follows that the magnetic flux linkage per unit length of the air gap is:

h+a

D _H
V=t Djd =10

The total per-unit-length leakage inductance of the slot is described by the expression:

By substituting the given data, it is obtained that:
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L =1.256637061 rH (16.301)
m

b) Calculation of leakage inductance from the stored magnetic energy

The magnetic energy stored per unit length of the copper conductor is described by the expression:

2
Wml-&qmmm /“’0 Ejz :—Bﬂ-lm (16.302)

2 3 2

whereas the magnetic energy stored per unit length of the air gap above the copper conductor is described
by the expression:

h+a h+a

2 2 2
WmZZ%DJszfbﬂiy:'u;; mjd d 9“— ! T (16.303)
h

The total per-unit-length leakage inductance of the slot is described by the expression:

2 W _ 20 Wit + W) _ _H
L= e 1 =L+L, = °[€3+aj (16.304)

Example 16.11. The electric line is formed by two mutually parallel copper busbars carrying a stationary
electric current of intensity /. Using Ampere’s law, determine the distribution of the magnetic field
intensity, the magnetic flux linkage, and the per-unit-length inductance of the line. Neglect edge effects
and assume that the length of the line ¢ >> 4 and that 4 >>aq, b.

N
YA
) A
X
® ®
1 I
2
e e

Figure 16.71. Two-wire electric line

Solution:

The 2D region can be divided into five distinct subregions (Figure 16.72). Under the given
assumptions, the 3D problem is numerically reduced to a 1D problem. According to Figure 16.72, it
holds that:

17 = §| H, Gix+ Hy Gy + H, Wz |= §H Wy =1, (16.305)
o\ R c

O -
=
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Figure 16.72. Division of the 2D region into five subregions

From expression (16.305), it follows that:

H,=H,, = Ih = % (16.306)
H2=H2y=12’° =%L’f‘+2_x (16.307)
Hy=Hsy, = Ie;c = (16.308)
H4=H4y=le};‘° :%EWZ” (16.309)
Hy = Hs, = Ih =0 (16.310)

It is important to note that the distribution of the magnetic field intensity is symmetric with respect
to the y-axis, meaning it is an even function dependent only on the variable x.

The magnetic flux linkage in the direction of the y-axis in subregion 1 is:
Y=o =uHD2HKBAO= ZHIIOG[h—Db (16.311)

The infinitesimal magnetic flux linkage in the direction of the y-axis in subregion 2 is:

I, a+tb-x

d‘)uz = IIIC m(pz = —WO m{z Ldlx (16312)
a
from which it follows that:
7 a+b I +hH— 3 |latb
@ = Of(a+b -2 =- arb=x) (16.313)
a’lh a“th 3 b
and it is:
A =—”02U o =tllle (16314)
3La" [k 3k
The total magnetic flux linkage per unit length is:
W=y, +2[qu2=”(;ln [ﬁzuw %} (16.315)
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It follows that the per-unit-length inductance of the electric line is described by the expression:

L=2 =L’I"E€b+ﬁj (16.316)

Example 16.12. Using Neumann's formula, determine the self-inductance of a rectangular thin-wire
loop located in the air. Let the conductors be made of copper with a circular cross-sectional radius 7.
Assume that a stationary electric current flows through the loop. Also, assume that r, <<a, b.

& >
< g

Figure 16.73. Thin-wire rectangular loop

Solution:

The thin-wire approximation of the conductor is used, meaning that the stationary electric current is
assumed to be concentrated along the axis of the conductor. The self-inductance of the thin-wire loop,
according to expression (16.192), is described by Neumann's formula:

_ ) - H dr
L_Lint +Lext > Lext - 4DTE£ i , (16-317)

where L, is the external inductance of the thin-wire loop, whereas L, is the internal inductance of

the thin-wire loop, which, in the case of a copper thin-wire conductor with a circular cross-section can,
according to expression (16.193), be approximated by the following expression:

— :ucond — luO
L =—0¢F =2 Ma+b 16.318
m =gty Toon =yl +0) (10318)

In the general case, the integration paths for calculating the self-inductance of the thin-wire loop are
given in Figure 16.74.

In the first step, the thin-wire loop is divided into four oriented thin-wire conductor segments
(Figure 16.74).

3

1

>
>

Figure 16.74. Four oriented thin-wire conductor segments
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In this case, the general expression (16.317) takes the form:

4 4
ISR 3 3 (16319

i=lk L ¢y Co i=1k=1

where, therefore, the self and mutual external inductances of the conductor segments are described by
the expression:

_ _ H diy; o,

L. =L .= a — =% 16.320

W T g CJ Cj r ( )
1i 2k

The mutual inductances of the mutually perpendicular conductor segments are zero, and furthermore,
it holds that:

Ly=Lis 5 Lyp=Lyy (16.321)
and it is:

L :f—é_[[(h +b)+2 [6141,1 tLy,+ L +L2,4) (16.322)

According to subchapter 16.21, the self external inductances of the segments are described by the
expressions:

Ly=F(ar) ; L,=F@r) (16.323)
whereas the mutual inductances of the segments are described by the expressions:
Ls=-Flab) ; Ly,=-F(ba) (16.324)

where, according to expression (16.204), the auxiliary function F(/,v) is described by:

VO +v? +d 0

F(,v)= ¢0n - (16.325)
2DT% v V2402 4y

From the previous expressions, it follows that:

[, .2, 2 l
L, =t gam ¥t TR T a (16.326)
2t o \/az+r02 + 1
b2+r0 +b b2
(16.327)
PP +rE + I |
N 2 + 2 ]
L Vo’ +0> +a _ a (16.328)
2DT Va® +b% + b |
2+ + 2 ]
prn Yot *h b (16.329)
2DT \/b2+a2 + a |
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Example 16.13. For a straight segment of a copper thin-wire conductor of length ¢/ =10 m and radius
7, =5 mm, calculate the self-inductance using Neumann’s formula. Let the conductor be in the air, and
assume that a stationary electric current flows through the wire. Assume that r, <</.

Solution:
_ Moo
L, =0 =05 uH 16.330
int = Q7 n ( )
N+ + 0 2
L =F(t,r)=-20¢0n o TT ! (16.331)
2n o \/Zz +17 +r,
L=L,+ L, =15.0890991552 uH (16.332)

Example 16.14. Determine the distribution of magnetic field intensity along the axis of a straight thin
solenoid of length ¢ and radius a placed in the air. Assume the solenoid is tightly and uniformly wound
on a cylinder made of a material with magnetic permeability /4, and that it has a total of N turns. A
stationary electric current of intensity / flows through the solenoid.

Ho
OOOOOOOOOOOOOOOOOOOOOOOOOOO
a

Hy

\ A

IRICIRICICICICAEIRICICIRICICIRICICIRICILICICICIRICIC)

A

A

Y4
Figure 16.75. Tightly and uniformly wound straight solenoid

Solution:

To derive the expression for the distribution of the magnetic field intensity along the axis of a straight
thin solenoid, the surface electric current” with linear density K can be used (Figure 16.76). It follows
that:

=N—D (16.333)
l
p ) .
o K v d
®
(04
a]7 lLlO _/ r T a Z,t
—1 5l z-! S| i
®
< 7 >

Figure 16.76. Straight solenoid and its corresponding surface electric current

* The surface electric current flowing around the cylinder in a circular (azimuthal) direction. Its linear density is
measured in a direction perpendicular to the current flow.
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According to the Biot-Savart law, for a thin-wire circular loop carrying an infinitesimal stationary
electric current of intensity dI = K-dt (Figure 16.76), it holds that:

gi = ZXF:KBitDaW¢[E¢x7
Atr 43 407 P

(16.334)

Due to symmetry, along the z-axis, the magnetic field intensity has only a z-component. Thus,
according to expression (16.334) and Figure 16.76, it holds that:

2
dH, =dHRosa = = K g9 (16.335)
r 4 DT r3
from which it follows that:
-H d’ K Q’ d—3’ (16.336)
0 r
where:
r=(a-1)f +a>=y(1- 2 +a? (16.337)
and it is:
2/
H=H, =52 dt (16.338)
2 0

It follows that:

H=H,6= E (16.339)

and it is:

= =NU (-2 (16.340)

ST B S e

If the field point is inside the solenoid, then expression (16.340) can be written in the following form:

= N; [cos B, +cos 3,) (16.341)
where:
cos :% (16.342)
l=z) +a
cos B, = ZZ : (16.343)
z"ta

The angles B, and B, are shown in Figure 16.77.

For a point 7 deep inside a very long solenoid (£ >>a ), it holds that:

B -0 ; B -0 H~NTFI (16.344)
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Figure 16.77. Field point inside a straight solenoid

Example 16.15. Determine the external self-inductance of a straight thin solenoid of length ¢ and radius
a, placed in the air and shown in Figure 16.75. Assume the solenoid is tightly and uniformly wound on
a cylinder made of a material with magnetic permeability £/, and that it has a total of N turns. A
stationary electric current of intensity / flows through the solenoid. Assume that the magnetic field inside
the solenoid is homogeneous and that the intensity of the homogeneous magnetic field is equal to the
average value of the magnetic field intensity along the axis of the solenoid.

Solution:

According to the previous example, the magnetic field intensity along the z-axis is described by
expression (16.339), which reads:

NO l-z + Z

H=H(z)=
20 \/(f—z)2+a2 \/z2+a2

(16.345)

and the average value of the magnetic field intensity along the z-axis, inside the solenoid, is given by
the expression:

NI & Z 7=/
- Ldlz (16.346)
2@2[! V2 +d>  |(c-1f +d2

1 l
H,, :Zq(;HBiz=

which implies that:

H, =N—2DE€\/€2+a2 —aij—D (16.347)
¢ VO +a® +a

The approximation of the magnetic flux linkage of the solenoid is described by the following expression:

W =N =N H, G0 (16.348)
and it is:
2 2
w=po I8 g (16.349)

\/a2 +02 +q

It follows that the external self-inductance of the solenoid is approximated by the expression:

22
P e

= H
I ’ Va*+0? +a

(16.350)
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For a very long solenoid (x > a), the following holds:

N Eor N s N
l l R

L

(16.351)
m

where S is the cross-sectional area of the solenoid, and R, is the magnetic reluctance of the very long
solenoid.

Example 16.16. Let a stationary electric current of intensity / flow through the electromagnet coil.
Determine the expression for the force by which the ends of the electromagnet attract each other: a)
from the magnetic energy stored in the magnetostatic field, b) using stress (force at the boundary
between two media). Assume that the total average length of the magnetic flux line ¢ is constant.
Neglect the fringing of magnetic field lines in the air gap and the leakage magnetic flux. Let the
following be given: N, I, (., 0, l,, S.

EFe
1
- N
N F\( é‘ eé
H= Hy L

Figure 16.78. Attractive force between the poles of the electromagnet

Solution:

Since the fringing of magnetic field lines in the air gap and the leakage magnetic flux are neglected,
it holds that:

Bp. =By=B ; Sp.=5,=S (16.352)
where:
By, - the magnetic flux density in the iron,
B, - the magnetic flux density in the air gap,
Ste - the surface area through which the magnetic flux passes in the iron,

S, - the surface area through which the magnetic flux passes in the air gap.

For the magnetic circuit shown in Figure 16.78, under the given assumptions, the following
expression holds:

NI =Hg @ +H,[B= ﬁ[ﬁfi + JJ (16.353)
Ho \ H;

where:

{ . - the average length of the magnetic field line in the iron,

O - the average length of the magnetic field line in the air gap; width of the air gap.
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From expression (16.353), it follows that the magnetic flux density in the iron as well as in the air
gap is described by the following expression:

p=to NI _ Al INY (16.354)
gFe +0 ZFe + /urw
m

a) Calculation of force from the stored magnetic energy

The magnetic energy stored in the magnetostatic field is described by the expression:

w =Bl RS0y,  BH,SE_ B
" 2 2 20

¢ s, + 1, 0) (16.355)

If expression (16.354) is substituted into expression (16.355), the following expression for the stored
magnetic energy is obtained:

w, =Ho G V>0 5 (16.356)
200, + 1,D)
The expression for the magnetic force in a non-isolated system (Figure 16.78) is given by:
6Vl;_ [E5 (16.357)
Before differentiating, the following substitution should be introduced:
lpe=0—0 (16.358)

where ¢ is the total average length of the magnetic field line, which is, according to the given
assumption, a constant parameter.

If substitution (16.358) is inserted into expression (16.356), an alternative expression for the stored
magnetic energy is obtained:

,UoWrEN 0°05 _ p N0 3

2|:@Fe U ) 2[@ a-'l-:urg5)
which is suitable for differentiating the stored magnetic energy with respect to the air gap width J.
It follows that:

(16.359)

W, VO )
F= 0 [E5 07r -1)- 16.360
00 ° 2ftp. + . BY T -1)tk2) ( )

or, written differently:

fo b8 BU—EQ—eé)——EBEH ESBU—[ﬂ—eé) (16.361)

2 K

From expressions (16.360) and (16.361), it follows that the ends of the electromagnet attract each
other, i.e., there is a tendency to reduce the air gap.

b) Calculation of the force at the boundary between two media

The pressure at the boundary between two media is described by expression (16.180), which in this

particular case is given by:
i = o @t — 4 [E g Hf} (16.362)

2 /'IO Wr WO
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where, in this case, it holds that:

B,=B ; H, =0 (16.363)
and the pressure at the boundary between the iron and air is:
B* -1
(m = Dg/“’—] (16.364)
20 (4

The magnetic force at the boundary between two media is described by the expression:

2 _ -
Femsfog,)=25 BUT—I[Q—Ea)zéEB[HOESBur#—I[ﬂ—Eé) (16.365)

2 HIO :ur

If the magnetic permeability of the iron tends to infinity, then the magnetic force is described by the
expression:

[B[H,5(-&5) (16.366)

whereas the magnetic field intensity in the iron and the magnetic energy stored in the iron are equal to
Zero.

Example 16.17. A straight solenoid of length ¢ = 0.25 m, with N =500 turns and carrying a stationary
electric current of intensity / = 1 A, is partially inserted with an iron core. Assuming negligible edge
effects (i.e., the magnetic flux density is homogeneous inside the solenoid and zero outside), determine
the force on the core at z = 0.05 m in two ways: a) from the magnetic energy stored in the magnetostatic
field, b) using stress (force at the boundary between two media). Assume that both the iron core and the
solenoid have circular cross-sections and that the radius of the iron core is a = 0.02 m. The relative
magnetic permeability of the iron is £ = 600.

z-k

—

2-a Y2 FL IUO

0d,89.69 69,69 .63 2.6 .69.69.69.09.69 69,09 .%9.09 09 . £9.09 09 .69 .69.69 9 ¢S

P £ 5
Figure 16.79. Straight solenoid with a partially inserted ferromagnetic core

Solution:

Under the given assumptions, it holds that:

Bp=B,=B ; Sp.=S,=S (16.367)

Hy

T

NM=HFBB+H0[ﬂ£—z)=£EEi+€—zj (16.368)

from which it follows that the magnetic flux density is described by the following expression:

/uO Wr WD - /'10 Wrwg (16369)
=2 B -z 0u, 1)

291



a) Calculation of force from the stored magnetic energy

The magnetic energy stored in the magnetostatic field is described by the expression:

w = BHpSG  BHBEH-z)
" 2 2 2@10@4

where S =a’[I7 is the cross-sectional area of the iron core.

S iy m- -y, -1) (16.370)

If expression (16.369) is substituted into expression (16.370), the following expression for the stored
magnetic energy is obtained:

02
- 1 e NI (16.371)
2 M=z L —1)
The expression for the magnetic force in a non-isolated system (Figure 16.79) is given by:
- [N2[72 -
FeWng_lp bl Sy -1)x (16.372)

0z 2 [uZ-zly -1)

or, written differently:

2
F=8 BBU—EIk——EBD{ ESGU—Dk (16.373)

2y e

By substituting the given data, the magnetic force at z = 0.05 m is obtained as:

=4.922474613k mN (16.374)
z=0.05m

F

b) Calculation of the force at the boundary between two media

The pressure at the boundary between two media is described by expression (16.180), which in this
particular case is given by:

— 2
"= olte =l By H} (16.375)
2 /UO Wr m‘o
where, in this case, it holds that:
B,=B ; H =0 (16.376)

and the pressure at the boundary between the iron and air is:

2
-1
=B [E”f—} (16377)
2 Dfo lur
The magnetic force at the boundary between two media is described by the expression:
2 —_ - —_ —
Ferna=2 3 lg lpy st g (16.378)
2 Euo /'Ir 2 /'Ir

If the magnetic permeability of the iron tends to infinity, then the magnetic force is described by the
expression:

F=%EBEHOESEE (16.379)

whereas the magnetic field intensity in the iron and the magnetic energy stored in the iron are zero.
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Example 16.18. An infinitely long straight conductor, located in the air, is parallel to the boundary plane
that divides the entire space into two half-spaces with different magnetic permeabilities. Let a stationary
electric current of intensity / flow through the conductor. Reflect the conductor across the boundary
plane and then determine the expression for the force acting per unit length of the conductor. Let the
following be given: I =1 A, a=1m, 1. =500.

M= oty o

Figure 16.80. Infinitely long straight conductor parallel to the boundary plane between
air and a ferromagnetic material

Solution:

According to the method of images, if the solution is sought in the air, the infinitely long thin-wire
conductor in a heterogeneous medium is replaced by two infinitely long thin-wire conductors in an
unbounded LIH medium with magnetic permeability equal to that of air (Figure 16.81).

kR * [ 1

® ®

e Sl 9
Ho Ho

Figure 16.81. Real and image conductor
According to expression (16.64), the reflection factor is described by the expression:

ke _ Mo~y _ 1
Mot + ty i +1

(16.380)

The magnetic force per unit length between two straight, infinitely long, mutually parallel thin-wire
conductors located in an unbounded LIH medium is described by expression (16.166), which in this
case is given by:

ke |OT O 2
F =1, ﬂ R| =l DkRD =99.6007984 ﬂ (16.381)
4(nla 4[7nla m

An attractive force acts between the ferromagnetic material and the infinitely long conductor, as the

conductor tends to move from air into the more permeable medium. This force is equal in magnitude to
the force at the boundary between the two media, but in the opposite direction.
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Example 16.19. Let three-quarters of the entire space be filled with a medium of relative magnetic
permeability f, =9. Let the remaining quarter of the space be filled with air. An infinitely long, straight,
thin-wire conductor is located in the air, at a distance a = 0.1 m from the boundary half-planes. A
stationary electric current of intensity / flows through the thin-wire conductor. If the conductor is
subjected to a force per unit length of F' = 0.0049 N/m, calculate the electric current /.

H= Hy Hy

Figure 16.82. Infinitely long conductor in a heterogeneous medium

Solution:

According to the method of images, if the solution is sought in the air, the infinitely long thin-wire
conductor in a heterogeneous medium is replaced by four infinitely long thin-wire conductors in an
unbounded LIH medium with magnetic permeability equal to that of air (Figure 16.83).

According to expression (16.64), the reflection factor is described by the expression:

P 1l Ny G (16.382)
Mot + py e +1

<
<

Figure 16.83. Real conductor and three image conductors in a
homogeneous unbounded medium

Since the reflection coefficient is positive, all three image conductors attract the real conductor. The
magnetic force per unit length between two straight, infinitely long, mutually parallel thin-wire
conductors located in an unbounded LIH medium is described by expression (16.166). In this case, the
magnetic force per unit length of the conductor is given by the expression:

2
- AL g 32 e 0f2 ) 2 k) (16.383)
2072 ) 2 2 8 Tl
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from which it follows that:

- BT LY _ 45 62006983 A (16.384)
V2 Chy g [62 + kR)

Example 16.20. An infinitely long straight copper solid conductor of radius 7, =lcm carries a

stationary electric current of intensity / = 50 A. Using the concept of stress, calculate the force per unit
length by which the two longitudinal halves of the conductor attract each other. Solve the problem by
integrating over the surface lying on the dividing plane between the two halves of the conductor.

®

Figure 16.84. Infinitely long straight copper solid conductor
Solution:

The attractive magnetic force between the two longitudinal halves of the solid conductor, per unit
length of the conductor, is described by the expression:
F =§t, s

(16.385)
S
where the closed integration surface S, enclosing one meter of one-half of the conductor, consists of a
total of six parts (Figure 16.85).

S; S6

I

Figure 16.85. Parts of the closed integration surface S

The integration surfaces Ss and Ss are lateral surfaces (half-planes) that enclose a unit length of one-
half of the conductor. The integrals of the magnetic stress vector over these surfaces cancel out, i.e., the
forces on them are equal in magnitude and opposite in direction. The magnetic field intensity lies within

the surfaces Ss and Ss, so the force on them is opposite to the corresponding unit normal to the surface.
On surface Ss, the magnetic field intensity vanishes, so the magnetic force on that surface is zero.

Therefore, the integration of the magnetic stress vector over the closed surface S reduces to integration
over surfaces Si, Sz, and S3, which lie in the same plane and therefore share a common unit normal 7.
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On surfaces S1, S2, and S3, the magnetic field intensity vector is described by the following expressions:

A=t—L G A=-—l G A=l G (16.386)
2T 2 201

where r is the distance of the field point from the axis of the conductor.

In a magnetostatic field, the magnetic stress vector in an LIH medium is described by expression
(16.175), which on surfaces Si, S2, and S3 takes the form:

=G, ="m3=%m§m (16.387)

ml — m2

It follows that, in the cylindrical coordinate system, the magnetic force per unit length on the upper
half of the conductor is:

F =i 2Oty ir +7i 22 ity G (16.388)
0

Ty

and, from expressions (16.386) - (16.388), it follows that:

SR/ T el B dr | 07
F=id 2 dlar+ [ 5 (16.389)
4o (n' oy '[rz 307 [

If the given data are substituted, it follows that:

F =1.061032954 %10 [ N (16.390)
m

Example 16.21. An infinitely long straight copper solid conductor of radius r, =lcm carries a
stationary electric current of intensity / = 50 A. Using the concept of stress, calculate the force per unit
length by which the two longitudinal halves of the conductor attract each other. Solve the problem by
integrating over a surface that partially coincides with the mantle (lateral surface) of the conductor. The
infinitely long, straight copper conductor is shown in Figure 16.84.

Solution:

The attractive magnetic force between the two longitudinal halves of the solid conductor, per unit
length of the conductor, is described by the expression:

F =i, s (16.391)
S

where the closed integration surface S, enclosing one meter of one-half of the conductor, consists of a
total of four parts (Figure 16.86).

The integration surfaces S; and Ss are lateral surfaces (semicircles) that enclose a unit length of one-
half of the conductor. The integrals of the magnetic stress vector over these surfaces cancel out, i.e., the
forces on them are equal in magnitude and opposite in direction. The magnetic field intensity lies within
the surfaces Sz and S, so the force on them is opposite to the corresponding unit normal to the surface.
Therefore, the integration of the magnetic stress vector over the closed surface S reduces to integration
over surfaces S1 and S.

On surfaces S; and S», the magnetic field intensity vector is described by the following expressions:

le—i[éq, L Hy=-—t (£, (16.392)
23} 201,

where r is the distance of the field point from the axis of the conductor.
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Figure 16.86. Parts of the closed integration surface S

In a magnetostatic field, the magnetic stress vector in an LIH medium is described by expression
(16.175), which on surfaces S; and S» takes the form:
7 ﬂ H2 @ =2 el t3) (16.393)

ml =

i,=-to o 3 (6, = “0 (H2 T8, = “0 H2 [{-8,) (16.394)

m2 —

It follows that, in the cylindrical coordinate system, the magnetic force per unit length on the upper
half of the solid conductor is:

F=F +F, =(—§)m$zml -1, &, [iﬁér ¢ (16.395)
0 0

From expressions (16.391) - (16.393), it follows that:

F=(- )%[jz :%[ﬂ—]) (16.396)

Since the magnetic force 132 acts in the direction of the y-axis, it is sufficient to integrate only the
y-component of the magnetic stress vector over surface Sz, so:

Vs T
Fy ==t O ([, (06 =~ § Uy 0y 6, 5) g (16.397)
0 0
from which it follows that:
~ _ /2 _
F,=-jl,, 4 [IDISIH¢ Ldg =20, [ [ﬁ ) M, L, I:sz [6— j) (16.398)

From expressions (16.392) and (16.398), it follows that:

P, = 4‘&?; [ﬂ— j) (16.399)

and the total magnetic force per unit length on the upper half of the solid conductor is:
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2 2
F=F +F, :&[ﬁ_ j) :&[ﬁl (16.400)

30T, 30T,
If the given data are substituted, it follows that:
- - N
F =1.061032954x10 " [@&; — (16.401)
m
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17. TIME-VARYING ELECTROMAGNETIC FIELD

The time-varying electromagnetic field is described by Maxwell's differential equations, from which
Maxwell's integral equations can be easily derived. Maxwell's differential and integral equations in the
time domain are thoroughly explained in Chapter 6 of this textbook, whereas Chapter 7 covers Maxwell's
differential and integral equations in the phasor domain. For the sake of completeness, they are briefly
restated in this chapter.

17.1. Maxwell's Differential Equations in a Slowly Moving Medium

In the time domain, Maxwell's differential equations in a slowly moving conducting medium (slowly
moving system) are described by expressions (6.31) - (6.34), which are as follows:

Dxﬁ=jm=f{hﬂ+£2 (17.1)
dt
OxE=-48 (17.2)
dt
D%i:+i2J=—DW;=&t (17.3)
dt
OB =0 (17.4)

where:
H -the magnetic field intensity vector,
E - the electric field intensity vector,
D - the electric displacement vector,

- the magnetic flux density vector,

~! o

wt - the vector of the surface density of the total electric current,

J s - the vector of the surface density of the source (impressed) electric current,

~I

. - the vector of the surface density of the conduction electric current,

g - the volume density of the source leakage electric current.

In the time domain, Maxwell's differential equations in a slowly moving perfect dielectric are
described by expressions (6.1) - (6.4), which are as follows:

Dxﬁsz=L+£2 (17.5)
dt
Ox5=-98 (17.6)
dt
0D =p, (17.7)
OB =0 (17.8)

where o, volume density of source (impressed) electric charge.
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In the time domain, Maxwell's differential equations in a slowly moving perfect dielectric are a
special case of Maxwell's differential equations in a slowly moving conducting medium. In a perfect
dielectric, the following holds:

J. =0 (17.9)

and according to expression (6.21), in a perfect dielectric, the following holds:

_dp;

=5 17.10
8st dr ( )

where, in this special case, g is the volume density of the displacement current.

If the total time derivatives are expressed using partial time derivatives, in the time domain,
Maxwell's differential equations in a slowly moving conducting medium can be described by
expressions (6.38) - (6.41), which are as follows:

OxH = fs+]c+17[ﬁDUl3)+%—D—DX(ﬁXI3) (17.11)
t
- 0B S
OxE= - me(va) (17.12)
DEE]C +vtﬁmm3)+%—Dj=gst (17.13)
t
OB =0 (17.14)

where v is a vector of constant relative velocity with respect to the observer.

If the total time derivatives are expressed using partial time derivatives, in the time domain,
Maxwell's differential equations in a slowly moving perfect dielectric can be described by expressions
(6.9) - (6.12), which are as follows:

DXﬁ:fs+pSBF+%—?—DX(\7X5) (17.15)
Dsz—‘Z—If+ DX(\7><E) (17.16)

O = p, (17.17)

OB =0 (17.18)

In the phasor domain, from expressions (17.11) - (17.14), Maxwell's differential equations in a slowly
moving conducting medium can be easily derived, and they are given as follows:

OxA =] +J +v{0B)+ D -0x(5xD) (17.19)
OxE= - joB+0x(ixB) (17.20)

00, +vd0b)+ j wD)=-00, =3, (17.21)
0B =0 (17.22)
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where:

H -the phasor of the magnetic field intensity vector,

- the phasor of the electric field intensity vector,

oy It |

- the phasor of the electric displacement vector,

- the phasor of the magnetic flux density vector,

¢ - the phasor of the vector of the surface density of source (impressed) electric current,

|~ I~ |53

. - the phasor of the vector of the surface density of conduction electric current,

8« - the phasor representing the volume density of the source leakage electric current flowing into
the surrounding conducting medium,

a - the angular frequency,

v - the vector of the constant velocity relative to the observer,

j - the imaginary unit.

In the phasor domain, from expressions (17.15) - (17.18), Maxwell's differential equations in a slowly
moving perfect dielectric can be easily derived, and they are given as follows:

OxA=J +p, 0+ j@D-0x(5xD) (17.23)
OxE= - jwB+0x(ixB) (17.24)
OD=p, (17.25)

OB=0 (17.26)

where O, is the phasor of the volume density of source (impressed) electric charge.

17.2. Maxwell's Differential Equations in a Stationary Medium

Maxwell's differential equations in a stationary medium can be easily derived from Maxwell's
differential equations in a slowly moving medium by replacing the total time derivatives with partial
time derivatives, or by taking into account the fact that in a stationary system v =0.

From expressions (17.1) - (17.4), it is easy to derive that in the time domain, Maxwell's differential
equations in a stationary conducting medium are described by the following expressions:

OxH=J, =J,+J, +aa_lz) (17.27)
DxE:—a—B (17.28)
ot
1))
0 [EJC +E} =g (17.29)
OmB=0 (17.30)

From expressions (17.5) - (17.8), it is easy to derive that in the time domain, Maxwell's differential
equations in a stationary perfect dielectric are described by the following expressions:
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OxH=J, +— (17.31)
ot
DXE:—a—B (17.32)
ot
0D = p, (17.33)
OB =0 (17.34)

In the phasor domain, from expressions (17.27) - (17.30), or alternatively from expressions (17.19)
- (17.22), Maxwell's differential equations in a stationary conducting medium can be easily derived, and
they are given as follows:

OxH=J, +J, +aa—l: (17.35)
OxE= - jwB (17.36)
0 [ch +6—DJ =g, (17.37)

ot ’
OB=0 (17.38)

In the phasor domain, from expressions (17.31) - (17.34) or alternatively from expressions (17.23) -
(17.26), Maxwell's differential equations in a stationary perfect LIH dielectric can be easily derived, and
they are given as follows:

OxH=J +jD (17.39)
OxE= - jwB (17.40)
0 =p, (17.41)

OB =0 (17.42)

17.3. Maxwell's Integral Equations in a Slowly Moving Medium

In the time domain, Maxwell's integral equations in a slowly moving conducting medium (slowly
moving system) are described by expressions (6.90) - (6.93), which are as follows:

i = j(is +ic+v[ﬁmuﬁ)+@JW§—§(wb)W (17.43)
C S at C
i =-19B o v ilx B =49
e—iEm ek @S +£( B)Dli " (17.44)
(ic +7 [ﬂmuﬁ)+@j (S = [ gy &V (17.45)
av ot v
§B @S = 0 (17.46)
oV
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where e is the electromotive force (EMF) induced in the closed contour C, and @ is the magnetic flux
passing through the surface S. The surface S and the closed curve C are described in Figure 1.4, whereas
the volume V and the closed surface dV are described in Figure 1.3.

In the time domain, Maxwell's integral equations in a slowly moving perfect dielectric (slowly
moving system) are described by expressions (6.82) - (6.85), which are as follows:

§H v -l(J +p, T + ‘Z—’?jms —i(vxb)mf (17.47)
i f:—SEBiS +§(vx3)m"= d; (17.48)
§D s = jpg @V =g, (17.49)
av
§BLUS =0 (17.50)
ov

where ¢, is the electric charge of independent sources within the volume V (Figure 1.3).

In the phasor domain, from expressions (17.43) - (17.46), Maxwell's integral equations in a slowly
moving conducting medium can be easily derived, and they are given as follows:

fawr =7, +J, +v{omD)+ j2om)ws - §(5x5)wr (17.51)
EL7 =- jwl{ B@sS +§\v=B)a7 (17.52)
f q <)
C S C
J+v 0D )+ jwD)ws = [ g, v (17.53)
§i +vpm) Ja@s =z,
ov \%
§BLUS =0 (17.54)
1%

In the phasor domain, from expressions (17.47) - (17.50), Maxwell's integral equations in a moving
perfect dielectric can be easily derived, and they are given as follows:

§ﬁmi:j(zs +ﬁsw+jﬂwn_3)mi§—§(axé)wi (17.55)
C S C
§EW@/ =~ jo BUS +§(v><1_§)w” (17.56)
C S
§D s = jps @V =Q, (17.57)
)%

§BES=0 (17.58)

where és is the phasor of the source electric charge inside volume V (Figure 1.3).
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17.4. Maxwell's Integral Equations in a Stationary Medium

Maxwell's integral equations in a stationary medium can be easily derived from Maxwell's integral
equations in a slowly moving medium by replacing the total time derivatives with partial time
derivatives, or by taking into account the fact that in a stationary system v = 0.

From expressions (17.43) - (17.46), it is easy to derive that in the time domain, Maxwell's integral
equations in a stationary conducting medium are described by the following expressions:

§H s = j[i +J, +a—D] WS =i +i, +iggp (17.59)
- 3 ot
ngmz*:— 9B 5 =_92 (17.60)
- S ot ot
- dD)_ - .
§| T +— @S = [g @V =iy (17.61)
oV at Vv
§1§ @S =0 (17.62)
ov

where:
i - the source electric current flowing through the surface S (Figure 1.4), which is described by
expression (6.76),
i - the conduction electric current flowing through the surface S (Figure 1.4),

lgisp - the displacement electric current flowing through the surface S (Figure 1.4), which is described

by expression (6.77),
iy - the source leakage electric current flowing into the surrounding conducting medium within the
considered volume V.

From expressions (17.47) - (17.50), it is easy to derive that in the time domain, Maxwell's integral
equations in a stationary perfect dielectric are described by the following expression:

§H s =7, s + ja—D S =i + gy (17.63)
C S S or
e=§EL/ =~ 9B 15 = - 92 (17.64)
- 5 o ot
§DS = [p, Qv =g, (17.65)
)% \%
§BLUS =0 (17.66)
1%

In the phasor domain, from expressions (17.59) - (17.62) or alternatively from expressions (17.51) -
(17.54), Maxwell's integral equations in a stationary conducting medium can be easily derived, and they
are given as follows:

C

s

7 = [, GHS + [ J S + j o[ DWS = I, + 1, + I, (17.67)
S S S

§E@ =~ jRol BUS =~ j (@ (17.68)
C N

304



§(7, + j wD)ws = [g,@v =1, (17.69)
v 1%

§BLUS =0 (17.70)
ov
where:
I s - the phasor of the source electric current flowing through the surface S (Figure 1.4),

I . - the phasor of the conduction electric current flowing through the surface S (Figure 1.4),

I gisp - the phasor of the displacement electric current flowing through the surface S (Figure 1.4),

fst- the phasor of the source leakage electric current flowing into the surrounding conducting
medium within the considered volume V.

In the phasor domain, from expressions (17.63) - (17.66) or alternatively from expressions (17.55) -
(17.58), Maxwell's integral equations in a stationary perfect dielectric can be easily derived, and they
are given as follows:

§H 7 =[] S + j ol DOS = I + Iy, (17.71)
C S S
§EW@/ =~ jo BUS =~ j @ (17.72)
C S
§ps = [p, v =0, (17.73)
)% \%
@ @S =0 (17.74)
oV

17.5. Components of the Electric Field Intensity and the Voltage Between Two Points

In a slowly moving coordinate system that is moving with a relative velocity v with respect to the
magnetic field, the (total) electric field intensity can be described by the following expression:

E=—D¢—d—A=—D¢—a—A + VxB (17.75)
dt ot

whereas the magnetic flux density is described by the following expression:
B=0xA (17.76)

where ¢ is the electric scalar potential, and A is the magnetic vector potential.

The total electric field intensity can be expressed as the sum of the static and the induced electric
field intensities:

E = Estat

+ Ejng (17.77)
Therefore, the time-varying electric field has two components:

* Static electric field, which is irrotational (conservative) and is generated by charges in a perfect
dielectric and stationary electric currents in the conducting medium,

* Induced electric field, which is rotational and is caused by a time-varying magnetic field.

A static electric field is generated by charges that are either at rest or in uniform motion. An
electrostatic field is produced by charges at rest, whereas a stationary current field is generated by
charges in uniform motion.
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Stationary electric currents also create a magnetostatic field. Time-varying electric currents (charges
in non-uniform motion) generate a time-varying electric field and a time-varying magnetic field, that is,
a time-varying electromagnetic field.

The static electric field intensity is described by the expression:
Eqy =—0¢ (17.78)

whereas in the moving coordinate system, the induced electric field intensity is described by the
expression:

~ dA A - - ~
ind — E = - E + VvxB= Eind—tr + Eind—mo (1779)
where:
. 0A
Eipg-v = — o (17.80)

is the induced electric field intensity due to transformation, that is, due to the time variation of the
magnetic vector potential and thus also of the magnetic flux density, whereas:

= ixB (17.81)

is the induced electric field intensity is due to the relative motion of the magnetic field with respect to
the coordinate system.

In the case of an electrostatic field and a stationary current field, the induced electric field intensity
is equal to zero, so:

E=E, =-0¢ (17.82)

from which it follows that the electrostatic field and the stationary current field are conservative fields,
and the voltage between points A and B is described by the expression:

B B
Uy =@, — @, = jE 7 = jESmt v (17.83)
A A

which means that the voltage between two points is equal to the difference between the electric scalar
potentials of these points and therefore does not depend on the integration path (the integration curve).

In a time-varying electromagnetic field, the voltage between two points is equal to the line integral
of the total electric field intensity:

Uy =y = [EQF = [Eg W + [Eyg Wi = §,~4, + ey (17.84)
C C,

stat
C.

1 1

where C;j is the arbitrary i-th integration curve under consideration (Figure 17.1).

—_—

Figure 17.1. Arbitrarily chosen integration curves between points A and B
In a time-varying electromagnetic field, the voltage and the induced EMF between two points depend

on the integration path, whereas the difference of the scalar electric potentials is independent of the
integration path:
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B
[Eqo @i = [Eg @7 =9, -4, ; OC (17.85)
G A

Therefore, the induced EMF also depends on the integration path:

- C _ T -
€AB _eAé - Eind Ldr =
C.

1

JEind—tr Dlii + IEind—mo Bi[ = Cap—tr + € AB—mo (17'86)
C. C.

1 1

The induced EMF due to transformation is described by the expression:

_ . 0A _ -
erstr = [ Eingey W7 = = | 5, ¥ (17.87)
C ¢ ot

1 1

whereas the induced EMF due to motion is described by the expression:

€aB-mo — IEind—mo Bi[ = J(ﬁxé)ﬂiﬁ (17'88)
G C
Therefore, it holds that:
ug Ee £ 9,9, (17.89)

For a closed contour located in a time-varying electromagnetic field (Figure 17.2), the following
holds:

w=u, = §EGF = §Ey W7+ §E U7 =g, ~ ¢, +e=§Ep, W7 (17.90)
G G G T G
y
Cy

Figure 17.2. Arbitrarily chosen closed integration paths

According to expression (17.48), Faraday's law of electromagnetic induction holds for the closed
contour C:
. ~ - 4 @
u=e=§EUI = {Eypq W = d¥_ 42 g (17.91)
- - dt dt

where @ is the magnetic flux passing through the closed contour C, taking into account the right-hand
rule, whereas ¥ is the magnetic flux linkage.

Furthermore, according to expression (17.48), for a closed contour in a time-varying electromagnetic
field, the following expression holds:
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e=§EU = {E;g Bi*:—jjaa—fmﬁ + §(ﬁxé)ﬂiﬁ (17.92)
C C S C

from which, in accordance with expression (17.79), it follows that:
L - - 0A il =\~
e= ¢ELr =¢FE._ Ly =—¢—L0Ur + ¢\vxB]Ldr 17.93
i i ind i ot i( ) ( )

In the general case, both the EMF due to transformation and the EMF due to motion and/or
deformation are induced within a closed contour located in a time-varying electromagnetic field. In the
case of a closed contour, one can also speak of the induced voltage, since the voltage along the closed
contour is equal to the induced EMF. This is in accordance with Kirchhoff’s second law.

If Faraday's law of electromagnetic induction is neglected in time-varying electric circuits, then the
voltages are equal to the potential differences. A reference node is chosen at which the potential is set
to zero, and the node potentials (the voltages of the nodes relative to the reference node) do not depend
on the path leading from one node to the other.

The voltage measured by a voltmeter between two points of an alternating current (AC) electrical
network also depends on how the voltmeter is connected, that is; the voltage depends on the EMF
induced in the loop formed by the voltmeter's leads and the electrical network.

17.6. Lorenz-Gauge Potentials in a Stationary LIH Medium

The magnetic vector potential A and the electric scalar potential ¢ in a stationary LIH medium are
defined by the expressions:

=0xA (17.94)

ooT}

_0A

ot

The Lorenz gauge condition is most commonly used as a relationship between electromagnetic
potentials and can be written as follows in a conducting LIH medium:

E=-0¢ (17.95)

O A +yzm‘;£+ UK PH=0 (17.96)
t
which, in the case of a perfect LIH dielectric, takes on a new form:
O + ulz a¢:0 (17.97)
t

If the electromagnetic potentials are related by the Lorenz gauge condition, they are called Lorenz-
gauge potentials.

The first and third Maxwell's differential equations in a stationary perfect LIH dielectric are described
by the expressions (9.10) and (9.11), which read:

Dxézyﬁs+yzm‘2£ (17.98)
t
nE=5 (17.99)
£

and these expressions can also be easily obtained from expressions (17.31) and (17.33) by substituting
the constitutive equations (3.11) into them.

When the expressions (17.94) and (17.95) are substituted into Maxwell's differential equations
(17.98) and (17.99), the expressions (9.15) and (9.16) are obtained, which read:
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,-
AA—me‘;—f—D(DDhy@B‘?j:—yDTS (17.100)
t t

Ag +i(DDK)=—& (17.101)
ot £

Based on expression (17.100), it is easy to understand why the Lorenz gauge condition (17.97) is
most commonly used as a relation between electromagnetic potentials in a stationary perfect LIH
dielectric. In addition to the Lorenz gauge condition, the Coulomb gauge condition is also sometimes
used:

O =0 (17.102)

If the Lorenz gauge condition (17.97) is substituted into the differential equations (17.100) and
(17.101), the following system of inhomogeneous undamped wave equations for the Lorenz-gauge
potentials in a stationary perfect LIH dielectric is obtained:

S

AA—meaa—f:—yD?s (17.103)
t
2

A¢—m:ma—2=—& (17.104)
ot £

where J s and p, are the densities of independent sources of the electromagnetic field, which satisfy
the continuity equation (6.30).

According to the expressions (6.50) and (6.52), the first and third Maxwell's differential equations in
a stationary conducting LIH medium are described by the expressions:

Dxézmjs+yu(ui+yg~a‘;—f (17.105)

[K+£%J(D EE") = gq (17.106)

and these expressions can also be easily obtained from expressions (17.27) and (17.29) by substituting
the constitutive equations (3.11) into them.

When the expressions (17.94) and (17.95) are substituted into Maxwell's differential equations
(17.105) and (17.106), the expressions (6.27) and (6.28) are obtained, which read:

- .

AA—y&G‘;—f—uD(B‘Z—f—D(Dui+y@a‘2_f+yu(wj=—uﬁs (17.107)
t

a‘l[A iDD&J:— 17.1

e oo+ gl =

If the Lorenz gauge condition (17.96) is substituted into the differential equations (17.107) and
(17.108), the following system of inhomogeneous damped differential equations for the potentials in a
stationary conducting LIH medium is obtained:

S .
AA - y@%—f—yﬂ@%ﬁ = —ul, (17.109)
t t

(K +££J(A¢ - uBBaif— ,uD(BaLﬁj = -8« (17.110)
ot ot ot
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which, in a source-free stationary conducting LIH medium, become homogeneous damped wave
equations for the Lorenz-gauge potentials:

—_ 24’ A
pi- urd A yadd - o (17.111)
012 ot
2
Ap - ”Emf)t_f_ uu(ag—‘f =0 (17.112)

In the phasor domain, the inhomogeneous undamped wave equations of the Lorenz-gauge potentials
in a stationary perfect LIH dielectric (17.103) and (17.104) become the inhomogeneous Helmholtz
differential equations (9.20) and (9.21), which read:

DA - PPTA = —pl (17.113)
— 2 — _ ﬁs
A -y = - (17.114)
£
where:
Vi=-kP=-’ Uk ; k=wQuZE ; y=jk (17.115)

The real constant k is the wave number, and the complex constant y is the propagation constant
(also known as the wave constant).

In the phasor domain, the inhomogeneous damped differential equations of the Lorenz-gauge
potentials in a stationary conducting LIH medium (17.109) and (17.110) become the inhomogeneous
Helmbholtz differential equations (9.36) and (9.37), which read:

AA - PTA = —ul, (17.116)
A - P o= - B 17.117
e K+ jlwlE ( )
where:
Vi=—k?=jwotuldk+ jwE) ; p=jk (17.118)

From expressions (17.115) and (17.116), it follows that in the case of a perfect dielectric, the wave
number is a real constant, whereas in the case of a conducting medium, the wave number is a complex
constant.

The propagation constant of the medium can be expressed as follows:
y=a + jlp (17.119)

where o is the attenuation constant, and S is the phase constant.
It can be easily shown that the constants of a conducting LIH medium are:

-ﬁq/a’_@ . = q/ﬂ
a=—O=5 5 BENGIE (17.120)

N =\/ WE +4(wE) +K? (17.121)

where:

whereas the constants of a perfect LIH dielectric (K = O) are described by the expressions:

a=0 ; B=k=wQluE (17.122)

Therefore, the wave number and the phase constant of a perfect LIH dielectric are identical.

310



It is important to emphasize once again that the equations that apply to a perfect LIH dielectric are a
special case of the equations that apply to a conducting LIH medium. Accordingly, the Helmholtz
differential equation (17.114), which applies to a perfect LIH dielectric, is a special case of the
Helmbholtz differential equation (17.117), which applies to a conducting LIH medium, with the following
substitutions:

K=0 ; gy =jLwlp, (17.123)

which follows from expression (6.30).
17.7. Darwin Approximation of the Electromagnetic Field in a Perfect Dielectric
The hybrid or Darwin approximation of the electromagnetic field in a stationary perfect LIH

dielectric is obtained from the full system of Maxwell's differential equations, with partial neglect of the
displacement electric currents:

_ .
£ Eing =0 = gaa—Azo (17.124)
ot at>

and, with the introduced neglect, Maxwell's differential equations in a perfect LIH dielectric are:

OxH=J +& gstat (17.125)
t
Dxéz_#gaaﬂ (17.126)
t
nE= (17.127)
£
O =0 (17.128)

The undamped wave equations of the Lorenz-gauge potentials in a stationary perfect LIH dielectric
(17.103) and (17.104), with the introduced neglect, are as follows:

AA=-ulJ, (17.129)
2
A¢—,uura‘;—2=—& (17.130)
t £

which means that the magnetic vector potential is described by Poisson's differential equation, whereas
the electric scalar potential is described by the undamped wave equation.

Since both Lorenz-gauge potentials are not described by Poisson's differential equation, the Darwin
approximation of the electromagnetic field in a stationary perfect LIH dielectric is not quasistatic. It
makes no sense to use it in the case of a stationary conducting LIH medium, as neither potential is
described by Poisson's differential equation.

In the phasor domain, the inhomogeneous differential equations of the Lorenz-gauge potentials in a
stationary perfect LIH dielectric (17.129) and (17.130) take the following form:

(17.131)

A9 - VP = - % (17.132)

where the propagation constant y is described by the expressions (17.119) and (17.122).
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17.8. Magnetodynamic Electromagnetic Field in a Conducting Medium

The magnetodynamic electromagnetic field can be obtained from the full system of Maxwell's
differential equations in a stationary conducting medium by completely neglecting the displacement
electric currents:

oD =0 (17.133)
ot

which is the usual approximation of the electromagnetic field in good conductors, since it is:

J >>6—D (17.134)

ot

that is, the surface density of the displacement electric current is negligible compared to the surface
density of the conduction electric current.

For a sinusoidal electromagnetic field with the angular frequency o, the condition (17.134) is as follows:

K>>ale (17.135)

Neglecting the electric displacement currents, Maxwell's differential equations in a stationary
conducting LIH medium are described by the expressions (6.68) - (6.71), which are as follows:

OxH=J, +k[E (17.136)
OxE = —yaaaﬂ (17.137)
t
OCE = st (17.138)
K
OH =0 (17.139)

and these expressions can be easily derived from the expressions (17.27) - (17.30) by using the condition
(17.133) and the constitutive equations (3.11).

With the introduced neglect, i.e., for £ =0, the differential equations of the Lorenz-gauge potentials
(17.109) and (17.110) take the following new form:

AA—,UD(B%—A = - ul, (17.140)

t

rg - ukE? - _ 8u (17.141)
ot K

whereas, according to expression (17.96), the Lorenz gauge condition, with the neglect of displacement
electric currents, is as follows:

O + ulk@®=0 (17.142)

The differential equations (17.140) and (17.141) are inhomogeneous diffusion equations. The
electromagnetic field in an unbounded space described by these equations is not quasistatic. In good
conductors, if the condition (17.133) is satisfied, the solutions of the diffusion equations (17.140) and
(17.141) numerically approximate the solutions of the differential equations for Lorenz-gauge potentials
(17.109) and (17.110) very well. Therefore, such an electromagnetic field can be appropriately called a
magnetodynamic electromagnetic field [14]. This approximation of the electromagnetic field in the time
domain is common and justified in the case of good LIH conductors, since the differential equations for
Lorenz-gauge potentials (17.109) and (17.110) are considerably simplified.
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In the phasor domain, the inhomogeneous diffusion differential equations of the Lorenz-gauge
potentials in a stationary conducting LIH medium (17.140) and (17.141) become the inhomogeneous
Helmholtz differential equations (9.39) and (9.40), which read:

AA - PPTA = -ul, (17.143)
A9 - P° I = —% (17.144)
where:
Pe=-kl=jouk ; y=jk (17.145)
from which it follows that:
7=a+ jB=(1+j) ; a=p= w%ﬂ( (17.146)

which can also be obtained from the expressions (17.119) - (17.121) by substituting £ =0.

If the electromagnetic field in good LIH conductors is sinusoidal, then both the dynamic sinusoidal
electromagnetic field and the magnetodynamic sinusoidal electromagnetic field are described by the
inhomogeneous Helmholtz differential equations of the Lorenz-gauge potentials. Therefore, in the case
of a sinusoidal electromagnetic field in good LIH conductors, the neglect of displacement electric
currents is not very advantageous, even if the neglect does not introduce a significant numerical error.
In the time domain, however, this neglect makes a lot of sense.

17.9. Quasistatic Electromagnetic Field

Quasistatic or quasistationary electromagnetic problems are dynamic problems that can be solved
like static problems without significant numerical error. In such cases, the potentials in an unbounded
LIH medium are described by Poisson's differential equations:

AA=-ull, (17.147)
Ap=-P o pg=-Sx (17.148)
£ K

These Poisson's differential equations have the same formal form as in the case of static fields.
However, the potentials, the surface density of source electric current, the volume density of the source
electric charge and the volume density of the source leakage electric current depend on time.

The particular solutions of Poisson's differential equations for the quasistatic electromagnetic field are:

A’ — M JSWV

(17.149)
4l ;,
1 p, Ldv 1 gy LdVv
= s = S 17.150
¢ mﬂ% o 4Dru([£ r (17150
It holds that:

g =— 08, (17.151)

where the expression:
o= G490 j+a X (17.152)

0 x, 0y, 0z,

313



describes the Hamiltonian differential vector operator in relation to the coordinates of the source point,
where the coordinates of the source point in the Cartesian coordinate system are (Xs, ys, Zs)-

It is logical that the particular solutions of Poisson's differential equations formally have the same
form as in the case of static fields. This means that, with the introduced neglects, the field changes occur
simultaneously at all points in space.

For a sinusoidal electromagnetic field with angular frequency w, in a bounded LIH region, the
electromagnetic field can be considered as a quasistatic (slowly varying) electromagnetic field if the
following condition is satisfied:

BIR, . <<I (17.153)

where £ is the phase constant of the medium, and Rumax is the largest distance between two points in the
computation region.

For a sinusoidal electromagnetic field with angular frequency @ in a perfect LIH dielectric, the
quasistatic condition is as follows:

R <<—=— (17.154)

where f is the phase constant of the perfect LIH dielectric, which is described by expression (17.122).

For a sinusoidal electromagnetic field with angular frequency w in a conducting LIH medium, the
quasistatic condition is as follows:

(17.155)

1 2 1
Rmax KL= = E
B Vewtu \/wﬂ;‘hl(wﬂ‘)z + K2

where £ is the phase constant of the conducting LIH medium, which is described by expressions (17.120)
and (17.121).

In good conductors, displacement electric currents can be neglected, i.e., it can be assumed that
£ =0, so for a sinusoidal electromagnetic field with angular frequency w in a good LIH conductor, the

quasistatic condition is as follows:
2
wllulk

1
Rinax «E: (17.156)
where f is the phase constant of the good LIH conductor, which is described by expression (17.146).

For a sinusoidal electromagnetic field with a frequency of 50 Hz, in a bounded region, the
electromagnetic field can be considered as a quasistatic electromagnetic field if the largest distance
between two points in the computation region Rmax is:

* For air: Rmax << 954.3 km (usually, a limit of 100 km is taken),
* For seawater (4, =1, &, =80, K =5S/m): Rmax << 31.83 m,

* For copper (Y, =1, &, =1, K =59.6 MS/m): Rimax << 9.22 mm,

* For steel (¢4, =100, &, =1, K =6.99 MS/m): Rumax << 2.69 mm.

17.10. Magnetoquasistatic Electromagnetic Field in a Perfect Dielectric

The magnetoquasistatic electromagnetic field can be obtained from the full system of Maxwell's
differential equations in a stationary perfect dielectric by completely neglecting the displacement electric
currents:

D
oD =0 (17.157)
ot
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Neglecting the displacement electric currents, Maxwell's differential equations in a stationary perfect
LIH dielectric are as follows:

OxH = J, (17.158)
OxE = —yaaa— (17.159)
t
OE=* (17.160)
£
O0H =0 (17.161)

and these expressions can easily be obtained from expressions (17.31) - (17.34) by substituting condition
(17.157) and the constitutive equations (3.11).

The introduced neglect of displacement electric currents, which corresponds to setting € = 0, requires
that the potential differential equation in a perfect LIH dielectric (17.100) be replaced. As a result, the
potential differential equations (17.100) and (17.101) take the following form:

AA-0O(00)=-pd, (17.162)
9 (i) ==~
A¢+E(DDA)— 2 (17.163)

which means that the Lorenz gauge condition (17.97) reduces to the Coulomb gauge condition (17.102).
After substituting the Coulomb gauge condition into the potential differential equations (17.162) and
(17.163), the following two Poisson's differential equations are obtained:

AA=-ull, (17.164)
ng=-Fs (17.165)
£
which, in phasor notation, are as follows:
AA = -y, (17.166)
AG = -5 (17.167)
£

Therefore, this electromagnetic field is quasistatic, and in this case, it is called a magnetoquasistatic
electromagnetic field.

In a perfect LIH dielectric, the magnetic field is formally described by the same pair of Maxwell's
differential equations as the magnetostatic field:

OxH=J, ; OH=0 (17.168)

whereas the electric field, which depends on the magnetic field, is described by additional differential
equations:

OxE= —ya‘? . OE=5 (17.169)
t £
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17.11. Electroquasistatic Electromagnetic Field in a Stationary Medium

The electroquasistatic electromagnetic field in a stationary medium can be obtained from the full
system of Maxwell's differential equations by neglecting the induced component of the electric field
intensity:

=0 > —= (17.170)

which means that the electromagnetic potentials are described by the expressions:
B=0OxA ; E=-0¢ (17.171)

This neglect results in the fact that Faraday's law of electromagnetic induction does not hold.

With the introduced neglect, Maxwell's differential equations in a stationary perfect LIH dielectric
are as follows:

DxH:fS+ga‘z—§ (17.172)
OxE=0 (17.173)
OE=5 (17.174)

&
O0H =0 (17.175)

and these expressions can easily be obtained from expressions (17.31) - (17.34) by substituting condition
(17.170) and the constitutive equations (3.11).

If expressions (17.171) are substituted into Maxwell's differential equations (17.172) and (17.174),
taking into account expression (9.14), the following differential equations for the potentials are obtained:

AA —D(DD@ + y@a‘;ﬁj = —ul, (17.176)
t
Ag=-Fs 17.177)
£

and after substituting the Lorenz gauge condition (17.97) into expression (17.176), Poisson's differential
equations (17.164) and (17.165) are obtained, which are described in the phasor domain by expressions
(17.166) and (17.167).

Therefore, with the introduced neglect (17.170), the electromagnetic field in a perfect LIH dielectric
is quasistatic, and in this case, it is called an electroquasistatic electromagnetic field.

In a perfect LIH dielectric, for the electroquasistatic electromagnetic field, the electric field is
formally described by the same pair of Maxwell's differential equations as the electrostatic field:

OxE=o0 : OE=2 (17.178)
E

whereas the magnetic field, which depends on the electric field, is described by the differential
equations:

DxH:isma‘;ﬁ . OMH =0 (17.179)
t

With the introduced neglect (17.170), Maxwell's differential equations in a stationary conducting
LIH medium are as follows:
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OxH=J +K@+£% (17.180)

OxE=0 (17.181)

ng%j (D EE) = g (17.182)

OMH =0 (17.183)

and these expressions can easily be obtained from expressions (17.27) - (17.30) by substituting condition
(17.168) and the constitutive equations (3.11).

If expressions (17.171) are substituted into Maxwell's differential equations (17.180) and (17.182),
taking into account expression (9.14), the following differential equations for the potentials are obtained:

AA —D(DD& + ,thG%—f+,uD(@5] = —ul, (17.184)
(K+£E§—JA¢:—gst (17.185)

and after substituting the Lorenz gauge condition (17.96) into expression (17.184), the following
differential equations for the Lorenz-gauge potentials are obtained:

AA = —pul, (17.186)
(K+£E—§—JA¢=—gst (17.187)
t
which, in the phasor domain, are as follows:
AA = —ul, (17.188)
AP = - 8w (17.189)
K+ jLwlE

and these are Poisson's differential equations.

Therefore, with the introduced neglect (17.170), the electromagnetic field in a conducting LIH
medium is quasistatic, and in this case, it is also called an electroquasistatic electromagnetic field.

In a conducting LIH medium, for the electroquasistatic electromagnetic field, the electric field is
independent of the magnetic field and is described by the following pair of Maxwell's equations:

OxE=0 ; (K+£%](D@)=gst (17.190)

whereas the magnetic field, which depends on the electric field, is described by Maxwell's differential
equations:

DxH:iS+KEE+eaf;£ . OMH =0 (17.191)
t
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17.12. Fully Quasistatic Electromagnetic Field in a Stationary Medium

The fully quasistatic electromagnetic field in a stationary medium can be obtained from the full
system of Maxwell's differential equations by simultaneously neglecting the displacement electric
currents and the induced component of the electric field intensity:

‘Z_D=o . 9B, (17.192)
t

ot
which means that the electromagnetic potentials are described by the expressions:
B=0OxA ; E=-0¢ (17.193)

This means that another neglect is introduced into Maxwell's equations for the electroquasistatic
field. Without further verification, it is easy to conclude that such a field in a stationary LIH medium is
quasistatic.

With the introduced neglects (17.192), Maxwell's differential equations in a stationary perfect LIH
dielectric are as follows:

OxH=1J, (17.194)

OxE=0 (17.195)

nE=* (17.196)
£

O0H =0 (17.197)

and these expressions can easily be obtained from expressions (17.27) - (17.30) by substituting
conditions (17.192) and the constitutive equations (3.11).

If expressions (17.193) are substituted into Maxwell's differential equations (17.194) and (17.196),
taking into account expression (9.14), the following differential equations for the potentials are obtained:

AA -D(00 ) = - ud, (17.198)
A¢=—% (17.199)

and after substituting the Coulomb gauge condition (17.102) into expression (17.198), Poisson's
differential equations (17.164) and (17.165) are obtained, which are described in the phasor domain by
expressions (17.166) and (17.167).

Therefore, with the introduced neglects (17.192), the electromagnetic field in a perfect LIH dielectric
is quasistatic, and in this case, it can be called a fully quasistatic electromagnetic field.

In a perfect LIH dielectric, for the fully quasistatic electromagnetic field, the electric field and the
magnetic field are independent. The electric field is formally described by the same pair of Maxwell's
differential equations as the electrostatic field:

OxE=0 : OE=2 (17.200)

whereas the magnetic field is formally described by the same pair of Maxwell's differential equations as
the magnetostatic field:

OxH=J, ; OmH=0 (17.201)

With the introduced neglects (17.192), Maxwell's differential equations in a stationary conducting
LIH medium are as follows:

+k[E (17.202)



UxE=0 (17.203)

OrE =S8t (17.204)
K
OMH =0 (17.205)

and these expressions can easily be obtained from expressions (17.27) - (17.30) by substituting
conditions (17.192) and the constitutive equations (3.11).

If expressions (17.193) are substituted into Maxwell's differential equations (17.202) and (17.204),
taking into account expression (9.14), the following differential equations for the potentials are obtained:

AL -0(00E + ) = - ud, (17.206)
Ap=-S8st (17.207)
K

and after substituting the Lorenz gauge condition (17.142) into expression (17.206), Poisson's
differential equations for the Lorenz-gauge potentials are obtained:

AA = —pulJ, (17.208)
Ap=-5st (17.209)
K

In a conducting LIH medium, for the fully quasistatic electromagnetic field, the electric field is
independent of the magnetic field and is described by the following pair of Maxwell's equations:

OxE=0 ; OE=2% (17.210)
K
whereas the magnetic field, which depends on the electric field, is described by the differential
equations:

OxH=J +«k[E ; OMOH=0 (17.211)

17.13. Comparison of Electromagnetic Field Approximations

The approximations of the electromagnetic field in a stationary unbounded LIH medium, depending
on the type of neglect, are presented in Table 17.1.

Quasistatic electromagnetic fields approximate dynamic electromagnetic fields. The hybrid or
Darwin approximation of the electromagnetic field is the best of the shown approximations of dynamic
electromagnetic fields, but it is not a quasistatic approximation in an unbounded medium. The Darwin
approximation of the electromagnetic field is meaningful only for electromagnetic fields in a stationary
perfect dielectric.

The magnetoquasistatic approximation of the dynamic electromagnetic field in a stationary perfect
dielectric is based on the neglect of displacement electric currents. This is a relatively good quasistatic
approximation of the dynamic electromagnetic field.

If displacement electric currents are neglected in a stationary conducting medium, the electric scalar
potential and the magnetic vector potential satisfy diffusion equations. This is the so-called
magnetodynamic field, which many incorrectly refer to as a quasistatic field. These equations describe
the so-called eddy current problems.

The electroquasistatic approximation of the dynamic electromagnetic field is based on the neglect of
the induced electric field intensity, which means that in this case, Faraday's law of electromagnetic
induction does not hold. This is a relatively rough approximation of the dynamic electromagnetic field,
which is quasistatic in both a stationary conducting medium and a stationary perfect dielectric.
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Table 17.1. Classification of fields depending on the type of neglect and the type of medium

Neglect Medium type Field approximation
al(;ﬂ =0 Perfect dielectric Darwin approximation
t
oD Perfect dielectric Magnetoquasistatic
= =0
ot Conducting medium Magnetodynamic
OB Perfect dielectric
—= Electroquasistatic
o1 Conducting medium
oD OB Perfect dielectric
s =0 and o =0 Fully quasistatic
t ! Conducting medium

The fully quasistatic approximation of the dynamic electromagnetic field is based on the neglect of
displacement electric currents and the induced electric field intensity, which means that in this case, all
time derivatives are neglected in Maxwell's differential equations. This is a very rough approximation
of the dynamic electromagnetic field, which is quasistatic in both a stationary conducting medium and
a stationary perfect dielectric.

17.14. Particular Solutions of the Helmholtz Differential Equations

In the phasor domain, the Lorenz-gauge potentials in an unbounded LIH medium are solutions to
Helmholtz differential equations. If the quasistatic approximation of the dynamic electromagnetic field
is used, the inhomogeneous Helmholtz differential equations reduce to Poisson's differential equations
for the electromagnetic potentials.

In a conducting LIH medium, the inhomogeneous Helmholtz differential equations for the Lorenz-
gauge potentials are described by the expressions (17.116) and (17.117), which are as follows:

AA - P*TA = —ulJ, (17.212)
AP - P = - S 17.213
o -y K+ Dol ( )
and their particular solutions, which apply to an unbounded medium, are (Figure 17.3):
. J @ "y J gy
A= g= = A = (17.214)
4l 7, r 4l 5, r
— 1 gst @—}7@ LV
P = — 1]
At + jolz) r
. (17.215)
_ 1 q g, 2 TPl gy
Atk + jolE) r

where the propagation constant y, attenuation constant a, and phase constant f§ are described by the
expressions (17.119) - (17.121).
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Figure 17.3. The volume V containing the field sources and the field point

In good LIH conductors, with the neglect of displacement electric currents, the dynamic
electromagnetic field can be approximated by the magnetodynamic electromagnetic field. In this case,
the inhomogeneous Helmholtz differential equations for the Lorenz-gauge potentials are described by
expressions (17.143) and (17.144), which are as follows:

QA - PPTA = —ul, (17.216)
4 - y’p = -5 (17.217)

and their particular solutions are also described by the expressions (17.214) and (17.215), whereas the
propagation constant y, attenuation constant o, and phase constant 5 are described by the expressions
(17.145) and (17.146).

If the electroquasistatic approximation of the electromagnetic field is used in a conducting LIH
medium, then the inhomogeneous Helmholtz differential equations for the Lorenz-gauge potentials
(17.212) and (17.213) reduce to Poisson's differential equations (17.188) and (17.189), which are as
follows:

AA = -ulJ, (17.218)
A = - — B (17.219)

K+ jLwlE

and their particular solutions are:

- J v

A=-E = (17.220)
40r voT
9 = 1 f8utdV (17.221)
A+ j i) 3, -

which can be obtained from the particular solutions (17.214) and (17.215) for y =0.

If the fully quasistatic approximation of the electromagnetic field is used in a conducting LIH
medium, then the inhomogeneous Helmholtz differential equations for the Lorenz-gauge potentials
(17.212) and (17.213) reduce to Poisson's differential equations:

AA = -ulJ, (17.222)

—_ gst
Ag=—-=2 (17.223)

K

and their particular solutions are:
- J v
iA=L = (17.224)
alir;, r
1 gy LldV

= 2 17.225
’ 4Urlk E‘[ r ( )



which can be obtained from the particular solutions (17.214) and (17.215) by substituting y =0 and
£=0.

In a perfect LIH dielectric, the inhomogeneous Helmholtz differential equations for the Lorenz-gauge
potentials are described by the expressions (17.113) and (17.114), which are as follows:

AA - PPTA = —ulJ, (17.226)
— 2 - - 155
A -yl = - = (17.227)
£
and their particular solutions are (Figure 17.3):
. J ey J Py
A= 4%1 £ - 4& (17.228)
v r v r
o "ty D, & P2y
= 17.229
9= AlrlE q r AllE q r ( )

where the propagation constant y and the phase constant 5 are described by the expressions (17.119)
and (17.122).

If the electroquasistatic, magnetoquasistatic, or fully quasistatic approximation of the
electromagnetic field is used in a perfect LIH medium, then the inhomogeneous Helmholtz differential
equations for the Lorenz-gauge potentials (17.226) and (17.227) reduce to Poisson's differential
equations:

AA = -uly, (17.230)
Ag = -5 (17.231)
&
and their particular solutions are:
- J
A=-E = (17.232)
AT )
Ej (17.233)
4DTD£ v

which can be obtained from the particular solutions (17.228) and (17.229) for y = j [ =0.

17.15. Phase Velocity of the Electromagnetic Wave

The propagation velocity of a sinusoidal electromagnetic wave, or the phase velocity of the
electromagnetic wave, is described by the expression:

(17.234)

_ w
yv= —
B
where o is the angular frequency of the sinusoidal electromagnetic field.

It follows from expressions (17.120), (17.121), and (17.234) that the phase velocity of a sinusoidal
electromagnetic wave in a conducting LIH medium is described by the expression:

V= 2L E ! (17.235)
H \/a)Drh/(a)Df)z + K2




and in good conductors, with the neglect of displacement electric currents, or for £ =0, the phase
velocity of the electromagnetic wave is approximated by the expression:

v= /@ (17.236)
ULk

which can easily be obtained from expressions (17.146) and (17.234).

From expressions (17.235) and (17.236), it follows that the phase velocity of the electromagnetic
wave in a conducting LIH medium depends on the properties of the medium and the frequency of the
sinusoidal electromagnetic wave.

From expressions (17.122) and (17.234), it follows that the phase velocity of the sinusoidal
electromagnetic wave in a perfect LIH dielectric is described by the expression:

M (17.237)

Tz

and depends only on the properties of the medium.

Therefore, unlike in a conducting LIH medium, in a perfect LIH dielectric, sinusoidal
electromagnetic waves of all frequencies have the same velocity. For a vacuum (air), the phase velocity
of the electromagnetic wave is:

v=;=c=2.99792458><108 m/s = 3x10% m/s (17.238)
Ho LE,

where c is the speed of light in a vacuum.

17.16. Fourier Transform and Inverse Fourier Transform

Electromagnetic problems described in the time domain by linear partial differential equations can
be solved in the time domain, but more complex problems are solved by integral transforms. The most
commonly used transforms are the Laplace transform and the Fourier transform, which transform partial
differential equations from the time domain into systems of linear algebraic equations. The Fourier
transform, which maps functions from the time domain to the frequency domain (also known as the
spectral domain), is defined by the following expression:

Glw)= [gl)ee™ /™ rar (17.239)

where:
g(t) - the given real function in the time domain,
G (a)) - the complex function in the frequency domain,
t =0 - the time,
a=2[(nlf - the angular frequency.
In the special case when ¢ 20, the Fourier transform is given by the following expression:

+ 00

Glw)= [ le)re™ /" tair (17.240)
0

The inverse Fourier transform is used to map a function from the frequency domain to the time
domain, and is given by the following expression:

+ o0

g(;)zﬁmjé(w)@fMWw (17.241)
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From expression (17.239), it follows that:
G-0)=(Gl)f . o @0=(s@) (17.242)

and the expression for the inverse Fourier transform (17.241) can be rewritten into a new form:
1 + 00
g(t)=—0[Re [G(w)@fm]mw (17.243)
m
0

which means that the computation can be carried out under the assumption that a = 0.

By using the discrete fast Fourier transform (FFT) or the continuous numerical Fourier transform
(CNFT), the integral described by expression (17.240) is solved for a set of so-called sample points in
the frequency domain. Then, for each of these sample frequencies, the corresponding system of linear
algebraic equations is solved in the frequency (phasor) domain. After that, the quantities of interest are
mapped from the frequency domain to the time domain using the inverse fast Fourier transform (IFFT)
or the inverse continuous numerical Fourier transform (ICNFT), and thus the integral (17.243) is solved.
The integral (17.243) must be solved for each individual sample point in the time domain.

If the FFT / IFFT numerical algorithm is used, then sampling in the time domain is coupled with
sampling in the frequency domain, and the sample points in each domain must be equidistant. In
practical applications of the IFFT algorithm, there are two challenging circumstances. The first
challenging circumstance is that the integration domain is infinite and the sample points must be
equidistant, whereas the second challenging circumstance is that the integrand function is highly
oscillatory, especially at high frequencies.

If the CNFT / ICNFT numerical algorithm is used, then the sampling in the time domain and in the
frequency domain are completely independent and entirely arbitrary. This significantly improves the
robustness and accuracy of this numerical algorithm, and it also offers other advantages over the FFT /
IFFT numerical algorithm.

17.17. Retarded Potentials in an Unbounded Perfect LIH Dielectric

From expressions (17.228), (17.229), and (17.234), it follows that the particular solutions of the
inhomogeneous Helmholtz differential equations for the Lorenz-gauge potentials (17.113) and (17.114)
in a stationary perfect LIH dielectric, in the phasor (frequency) domain, are described by the expressions:

J @ iBE gy ioe ™ ey
A=-E s = K = (17.244)
407 v r 407 v r
1 . p. Py 1 P 2wy
P = a2 = 2 (17.245)
4E , 4Tz r

In a stationary perfect LIH dielectric, there is no attenuation of the electromagnetic field, and the
phase constant £ describes the negative phase shift in the frequency domain, which manifests as a delay
(retardation) in the time domain. This is described by the inverse Fourier transform:

_ =
g(z—ijzzLDj Gle " 2w (17.246)

which means that the Lorenz-gauge potentials in the time domain are described by the expressions:
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B js(t —rj v . ,Os(t —rJ v
A= v . = d 17.247
mrti r et (17247

which are known as the retarded potentials.

The retarded potentials, described by the expressions (17.247), are particular solutions to the
inhomogeneous Helmholtz differential equations for the Lorenz-gauge potentials (17.113) and (17.114)
in a perfect LIH dielectric, in the time domain. The retarded potentials are frequency-independent, since
the wave propagation velocity v, which is described by the expression (17.237), is independent of the
frequency. Therefore, expressions (17.113) and (17.114) in a perfect LIH dielectric apply to both
sinusoidal and non-sinusoidal electromagnetic fields. The influence of the electromagnetic field source
propagates with velocity v and is transmitted to a point at a distance r after a time interval:

=" (17.248)

In a vacuum, the electromagnetic wave velocity v is equal to the speed of light c.

Let a time-varying longitudinal current flow along the axis of a thin wire located in an unbounded
perfect LIH dielectric with permittivity & (Figure 17.4).

Figure 17.4. Thin-wire conductor in a perfect LIH dielectric
For a thin-wire conductor, it holds that:

J @V - Wi 5 p,v - Aldr (17.249)
where:

i, - the longitudinal source current,

A, - the linear density of source electric charge.

From expressions (17.247) and (17.249), it follows that the retarded potentials of the thin-wire
conductor in a stationary perfect LIH dielectric are described by the following expressions:

b

u if(t - r) ra . A (t - rj Cds
v y
= : = 17.250
4DTE'£ r ¢ 4@@;‘; r ( )

which, in the frequency (phasor) domain, are given by:

(17.251)
r

where:

I , - the phasor of the longitudinal source current,

A, - the phasor of the linear density of source electric charge.
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17.18. Lorenz-Gauge Potentials of a Thin-Wire Conductor in a Conducting LIH Medium

In a stationary conducting LIH medium, the particular solutions of the inhomogeneous Helmholtz
differential equations (17.116) and (17.117) are described by the expressions (17.214) and (17.215),
(17.252)

which are as follows:
7 - V@
o Mgl v
4l 5, r
1 g 27" v
7= —f 8 (17.253)
Atk + jolz) r
where the propagation constant )y of the conducting LIH medium is described by the expressions
(17.119) - (17.121).
Let a sinusoidal longitudinal current flow along the axis of a thin-wire conductor located in an
unbounded conducting LIH medium (Figure 17.5). The following expressions hold:
J@v - Iars (17.254)
(17.255)

8 WV - T Ldr

where:
I ;- the phasor of the longitudinal source current,
T, - the phasor of the linear density of the source leakage (transverse) electric current

Figure 17.5. Thin-wire conductor in a conducting LIH medium

e,

The phasor of the linear density of the leakage (transverse) electric current leaking from the axis of
(17.256)

o

the thin-wire conductor into the surrounding conducting medium is given by the expression:
TS

From expressions (17.252) - (17.255), it follows that the Lorenz-gauge potentials of the thin-wire
conductor in a stationary perfect LIH dielectric, in the phasor domain, are described by the following
(17.257)

expressions:
- _H
A =
A=
(17.258)

1 T,
I

? = 4l + jolZ)

In a stationary conducting LIH medium, in addition to the retardation (delay) of the electromagnetic
wave, there is also attenuation of the electromagnetic wave. Furthermore, the phase velocity of the wave,
described by expression (17.235), depends on the frequency of the electromagnetic field. Therefore,

there is no analytical particular solution to the inhomogeneous Helmholtz differential equations for the
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Lorenz-gauge potentials (17.116) and (17.117) in the time domain. In this case, the Fourier integral
transform should be used to transition between the time and frequency domains.

Since the particular solutions of the Helmholtz inhomogeneous differential equations in a stationary
perfect LIH dielectric, in the phasor domain, are described by the expressions (17.251), which are the
special case of the particular solutions of the Helmholtz inhomogeneous differential equations in a
stationary conducting LIH medium, described by expressions (17.257) and (17.258), it is important to
note that the following expressions apply at the transition from a conducting LIH medium to a perfect
LIH dielectric:

oo jA, ; K- 0 ; Jo jwzja‘vi’ (17.259)

17.19. Electroquasistatic and Fully Quasistatic Sinusoidal Current Field

In a poorly conducting LIH medium, such as soil, where the electrical conductivity ¥ < 1 S/m, the
electroquasistatic approximation of the low-frequency current field is used. From expression (17.190),
it follows that the electroquasistatic sinusoidal current field is independent of the magnetic field and is
described by the differential equations:

OxE=0 ; OE=—2S5s (17.260)
K+ jLwlE
from which it follows that:
E=-09 (17.261)
and that is:
Agﬁ:_—“fstmg (17.262)

The particular solution of Poisson's differential equation (17.262) is:

_ 1 gy ldV
= 17.263
? 4 Ok + jm@)% r ( )

where r is the distance between the source point and the field point.

For a thin-wire conductor, expression (17.255) holds, so in this case, the particular solution of
Poisson's differential equation is as follows:
1 T.ldr
g = i

: 17.264
srile+ joE) ) - ( )

c

The particular solutions of Poisson's differential equations describe the distribution of the scalar
electric potential in an unbounded conducting LIH medium.

From expression (17.262), it follows that for a point source of sinusoidal electric current in a
conducting LIH medium, Poisson's differential equation holds:

I -
Ap = - ——(r) ; g4 -10(r 17.265
P =) ¢ B - ) (17.265)
whose particular solution is:
]
= 17.266
? s + j )G ( )
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If £ =0 is substituted into the expressions listed in this chapter, then the equations of the
electroquasistatic sinusoidal current field in a conducting LIH medium become the equations of the fully
quasistatic sinusoidal current field in a conducting LIH medium.

17.20. Helmholtz Equations for Electromagnetic Fields in a Source-Free Stationary LIH Medium

In chapter 10 of this textbook, the wave equations for electromagnetic fields in a source-free
stationary LIH medium are derived. In a source-free stationary conducting LIH medium, the wave
equations are described by expressions (10.9) and (10.10), which are as follows:

) - -
AE - mea—E - ym(aaﬁ =0 (17.267)
or’ or
) - _
AH - yﬁa‘z—f - /JD(Baaﬂ =0 (17.268)
t t

which in a source-free stationary perfect LIH dielectric become homogeneous undamped wave
equations (10.11) and (10.12), which are as follows::

-

AE - stB‘Z—f =0 (17.269)
1
) -

AH - stBaa—Ij =0 (17.270)
t

whereas in a source-free stationary good LIH conductor, with the neglect of displacement electric
currents, they become homogeneous diffusion equations (10.13), which are as follows:

AE - ym(a‘zﬁ =0 (17.271)
t

AH - yD(G‘L: =0 (17.272)
t

Homogeneous wave equations and homogeneous diffusion equations for electromagnetic fields can
be transformed from the time domain into the Helmholtz homogeneous differential equations for
electromagnetic fields in the phasor domain, which are as follows:

AE -V*E=0 ; AH - y*[H =0 (17.273)

or alternatively written as:

AE = ?[E ; AH =p*H (17.274)

|ty

where the propagation constant of the medium j is described by:

* Expressions (17.119) - (17.121) in a conducting LIH medium,
* Expressions (17.119) and (17.122) in a perfect LIH dielectric,
* Expression (17.146) in good LIH a conductor.

The Helmholtz homogeneous differential field equations in the phasor domain, described by the
expressions (17.274), can be derived for a source-free conducting LIH medium from Maxwell's
differential equations:

OxH =(k+ j (&) E (17.275)

328



OxE= - jwluH (17.276)

which are described in the time domain by expressions (10.1) and (10.2).
Expressions (17.275) and (17.276) should also be accompanied by the following two expressions:

Ox(0xA)=0000H)-Af =-AH (17277)
Ox(0xE)=0d0E)-AE =~ AE (17.278)

From expressions (17.275) and (17.277), it follows that:
AH = (k+ joE) {0 E) (17.279)

From expressions (17.276) and (17.278), it follows that:
AE =~ jotut0xH) (17.280)

From expressions (17.276) and (17.279), it follows that:
AH =~ jlolu + j o) (H = 7°(H (17.281)

From expressions (17.275) and (17.280), it follows that:
AE=~jotullk+jwZ)E=7’E (17.282)

In a source-free perfect LIH dielectric, Maxwell's differential equation (17.275) takes on a new form:
OxH = jwEE (17.283)

In a source-free good LIH conductor, with the neglect of displacement electric currents, Maxwell's
differential equation (17.275) takes on a new form:

OxH =k[E (17.284)

Maxwell's differential equation (17.276) also holds in a source-free perfect LIH dielectric and in a
source-free good LIH conductor.

17.21. Skin Depth of the Electromagnetic Wave

The skin depth of the electromagnetic wave d is described by the expression:

1 (17.285)
a

where @ is the attenuation constant of the medium.

From expressions (17.120), (17.121), and (17.285), it follows that the skin depth of the
electromagnetic wave in a conducting LIH medium is:

d=%q/£ a/ WE +(wE) +&2 (17.286)

whereas in a good conductor, with the neglect of displacement electric currents, the skin depth of the
electromagnetic wave is described by the expression:
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d= / 2 (17.287)
wll [k

In a perfect LIH dielectric, there is no attenuation of the electromagnetic wave, and the attenuation
constant of the medium is zero, so the skin depth of the electromagnetic wave in such a medium is
infinite.

If a sinusoidal electromagnetic wave in a conducting medium travels a distance equal to the skin
depth, its amplitude (and thus its RMS value) decreases to 36.78794% of its initial value, because:

e = 1203678794 (17.288)

17.22 Conductor Impedance and Conductor Internal Impedance

Let a sinusoidal electric current flow through a solid conductor made of an LIH material (Figure 17.6).

Figure 17.6. Conductor made of an LIH material carrying a sinusoidal electric current

Let the curve Cn be such that the magnetic vector potential is perpendicular to it. Then the electric
voltage along this curve is called the transverse voltage or simply the electric voltage. In a time-varying
electromagnetic field, the voltage is not uniquely defined. Therefore, the term "voltage" refers to the
transverse voltage, which is a special case of the voltage corresponding to the difference between scalar
electric potentials.

The following holds:
[EGii =, -9,- | jtAt/ = ¢, -9,=U (17.289)
C, C, T

where U denotes the phasor of the (transverse) voltage of the conductor.
Furthermore, we have:
U=9¢,-¢,=20=(R+jL)d (17.290)
where:
Z - the conductor impedance,
R - the conductor resistance,
¢ - the angular frequency of the electric current,
L - the conductor total inductance,
I - the phasor of the electric current flowing through the conductor.
According to Faraday's law of electromagnetic induction, it holds that:
jEmﬁ—jEw/”:—ijEEextz—ijL 0 (17.291)
C, Cy
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where:

(e)

ext

- the phasor of the external magnetic flux (Figure 17.6),
L., - the conductor external inductance.

It follows from the expressions (17.288) and (17.290) that:
[Etur = U -, d=Z-jmm,,)d=2,0 (17.292)
G

where Zm is the conductor internal impedance.

Thus, the internal impedance of the solid conductor is defined by the expression:

Zin =7 = j 0Ly =%DJE r (17.293)
CI

In the case of an infinitely long straight conductor with a circular cross-section, the per-unit-length
internal impedance of the conductor is defined by the following expression:

Zl_

int —

N||H[~q|

(17.294)

where Et denotes the phasor of the tangential electric field intensity at the conductor’s surface.

In the general case, according to expressions (12.29) and (12.41), the internal impedance of the
conductor can be calculated using the formula derived from Poynting's theorem:

— _ = 2 _ — _ — — [ —
Supin = Zint I> == Sy om =~ § ExH WS (17.295)
S
where:
§ap’in - the complex apparent electromagnetic power entering the volume V,
S, ap, out - the complex apparent electromagnetic power leaving the volume V,

S - the outer surface of the conductor or the outer surface of a unit conductor segment when
calculating the per-unit-length internal impedance.

From expression (17.295), it follows that the internal impedance of the conductor is given by:

- 1 = -0 = 1 - -
Zint =—I—ZEfEX£DBiS=—I—2E§EXQDDﬁDdS (17.296)
S S

It follows that, in the case of an infinitely long straight cylindrical conductor of radius rc, the per-unit-
length internal impedance of the conductor is given by:

= 0
me=—iz EXQDWS=E‘—E2HT2DTD@ (17.297)
I’ I
where:
—0 70
= 17.298
‘o2 ( )
and it is:
e — _
zi B _EO_E 1 } (17.299)
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17.23. Internal Impedance of a Multilayer Cylindrical Conductor

Let an infinitely long, straight, multilayer cylindrical conductor, consisting of m conducting LIH
layers, carry a sinusoidal current. The multilayer cylindrical conductor may be hollow (Figure 17.7-a)
or solid (Figure 17.7-b). Let the field within the conductor be magnetodynamic, which means that
displacement electric currents are neglected.

(&

D >

a) b)
Figure 17.7. Hollow and solid m-layer cylindrical conductor

Let an infinitely long, m-layered solid or hollow cylindrical conductor be aligned along the z-axis of
the cylindrical coordinate system (r, @, z), with the conductor’s axis coinciding with the z-axis. Let a
sinusoidal electric current flow in the direction of the z-axis.

For the cylindrical conductor under consideration, the axisymmetric electric and magnetic fields in
the i-th layer of the m-layered conductor each have only one component, which means that:

E =EE, ; H;=H; G, (17.300)

Neglecting displacement electric currents, the following equations apply for the i-th layer:

AE; = [E, (17.301)
AH; =y H; (17.302)
OxH; = K [E, (17.303)
7= joyy k; (17.304)

Vi = Jo &k 2% =(1+ )@, a = /% (17.305)

For the Laplacian of the phasor of magnetic field intensity vector, the following holds:

Ad, = 0(0m,)-0x(0xd,) = -0x(0x4,) (17.306)

In the cylindrical coordinate system (r, @, z), it holds that:
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ngizl 9 o o |21 3, (17.307)
r|or r or
0 r[H, 0
and it is:
e rléy e,
DX(DXQi)zl[]a— 0 0 -9 \1 (r ) 2 (17.308)
r | or B or|r or
1 a(rD-I})
o 0 -Ob—
r or
From the expressions (17.302), (17.306), and (17.308), it follows that:
o [19lr) =P H, =k H, (17.309)
or|r or

where Igl is the complex wave number of the i-th layer, for which the following expression holds:

_ . <0 . w iD(i
ki =- i = ol k 7% =(1- )@ aiz,/E’“T (17.310)

From the expression (17.309), it follows that:

'Y i i i i
or|r or '

9 FD? + %} = y?H, = -k’ [H, (17.311)

from which the two following forms of this differential equation can be easily derived:

,— _
r? Epalji + rﬂp;—li + (Ef Dﬂ—l)[ﬁi =0 (17.312)
r r

2= _
r2 E@agl + rl:?aHri _ (}—/12 BZ +1)D]_i =0 (17.313)

The differential equation described by the expression (17.312) is a special case of the Bessel
differential equation for n* =1, whereas the differential equation described by the expression (17.313)
is a special case of the modified Bessel differential equation for n*=1.

A particular solution of the Bessel differential equation (17.312) is:
H, =C, 0,k )+ D, IV, (ks &) (17.314)
where:
Ji (Igl Dr) - the complex Bessel function of the first kind of the first order,

N, (I;l Dr) - the complex Bessel function of the second kind of the first order; the complex Neumann
function of the first order,

a, 51 - the unknown complex coefficients.

From the expressions (17.303) and (17.307), it follows that:
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Eizi[ﬁmxﬁi)zida‘@[@ ; Eizitiaa(’"ii) (17.315)
K; K, r Or K, r Or
and it holds that:
j—[rﬁl (k &)=k 0T, (k@) - j—[rzﬁl (3] = & o 6 ) (17316)
r r
where:
Jy (Ig1 Dr) - the complex Bessel function of the first kind of zero order,
N, (Ig1 Dr) - the complex Bessel function of the second kind of zero order; the complex Neumann

function of zero order.
From the expressions (17.314) - (17.316), it follows that:

E, =/’i—[ﬁ€ T,k &)+ D; IV, (k; 7] (17.317)

1
i
The numerical results show that, especially for large arguments, instead of the particular solution

(17.314) of the Bessel differential equation (17.312), it is much better to use the particular solution of
the modified Bessel differential equation (17.313), which is:

H; = G 0,(y G)+ D, K, (7, 3) (17.318)
where:

9 (171 Dr) - the complex modified Bessel function of the first kind of order one,
K, (}71 Dr) - the complex modified Bessel function of the second kind of order one,

C;, D; - the unknown complex coefficients.

The following expressions relate the complex Bessel functions and the complex modified Bessel
functions of order n:

Ted)=cprm,E) o 7,6GE)= "0, 0E) (17.319)
K,(p3)=nm" %E[Un (ko)- v, (& Dr)] (17.320)

The following holds:
%[@1 (o) =rua, (o) : %[r X, (y Dr)] =-y K, (72) (17.321)

From expressions (17.315), (17.318), and (17.321), it follows that:
dc, o, (7.3) - b, &, (7. ) (17.322)

Thus, if the complex Bessel functions are used, the field distribution in the i-th layer of an m-layer
cylindrical conductor is described by the expressions (17.314) and (17.317), except for the first layer of
an m-layer solid cylindrical conductor, for which the following applies:

ki

1

D=0; H=0¢0ka) : E="2iT 0,k3) (17.323)
because the Neumann functions at » =0 are infinite.

If the complex modified Bessel functions are used, the field distribution in the i-th layer of an m-
layer cylindrical conductor is described by expressions (17.318) and (17.322), except for the first layer
of an m-layer solid cylindrical conductor, for which the following applies:
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D=0 H=CU{HE) ?mwwq) (17.324)
1

because the modified Bessel functions of the second kind at » =0 are infinite.
The unknown coefficients are determined from a system of equations obtained by substituting the
expressions (17.314) and (17.317) into the boundary conditions if complex Bessel functions are used,

or by substituting the expressions (17.318) and (17.322) into the boundary conditions if complex
modified Bessel functions are used.

For a solid m-layer cylindrical conductor, the boundary conditions are:

H| =H,, for i=12,..,m-1I (17.325)
r=r =r
E| =E., for i=1,2,..,m—-1 (17.326)
r=r; =r
— I
ml. = (17.327)
r=m o 20 07

For a solid m-layer cylindrical conductor, a system of 2-m — 1 equations is obtained, and the
unknowns are:

- q,
« C,D ;i=23..,m

For a hollow m-layer cylindrical conductor, the boundary conditions (17.325) - (17.327) apply, as
well as an additional boundary condition:

H =0 (17.328)

For a hollow m-layer cylindrical conductor, a system of 2-m equations is obtained, and the
unknowns are: C;,D; ;1 =1,2,...,m

From expression (17.299), it follows that the per-unit-length internal impedance of an m-layer
cylindrical conductor, whether hollow or solid, is described by the expression:

B E,| E,|
Zpy, = I L (17.329)
20, 07 H, 7
r=r,

where r,, is the outer radius of the m-layer cylindrical conductor.
If complex Bessel functions are used, according to expressions (17.314), (17.317), and (17.329), the
per-unit-length internal impedance of an m-layer cylindrical conductor is described by the expression:

=1 ];m EmEVO(];mBm)-'-BmDVO(];mBAm)

"2, Mk €, 0, (k, O, )+ Dy OV, (6 )

(17.330)

For numerical reasons, it is more convenient to use scaled values of the coefficients and scaled values
of the complex Bessel functions, so that expression (17.330) takes on a new form:

=1 _ k

int —

Ok G )+ DN (k)
20k, Tk, €3 (6, G )+ DS VG (k6 )

(17.331)

where all the coefficients are scaled by the same factor, whereas the following expressions can be used
to scale the complex Bessel functions:
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Tl G )= e 0 (k) o T (o G )= %00 078 i ) (17.332)

Nk )=e %0 OV, (ki) Ny (k)= e VS (knB)  (17.333)
where n = 0, 1. The parameter &, is described by expression (17.310).

For clarity, it is useful to state that for a complex argument z = x + jly, the following expressions hold:

@)= M, ) . 7,6)=T0) (17.334)

N:@)=e PV, (E) : N,(E)=e!iVi(z) (17.335)
wheren=0, 1, 2, ...

If complex modified Bessel functions are used, according to expressions (17.318), (17.322) and
(17.329), the per-unit-length internal impedance of an m-layer cylindrical conductor is described by:

Z1 _ Vm EmD70(}7mBAm)_BmD?O(J_/mB‘m)
. 25}“ DTD(HI ijl(ymam)+5mn?l(?mgm)

(17.336)

If large values of the arguments also occur, scaled values of the coefficients and scaled values of the
complex modified Bessel functions should be used for numerical reasons, so that expression (17.336)
takes on a new form:

1 _ Vi Daf,@g(ymﬁrm)—Egu?g(ymgm)@—zmmﬂn
nt T — —
25}11 DTu(m Céljig(ymgm)+Dr;mls(ymgm)@_zmmm[n

(17.337)

where all the coefficients are scaled by the same factor, whereas the following expressions can be used
to scale the complex modified Bessel functions:

Ty V)=~ 0, (P B ) 3 T (P G ) = €7 ™0 0073 (Vi i) (17.338)

Ky (Vo i) =€ K, (Vi ) 5 Ky (Vi ) = €7 T (K3 (7, G ) (17.339)
wheren=0, 1.

For clarity, it is useful to state that for a complex argument z = x + jly, the following expressions hold:
72E)=e M () 7,6)=MmE) (17.340)
Ky(E)=e"K,(z) : K,(2)=e™K}(2) (17.341)

wheren=0, 1, 2, ...

Analytical expressions for the unknown coefficients C,, and D,,,or for the unknown coefficients

Er; and D, are meaningful to derive only for single-layer (m = 1) and two-layer (m = 2) cylindrical
conductors, while for m > 2, a numerical computation based on solving a system of linear equations is
recommended. In the following, analytical expressions will be derived only for the unknown coefficients

of single-layer cylindrical conductors.

17.24. Internal Impedance of a Single-Layer Solid Cylindrical LIH Conductor

A single-layer solid, infinitely long, cylindrical LIH conductor is a special case of an m-layer solid
cylindrical conductor. The conductor parameters are shown in Figure 17.8.
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Figure 17.8. Single-layer, infinitely long, solid cylindrical LIH conductor

If complex Bessel functions are used, according to expressions (17.323), the distributions of the
magnetic field intensity and the electric field intensity are described by the expressions:

H =0z : E =%uﬁl T, ) (17.342)

and, from expression (17.329), for m = 1, it follows that the per-unit-length internal impedance of an
infinitely long single-layer solid cylindrical conductor is given by the expression:

ok hkm) & 7km)
Moot g (gm) 2GiOr g (gm)

(17.343)

which is a special case of the expressions (17.330) and (17.331), where 51 = 515 =0.

If complex modified Bessel functions are used, according to expressions (17.324), the distributions
of the magnetic field intensity and the electric field intensity are described by the expressions:

H=COE) ; E= L& 0, me) (17344
1
and from expression (17.329), for m = 1, it follows that the per-unit-length internal impedance of an

infinitely long single-layer cylindrical conductor is given by:
o h ) oy J)
"2n Orlk, awnm) 2G5 (hG)

(17.345)

which is a special case of the expressions (17.336) and (17.337), where 51 = 515 =0.

In this special case, highly accurate results are obtained for both small and large arguments,
regardless of whether complex Bessel functions or complex modified Bessel functions are used.

For very large arguments, the following holds:

AN — — (17.346)
20 ik,
because:
To\ky AVAS; _
lim M:j . lim M:l L h=i (17.347)

@ (k) @~ 7,(7h)

17.25. Internal Impedance of a Single-Layer Hollow Cylindrical LIH Conductor

A single-layer hollow infinitely long cylindrical conductor is a special case of an m-layer solid
cylindrical conductor. The conductor parameters are shown in Figure 17.9.
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Ky, 1y

Figure 17.9. Single-layer, infinitely long, hollow cylindrical LIH conductor

For small arguments, that is, for low frequencies, the per-unit-length internal impedance of a hollow
cylindrical conductor can be computed with sufficient accuracy using either scaled or unscaled complex
Bessel functions. From expression (17.330), it follows that:

Sk Gufat)+ DN, ()

"2 () b ) e

where C; and D; are unknown complex coefficients.

Instead of the unknown coefficients 51 and D, their scaled values can be used, so that the
expression (17.348) takes on a new form:

R S elo A ) FoNeTA Ay

int — T ——— (17.349)
20tk ¢r (kg )+ DEON, (o )
Moreover, the complex Bessel functions can also be scaled, and it follows that:
_ i C s \k & )+ DSINE \k, &
1 _ k 1 0(1 1) 1 0(1 1) (17.350)

int = 20 Orlk, asljls(]glﬂrl)+ 513[]715(];151)

According to expressions (17.314) and (17.317), the distributions of the magnetic field intensity and
the electric field intensity are described by the following expressions:

H, =0,k 3)+ DV, (g 3) (17.351)

-k I— (= =

E=t e, 7, (i &)+ Dy oV, (i ) (17352)

1
Analytical expressions for the coefficients 51 and 51 can be obtained from the boundary conditions:
_ _ 7
H| =0 ; H{/| = (17.353)
r=n r=no B‘l Ur

From expressions (17.351) and (17.353), the following system of linear equations can be easily derived:

G, (ko Gy )+ DV, (kG ) = 0 (17.354)
G0, )+ D, () = mimq (17.355)

which, in matrix notation, is given by:
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= I_ ; [E]: 3 L (17356)
207l Jl(klﬂﬁ) Nl(klﬂﬁ)

[ﬂ%z} 0 YAy

According to Cramer's rule, the solution of this system of linear equations in matrix form is given by:

0 Nk ) k) o
— s i
Nk 4 I\ ) ——
2Ol 1(1 1) B 1(1 1) 20T,
| = — ; = = (17.357)
det B det B
from which it follows that:
—~_ 1 1 = (- I 1 = — =
C =- B—— OV, (i )= O[T =M [T (17.358)
20rls detB 207t detB
— i  — I 1 = — —
D, = 5, (o)= G- [D =M D, (17.359)
20rls detB 20rls detB
The coefficients are scaled by subtracting the common part M, described by the expression:
—_ 1 1
M = — (17.360)
2Urls; detB
from which it follows that the scaled coefficients are described by the expressions:
Cr=-N(m) : D=7 () (17.361)

From expressions (17.349) and (17.361), with a change of sign in both the numerator and the
denominator, it follows that the per-unit-length internal impedance of the hollow cylindrical conductor
is described by the expression:

o b (a5 7 (60 (6 )

Zint = — —= — = —= 17.362
RELs T R YA IS IS (1) BV IS S o) ( :

According to expressions (17.332) - (17.335), the complex Bessel functions of the first and second
kinds are scaled as follows:

To(em)=e? (6 7) N, (07)=em W (K 7) (17.363)
and after their scaling, expression (17.362) takes its final form:

Zilnt — El E(Yls (];_1 IjQO)ETS (];_1 Ij.1)_ ‘zls (]El Ij.0)[]_vg (]El Ij.1) (17.364)

204 Lk, Ny (kl D*())Drls (kl Dh) -Jy (kl D*())U\’ls (kl D*1)

However, even after scaling all complex Bessel functions, the final expression (17.364) does not
provide sufficiently accurate results for large arguments. In such cases, numerical problems arise
because the computation yields an indeterminate form of 0/0.

The per-unit-length internal impedance of the hollow cylindrical conductor (Figure 17.9) can be
computed with sufficient accuracy using complex modified Bessel functions. From expression (17.336),
it follows that:

A Déjf(}:/lmﬁ)_éluio@mﬁ) (17.365)
200tk G y(ph) + Dy K, (7 )
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where C; and D, are unknown complex coefficients.

Instead of the unknown coefficients C; and D,, their scaled values can be used, so that the
expression (17.365) takes on a new form:
_ v C 0,y &) - DK, (v, &
7l = Iz D_lg _0(_1 1) _1S _0(_1 1) (17.366)
2tk ¢7O, () + DK ()

Moreover, the complex modified Bessel functions can also be scaled, and it follows that:
" asjg(}_/lgl)_ﬁlsig(?l&l)
2tk ¢y (m) + Dr K (7 )

-1 _
int —

(17.367)

According to expressions (17.318) and (17.322), the distributions of the magnetic field intensity and
the electric field intensity are described by the following expressions:

H = 0, &)+ D X (1 ) (17.368)

E =206, 5,(73) - D, K, (7 2)] (17.369)

Analytical expressions for the coefficients 5‘1 and 51 can be obtained from the boundary conditions
(17.353). The following system of linear equations results from the expressions (17.368) and (17.353):

C,0,(n &)+ DiK, (7, 2,)=0 (17.370)
- —— i
C,\U,\v )+ DiLK \y, 4 ) = (17.371)
1 1(1 1) 1(1 1) 2T,
which, in matrix notation, is given by:
AN L [Am) K )
[B] =y I ; [B]= B B (17.372)
b o 7)) K(nG)

According to Cramer's rule, the solution of this system of linear equations in matrix form is given by:

0 K(nG) 7nE) o
I = . 1
K, (7 & ) ——
B 2Tl 1(V1 1) B 71(1’1 1) 2t
C = _ . D, = _ (17.373)
det B det B
from which it follows that:
— i 1 =y I [ ———
C, =- B—K (pG)=———O0—=[C; =M [T} (17.374)
207l detB 2007 detB
D, = ! Gl—j(;‘/&)— ! !B =i (17.375)
"o detB Y'Y 201 detB ! ‘

The coefficients are scaled by subtracting the common part M, described by the expression (17.360),
so that the scaled coefficients are given by the expressions:
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613 == [?1 (171 Dr0) ; 51S =jl(171 Dr0) (17.376)

From expressions (17.366) and (17.376), with a change of sign in both the numerator and the
denominator, it follows that the per-unit-length internal impedance of the hollow cylindrical conductor
is described by the expression:

- KT () + 5 (hE) K (7 )
nt — — — — = —
20 Ll Kl(ylﬂfo)Dl(VlDﬁ)_ﬂ (Vll]o)ml (Vll]l)

According to expressions (17.338) - (17.341), the complex modified Bessel functions of the first and
second kinds are scaled as follows:

(17.377)

70 ()= O (R ) 5 K, (R0)=e" " K, (R ) (17.378)
and after their scaling, expression (17.377) takes its final form:

S o W KRG () + 7 (75 ) K (7 ) )

int = — — - — (17.379)
nt s s s(o s(o - -K
20tk K (1 Gy) O (&) - 77 (R0 ) K (7 Oy ) 2 2 i)
Expression (17.379) provides highly accurate results for all values of the arguments.
For large arguments, the following holds:
lim ¢ 2@in) =g (17.380)
a; -
and, thus, for large arguments:
/B (RS 1 15} (17.381)

Zin - =
t 204 Lk, 715(}’1&1)

which means that the per-unit-length internal impedance of the hollow cylindrical conductor, for large
arguments, can be approximated by the expression that, according to expression (17.345), describes the
per-unit-length internal impedance of a solid cylindrical conductor. This indicates a considerable
redistribution of the electric current towards the surface of the conductor.

For very large arguments, the approximation (17.346) can be used, which is given by:

Zl~_ N 17.382
"2 ik ( )
because:
VAR,
mlggilﬂ (17.383)
a - 7 0)
17.26. Solved Examples

Example 17.1. Determine the maximum value of the displacement electric current density in a copper
conductor with a cross-sectional area of S = 1 mm? through which a sinusoidal electric current flows
with an RMS value of /=1 A and a frequency f= 50 Hz. Neglect the skin effect. The properties of the
material of which the conductor is made are given as: K =58 MS/m, € = &,, {4 = l,.

Solution:

If the skin effect is neglected, then the sinusoidal electric field intensity in the copper conductor is
described by the expression:
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E=E,, [Zos(wl) (17.384)

It follows that the surface density of the conduction electric current is given by the expression:

J.=KLE=KLE_, [dos(wll) = J_ . [¢0s (wlf) (17.385)
The surface density of the displacement electric current is given by the expression:
D E
Jdisp = aa— = é‘OB%— =-wlE,[E,,,, Bin (wl) (17.386)
t t

and, thus, the maximum value of the surface density of the displacement electric current is:

awle, T

Jdispmax = wl}b EEmax = ¢ max (17~387)

It follows that the ratio of the maximum values of the surface density of the displacement electric
current and the surface density of the conduction electric current is:
‘]disp max _ 0)30
J K

=4.7985905414x107"" (17.388)

¢ max

With the introduced neglect, the maximum value of the surface density of the displacement electric
current is:

0ty Wk T e gt A
K

cmax
m2

J gisp max (17.389)

Example 17.2. Determine the expression for the induced EMF in a rectangular loop located in a
homogeneous sinusoidal magnetic field. The magnetic flux density is described by the expression:
B = B .y [d0s (a)ﬂ)j. Assume that the loop is cut at one point so that no electric current can flow
through it.

z i

Figure 17.10. Rectangular loop in a homogeneous sinusoidal magnetic field

Solution:

The induced EMF in the rectangular loop is described by Maxwell's second integral equation (6.73),
which is given by:
, 0B _-_ 09

=§E@W/ =-[—MS = 17.390
‘ i or or (1739
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where S is the surface enclosed by the loop through which the magnetic flux @ flows.

Since, in this case, the magnetic field is homogeneous, it follows that:

e=—4B1DbB%—?=4BszD&)D?maXBin(wE) (17.391)

Example 17.3. A sinusoidal electric current i = sin(100#fz) A flows through an infinitely long straight
thin-wire conductor. Determine the expression for the induced EMF in a square loop moving with a
velocity v =1 m/s parallel to the conductor. Assume that both the loop and the conductor are in the air.
Assume that the loop is cut at one point so that no electric current can flow through it. Given parameters:

a=02m,b=0.1m.
a

‘_}'
al| +e||l—
b i

Figure 17.11. An infinitely long straight thin-wire conductor and a square loop

Solution:

The magnetic flux through a square loop, which is not affected by the given motion of the square
loop, is described by the expression:
. a+b
y=0 = Llg]

207

aldr _ p,la
r 20r

b+ta _.
(In 5 Hin(100 [z [1) (17.392)

thus the induced EMF is given by the transformation:

+
e=—(ii—¢;=—50ﬂzoﬁizl]nb a

[¢os (100 & [7) (17.393)

By substituting the given data, it follows that:
e=-13.80556918[cos (100[x [¢) pV (17.394)

The induced EMF does not depend on the motion of the loop because the magnetic flux through the
square loop does not depend on the velocity v.

Example 17.4. The square loop has the side length a = 1 m and lies in the plane (x, y). It moves uniformly
along a straight line in the direction of the x-axis with a velocity of v = 2 m/s. Determine the expression
for the induced EMF in the square loop. Assume that the loop is cut at one point so that no electric
current can flow through it. At the initial time ¢ = 0, let » = 0, and let the frequency of the sinusoidal
magnetic flux density be f= 50 Hz. The sinusoidal magnetic flux density is described by the following
expression:

B=0010(r+1)F +(y +1)G + [ - y?)E]Bin (wiz) T.

y)\

a

v
al +e|l—> X
>

Figure 17.12. A square loop moving along the x-axis

b
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Solution:

The magnetic flux through the square loop is generated only by the z-component of the magnetic
flux density, so the magnetic flux is described by the following expression:

W=o=[BLS =B, iy (17.395)
s s
where:
B, =0.010x> —yZ)Bin (wid) (17.396)
and it is:
b+a a
@ = 0.01GEin (wm)mjdxj(xz - y2)my =0.01> 0 [{p + a) Bin (wi) (17.397)
b 0
The parameter b is described by the following expression::
b=vlt (17.398)
By substituting the given data, it follows that:
@ =0.02 [ﬁz [ +t)Biin (100 @) Vs (17.399)

The induced EMF is described by the following expression:

e=—%=—0.02 [ﬂ4a+1)ﬁin(1oo&m)—2&[ﬁzmz + z)@os(moata) (17.400)

Example 17.5. Two mutually parallel, infinitely long, straight conductors, which are in the air and
separated by a distance d = 5-a, carry a sinusoidal electric current i = Imax cos(w-f). There is a square
loop with side length a in the plane in which the conductors lie. The square loop moves uniformly along
a straight line with velocity v. Calculate the induced EMF in the square loop forb=a and =1 s. Assume
that the loop is cut at one point so that no electric current can flow through it. The given parameters are:
a=02m, f=50Hz,v=0.2m/s, Imax = 10 A.

iA

a
v
al +e|l—

d

<

Figure 17.13. A square loop moving between two conductors

Solution:

Let the EMF induced in the square loop be described by the following expression:

dt dt ot Eaz_az

_,d¥ _do _939 09 b_a"’”g‘;;::e re (17.401)
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from which it follows that the magnetic flux is described by the following expression:

. +a
o=t EE_[ aldr J- aBirJ ,LIOD]DlZEHn(b+a)[ﬂd b a) (17.402)
207 ro 207 b{d -b)
and it is:
& = HolIma [alcos(@ln) (b+a)dd -b-a) (17.403)
207 b{d -b)
It follows that:
" _0® __ Myllnylalolsin(ln) (b+a)dd -b-a) (17.404)
ot 207 bd - b)
emo:vﬁCD:VDuODmaxDchos(wB) I 1 _l+ 1 (17.405)
0b 207 b+ta d-b-a b d-b
By substituting the given data, it follows that for b=a = 0.2 m, = 1 s, the induced EMF is:
e, =0 ;  e,, =-—0.2333333333 uV ; e=e, te,, =—0.2333333333 uv (17.4006)

Example 17.6. An infinitely long straight conductor carries an electric current i = sin(100lfz) A.
Determine the expression for the induced EMF in a triangular loop moving with a velocity v = 1 m/s.
Let the initial position be b = by = 0,2 m, and a = 0,15 m, a = 30°. Assume that the loop is cut at one
point so that no electric current can flow through it.

i A

Figure 17.14. An infinitely long conductor and a triangular loop
Solution:

The magnetic flux through the triangular loop, which is affected only by the motion of the loop
perpendicular to the straight conductor, is described by the following expression:

h+a
y=0= jBDﬂS Hold Dj “Qr ; c=r-b (17.407)
from which it follows that:
b+a
®= /“’0 Dj = Hl 2t (17.408)
207 b

By substituting the given expression for the electric current:

i =sin(100[72[t) (17.409)

345



into equation (17.408), the magnetic flux is then described by the following expression:

o= fa-pm 2 | Gin (100 Gr) (17.410)
207 b

where:

V3

b=by +viRosa=02+-"~0 (17.411)

The induced EMF, the direction of which is indicated in Figure 17.14, is described by the following
expression:

= 4P __00 30 b_ 00 390, . (17.412)
dt ot 0b 0t ot 2 0b

where:

+
e, :_a_‘f:—soulo Eéa—bD]nbbaJB:os(IOODTB) (17.413)

‘mo =TT 0p T 407 \bta

_ﬁgg__ﬁm)[é a

+1n b jE@in(lOODTDl) (17.414)
b+a

Example 17.7. In the plane z = 0, there is a thin-wire circular loop with a radius a = 1 cm, centered at
the origin of the coordinate system, carrying a sinusoidal electric current i = 100[in(200[) A. Another
loop is located at the intersection of a spherical surface of radius R =1 m with the coordinate planes z =0
and y = 0. Derive the expression for the induced EMF in the large loop, considering the positively
selected direction of the induced EMF. Assume that the small loop behaves as a magnetic dipole. Also,
assume that the large loop is cut at one point so that no electric current can flow through it.

ZA

+e .
o

Yi<

X

Figure 17.15. Magnetic dipole and integration curve C

Solution:

In the spherical coordinate system (r, 3, ), the magnetic vector potential generated by the magnetic
dipole is described by the following expression:
HylmIsind

A=
4lnlr?

By : m=il’Or (17.415)
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From the expression:

é I"ES r [dind E(ﬁ

Bzmxix:—ma— — 0 (17.416)

0 0 r Bind [A

it follows that the components of the magnetic flux density vector are described by the following
expressions:

_ Ulinldosd B. = 1 n B8ind

B, = 0 17.417
20nlr? YT 4tnls 0 ( )

T

The integration curve C encloses one quarter of the spherical surface, which simplifies the calculation
of the induced EMF. The magnetic flux through this quarter of the spherical surface, due to the electric
current of the magnetic dipole, is described by the following expression:

T /2
W=o@=[BUS=[dp0 (B, _ G Eind&s (17.418)
s 0 0 ‘
from which it follows that:
Gn 't Holin _ 4, [&* O

¥ (17.419)

0

@ = O in S Bos S I =
20, 4G, 40,

Since the electric current of the magnetic dipole is described by the following expression:
i=100[sin(200(7) A (17.420)
it follows that the magnetic flux is described by the following expression:

250, @O

o

@ in (200 [7) (17.421)

The induced EMF in the large loop is described by the following expression:

__ 09 _ 5000”07

e=——— [dos (200 1) (17.422)
ot T

By substituting the given data into equation (17.422), it follows that:

e =-1.97392088 [cos (200[7) puV (17.423)

Example 17.8. A solid cylindrical ferromagnetic LIH core of radius 7, and length ¢ is uniformly wound
with a solenoid having a total of N turns. Let a sinusoidal electric current with an RMS value / and
frequency f flow through the solenoid. Let the characteristics of the ferromagnetic core be denoted by
x and x. Determine the expressions for the distribution of the electric and magnetic fields inside the core,
as well as the expression for the equivalent impedance of the core. Neglect displacement electric currents
and the magnetic reluctance of the surrounding space.
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N~

Figure 17.16. Straight solenoid wound on a solid ferromagnetic core

Solution:

Since there is axial symmetry with respect to the z-axis, the problem is solved in the cylindrical
coordinate system (r, @, z). Neglecting displacement electric currents, the following relationship holds
for the sinusoidal electromagnetic field in the core, in the phasor domain:

AH=7’H ; AE=p’[E (17.424)

where the wave constant of the LIH ferromagnetic material (good conductor) is described by the
following expression:

y=a+jB=Jwluk @™ = % i + ) (17.425)

Since the magnetic reluctance of the surrounding medium is neglected, the electric field intensity and
the magnetic field intensity each have only one component:

H=H,§,= HE, ; E=E,3,=ERQ, (17.426)

The magnetic field intensity has only a z-component, and the unit vector of the z-component does
not change direction in space, since z is a straight coordinate axis; thus, the following expression holds:

_1 g"_(,, g"i} I (17.427)

|

A
r or or

from which the modified Bessel differential equation is easily obtained:
y— —
2] aH — PAHAH =0 (17.428)
r

which is a special case (n = 0) of the modified Bessel differential equation:

N
rzaéalzl +rgaa__(}—,zgz+n2)[ﬁ=0 (17.429)
r r

The particular solution of the Bessel differential equation (17.428) is:
H=CJ,(y)+DK,(y) (17.430)

T (}7 Dr) - the complex modified Bessel function of the first kind of zero order,

K, (}7 Er) - the complex modified Bessel function of the second kind of zero order,

Al

, D - unknown complex coefficients.
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Since the function K|, (}7 Dr) takes an infinite value for r = 0, in the case of a solid ferromagnetic core,
the complex coefficient D =0, and in this case, the particular solution of the modified Bessel equation
(17.428) is described by the following expression:

=C 0, (r ) (17.431)
which must satisfy the boundary condition:
H| rO=N7ET (17.432)
from which it follows that:
E:NDTD_ ! : EzN—_[-sﬂ (17.433)
t 5 t ()

The phasor of the electric field intensity can now be determined from the following expression:

e rl& &,
E %EﬁDXH):%G}[]% 0 0= —% alj N (17.434)
0O 0 H
from which it follows that:
E=E, =—ZEND_D_31(_PH) (17.435)
kK05
because:
()=o) (17.436)

According to equation (17.295), the complex apparent electromagnetic power entering the volume V
through the closed surface S is described by the following expression:

S . ==5

ap,1n ap, out

§/‘ s = - §ExH @S =7 1> (17.437)

where S is the outer surface of the ferromagnetic core, whereas Z is the equivalent impedance of the
ferromagnetic core.

If the expressions (17.426) are substituted into the expression (17.437), the following expression is
obtained:

Supin = - §ExH i i = - § E "8, x&, ) Gi s (17.438)
S S T
from which it follows that:
Sapiin =~ (E UI_D),:,O 2 G747 (17.439)
where:
_ o v 4l _ 7
| =-YUY [_;7{1({ o) : HE‘ - NU (17.440)
T K L O(yBO) i ¢

It follows that:
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_ 2 7y o
S .= D%GMEIDTD@DDD:ZDz (17.441)

ap,in

LAY

from which it follows that the equivalent impedance of the ferromagnetic core is described by the
following expression:

_ o N2 T
z=rd" G{l(ljio) (2 (3 (17.442)
K !t ]o(nyo)

Note: If the ferromagnetic core is a hollow cylinder with an outer radius 7, and an inner radius 7, the
distribution of the phasor of the magnetic field intensity in the ferromagnetic material would be
described by the expression (17.430). To determine the expression for the phasor of the electric field

intensity, the previously unused expression must also be used:

d [+ (- _ =
E[Ko(yﬂr)]z—yﬂq(yﬂr) (17.443)

and it follows that:

I

E=E, =- 1 9H _ _

kK dar K e (ya)- Dk (ra) (17.444)

If the displacement electric currents in both the ferromagnetic core and the cylindrical hole are
neglected, the magnetic field in the hole is homogeneous. According to Maxwell's second integral
equation, which is described by expression (7.61), the boundary condition holds:

E| DG, =- )y, Dﬂm &2 Or (17.445)

r=hy

whereas the second boundary condition is described by the expression (17.432).

In this case, the complex apparent electromagnetic power is described by the following expression:

S ap, in

=-(Ew"),., 2o+ [E@HY), ., pmG,0=20° (17.446)
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18. ELECTRIC NETWORK THEORY AND ITS LIMITATIONS

The theory of electric networks (electric circuits) is a special case of the general theory of the
electromagnetic field. The theory of time-varying electric networks is a simplified representation of the
phenomena that occur in the electromagnetic field. It is, in fact, an electroquasistatic approximation of
the dynamic electromagnetic field.

An electric network consists of current and/or voltage sources as well as branches and nodes. Each
branch of the electric network is located between two nodes.

The theory of time-varying electric networks is based on the following assumptions:

* The current along any branch of the electric network is uniform, and Kirchhoff's first law applies
to every node of the network,

* Kirchhoff's second law applies to every closed loop along the branches of the network, which
means that the voltage is uniquely defined and independent of the integration path.

It is important to determine when these assumptions are valid, i.e., when the application of circuit
theory provides a satisfactory solution. The limitations are as follows:

* The length of each branch is limited by the condition of field quasistaticity. Otherwise, the
assumption that the electric current along each branch is uniform at any given time is not valid.

* The nodes must be dimensioned in such a way that only a negligible amount of electric charge
can accumulate in them. Otherwise, Kirchhoff's first law does not apply.

* Itis necessary that the magnetic field generated by the electric currents in the network branches
outside the network elements is negligible, so that these time-varying electric currents in the
loops and branches of the electric network induce only negligible electromotive forces
compared to the electric voltages of the branches. Otherwise, the electric voltages between the
network nodes are not uniquely defined.

According to the expressions in subchapter 17.5, for a stationary closed loop in Figure 18.1, which
is in a time-varying electromagnetic field, the electric voltages along the curves C; and C; are described
by the following expressions:

0A

ugy = [ECr _—jmqﬁw +j—w b, - ¢, — [— s (18.1)
he o ot
1 1
e 0A _ _
;= [Ewur =~ jmgmif +j DW ¢, -9, - | —0 (18.2)
S, o ot
2 2
whereas the EMF induced in the closed loop is described by the following expression:
c c o GCD
e=u=uf+up = [EQ =~ | —D\i —jj—ms- (18.3)
Ci+Cy C1+C2

where the EMF e induced in the closed loop is equal to the voltage u# induced in the closed loop.

)

Figure 18.1. Stationary closed loop between points A and B
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The following applies to the electroquasistatic approximation of the dynamic electromagnetic field:

aZx:

5, 70 g = [EQ =~ [Dgpii =¢, - ¢, OC (18.4)
4 C C

The basic parameters of electric networks are:
¢ Resistance R,
¢ Inductance L,

» (Capacitance C.

These are the so-called lumped parameters, which should be distinguished from the distributed
parameters that occur in electric transmission lines.

i A i A i
+ + +——
u R u L u —__C
_ _ D S
B B B
a) b) c)

Figure 18.2. Voltages and currents of the basic parameters of the electric network
The electric current flowing through the resistance R (Figure 18.2-a) is described by the expression:

=t O~ (18.5)
R R R
where:

u =u,, - the electric voltage across the branch between nodes A and B,
@.. 9, - the electric scalar potentials of nodes A and B.

The electric voltage between nodes A and B is the so-called longitudinal voltage or branch voltage.
The transverse electric voltage of a node is the voltage between the node and the reference node, whose
electric scalar potential is assumed to be zero. This is also the electric scalar potential of the node.”

The longitudinal electric voltage across a perfect inductor with inductance L (Figure 18.2-b) is
described by the expression:

o (18.6)
dt

whereas the displacement electric current flowing through a perfect capacitor with capacitance C (Figure
18.2-¢) is described by the expression:

i = ot (18.7)
dt

Sinusoidal electric current (AC) networks are solved in the same manner as direct electric current
(DC) networks, where direct electric current refers to an electric current that remains constant over time.
The only major difference is that a phasor transformation is used in sinusoidal electric networks, which

" The electric scalar potentials of the nodes (transverse node voltages) are often simply referred to as node voltages,
whereas the longitudinal electric voltages of the network branches are referred to as voltage drops or branch
voltages. Therefore, the branch electric voltage is equal to the difference between the transverse voltages of the
nodes of that branch.
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means that sinusoidal networks are solved in the phasor domain. The phasor transformation converts the
integro-differential equations from the time domain into linear algebraic equations in the phasor domain.
In the phasor domain, equations (18.5) - (18.7) can be expressed by the complex form of Ohm's law,

which states:
(18.8)

where:
I - the phasor of the branch current flowing between nodes A and B

U - the phasor of the branch voltage between nodes A and B

Z - the branch impedance,
@, - the phasor of the electric scalar potential at node A; the phasor of the node voltage at node A

@, - the phasor of the electric scalar potential at node B; the phasor of the node voltage at node B

From expressions (18.5) and (18.8), it follows that the impedance of the resistance R is
Z =R (18.9)

which means that the impedance of the resistance has only a real part
From expressions (18.6) and (18.8), it follows that the impedance of the inductance L is
(18.10)

Z =jlL=jX, ; X, =wll

where:
- the angular frequency of the sinusoidal electric current

X - the inductive reactance.

From expressions (18.7) and (18.8), it follows that the impedance of the capacitance C is
! (18.11)

= 1
Z =—j3—=-jKX- ; Xp=——
J ol JWAc C wlC

where X is the capacitive reactance.
Kirchhoff's laws in a sinusoidal electric network can be written as follows

n _ N M
D=0 Y E =YL X (18.12)
k=1 j=1 k=l
where:
- the phasor of the electric current of the k-th branch
E; - the phasor of the j-th EMF source in the considered closed loop,
Z, - the impedance of the k-th branch.
If n impedances are connected in series, then the total impedance is
—_— n —_—
Z=Y7 (18.13)
k=1
If n impedances are connected in parallel, then the total impedance is
1 & 1
5 — 18.14
Z;, Z ( )
and for n admittances connected in parallel, the following expression holds
(18.15)

— Zn:_ ? 1
= Y, ; =
k=l ) Z

353



19. PLANE ELECTROMAGNETIC WAVE

A plane electromagnetic wave is an electromagnetic phenomenon in which the field quantities
depend only on one spatial coordinate and on time.

Let the field quantities of the plane electromagnetic wave depend only on the z-coordinate of a
Cartesian coordinate system. In this case, the vectors of the electric field intensity and the magnetic field
intensity lie in planes perpendicular to the z-axis (z = const.), and the plane wave propagates in the
direction of the z-axis. Therefore, the following holds:

E=E, (z)0+E (2.0 (19.1)

H=H, (00 +Hy (2.0 (19.2)

A plane electromagnetic wave is a transverse wave because the vectors of the electromagnetic field
are perpendicular to the direction of wave propagation.

In the special case where the electric field intensity has only an x-component and the magnetic field
intensity has only a y-component, the following holds:

E=E, (z,n)d=E(z,n0 (19.3)

H=H,(z)G=H(z»§ (19.4)

Such an electromagnetic wave is called a linearly polarized wave and propagates in the direction of
the Poynting vector:

F=ExH=E[HTX (19.5)

The vectors E and H are perpendicular to each other and to the z-axis. If these vectors are constant
at every point in the plane z = const., the electromagnetic field is said to be uniform. If the field is
uniform, the energy density at every point in the plane z = const. is also constant.

A plane electromagnetic wave can also have different types of polarization, such as circular
polarization or elliptical polarization.

19.1. Linearly Polarized Plane Wave in a Conducting LIH Medium

For a linearly polarized plane electromagnetic wave, described by expressions (19.3) and (19.4), the
following holds:

i j kK ij Kk
OxH=l0 0 9 :-a_Hﬁ . OxE=|0 0 9 =6—E ] (19.6)
0z 0z 0z 0z
0 H O E 0 O

From expressions (10.1), (10.2) and (19.6), it follows that the first two of Maxwell's differential
equations for a linearly polarized plane wave in a source-free stationary conducting LIH medium are:

—a——KE+£BaLt 6 ,L/Baﬂ (19.7)

Z ot

The derivatives of Maxwell's differential equations (19.7) with respect to z and ¢ are:

_o°H _ 9FE  PE ZH_KG‘LHJE (19.8)

az> 0z 0z 0t az ot ot
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_ = - Ep ; =— 19.9
3 Hoeor ° o o2 (19.9)

2 2 2 2
E H E H

TE 0L __
<

From the previous six differential equations, described by expressions (19.7) - (19.9), two differential
equations can be easily derived, namely the damped wave equations of a plane electromagnetic wave in
a source-free conducting LIH medium:

0’E E ’E _

az—z—,uD(G%—t—,uDE =0 (19.10)
2 2

OH e ed g (19.11)
072 ot ar?

which are also a special case of the damped field wave equations in a source-free conducting LIH
medium, described by the expressions (17.267) and (17.268), with the substitutions:
2 2
E
AE=a— ; AH=6—H (19.12)

92> az°

The damped wave equations (19.10) and (19.11) can be solved in the time domain using the method
of separation of variables. However, of particular interest is the solution of these differential equations
for a sinusoidal electromagnetic field. In this case, the phasor representation of sinusoidal (time-
harmonic) quantities is used.

By applying the phasor transformation, the wave equations of the damped plane wave from the time
domain are transformed into one-dimensional homogeneous Helmholtz differential equations in the
phasor domain, which are:

2% 25
E _, = H _, —
6—2— 2[E=0 ; 9 . -y*H =0 (19.13)
0z 0z
which is a special case of the homogeneous Helmholtz differential equations (17.273), with the
substitutions described by the expressions (19.12). The propagation constant ) of a conducting LIH
medium is described by expressions (17.119) -(17.121).

The solutions of the 1D homogeneous Helmholtz differential equations (19.13) are:

E=ER7+E,% , H=H " +H," (19.14)
where E,, E,, H,, H, are unknown complex constants.

From the expression (19.7), it follows that Maxwell's second differential equation for a linearly
polarized sinusoidal electromagnetic wave in the phasor domain is as follows:

Z—E = - juH (19.15)
Z

If the solutions of the homogeneous Helmholtz differential equations, described by expressions
(19.14), are substituted into the expression (19.15), it follows that:

olE @7 + E, ")

. =—th)EUEﬁH_1 @8 +H, @Vﬂ) (19.16)
from which it follows that:
-yE @ "2 +ylE, @Vﬂz—jmw[ﬁﬁl @ ’%+H, @Vﬂ) (19.17)
and it is:
(- pE, + j otutH, )72 +( pLE, + j ol H, ) 272 =0 (19.18)
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From expression (19.18), it follows that:
—VLE +jWwutH; =0 ; pLE,+ jlulH, =0

from which it follows that:

E_E_jwu_
H, H, y ’
where:
7 = J Loty _ 4

. y K+ jwE

(19.19)

(19.20)

(19.21)

is the wave impedance of a conducting LIH medium. The propagation constant of a conducting LIH

medium is described by the expression (17.119), which reads:

y=a+ jiB

where the constants o and [are described by the expressions (17.120) and (17.121).

From expressions (19.21) and (19.22), it follows that:
= jlaly  alu . _ ;
Z g[ﬂlg'l']m)_zmQJ@m

" _a'+jEB_a2 +
where:
= wlu a
Z,=\Zy|l=—/— ; @, = arctg—
‘ ‘ ,0'2"',32 IB

The propagation velocity of the electromagnetic wave is described by the expression (17.234).

Let it be:
El :EIQJ'%E : EZ :Ezgﬂﬁzﬁ

H =H,R"s ; H,=H,3/%x
From expressions (19.14), (19.22), (19.25), and (19.26), it follows that:
E=El@j@15 @—(mj%’)lﬂ +E2@j@25 @(mjw)a

E:ngj@lH @—(CHJ'W)E +H2@j@2H @(aﬂ'%’)a

and it is:

E= E, p-94 @—ﬂ@lﬁ—%s) +E, 2 ald @ﬂ@ﬁﬂ+¢zﬁ)

H =H, p-94 @_j[(]ﬂa_¢lH) +H, 2 ala @j[(]ﬁ|3+¢zH)

(19.22)

(19.23)

(19.24)

(19.25)

(19.26)

(19.27)

(19.28)

(19.29)

(19.30)

From expressions (19.29) and (19.30), it follows that the electric field intensity and magnetic field

intensity in the time domain are described by the following expressions:

E(z,0) = Ep(2,1) + E (2. 1) =2 [E 79 [os (w - BT + @)

+2 [E, @ 7% Ros(wd + B% + o )

H(z,1)=Hp (2, 0) + Hyoo (2, 1) =2 TH, (27 9% [os (wlE - BT + By )

+2H, 2 7% [eos (wld + Bk + $oy)
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The forward electromagnetic wave propagates in the direction of the z-axis, whereas the reverse
electromagnetic wave propagates in the opposite direction. Each of these waves is attenuated in the
direction of its propagation.

The phase angles of the electric field intensity and the magnetic field intensity are related through
the angle of the wave impedance of the medium. The following holds:

i :ﬂ @j[@’m‘(ﬁm) =7 [3/%n (19.33)
H, H, "
ézﬂ@jWZE_¢2H):_Z /%0 =7 @j[(]fﬁm*'”) (19.34)
from which it follows that:

E
H, :Z—l s O =PE P (19.35)

m

E

H, =Z_2 s P =P P T (19.36)

From expressions (19.31), (19.32), (19.35), and (19.36), it follows that the electric field intensity and
magnetic field intensity in the time domain can also be described by the following expressions:

E(z,t) =2 [E, & P Ros(wld - B + ¢y )

(19.37)
+\/§E2 @”aﬁtos(a)ﬂ+ﬁﬂt+¢m)
H(z, 1) =x/5[-§—1@_m@05(605 -+ _¢m)
- (19.38)

- x/EEIZE—Z@mEtos(wB‘*,BQ’."’(sz_(bm)

The electromagnetic wave is attenuated in the direction of its propagation. The distance d along the
z-axis for which a-Az = a-d = 1 is the skin depth of the electromagnetic wave, which is described by the
expressions (17.285) - (17.287).

19.2. Linearly Polarized Plane Wave in a Good LIH Conductor

In good conductors, neglecting displacement currents, expression (17.146) holds, according to which:

wll [k

a=0p= (19.39)
2
and the wave impedance of a good LIH conductor is described by the expression:
Zm:Jth_)glzjui’DJu(zzz /WDJ i /4 (19.40)
% yk K K

From expressions (19.37), (19.38), and (19.40), it follows that the electric field intensity and
magnetic field intensity in the time domain are described by the following expressions:

E(z,t) =2 [E, & 2 Ros(wld - B & + ¢y )
(19.41)

+32E, @ Pleos(wd + B + ¢,y )
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H(z =2 [-»5—1 2% os(w - BT + gy - 11/4)

(19.42)
- ﬁag—z@”ﬂﬂcos(wmﬂ&ww — 71/4)

Here, one can also speak of the magnetodynamic approximation of the linearly polarized plane wave,
or of the diffusion approximation of the linearly polarized plane wave.

19.3. Linearly Polarized Plane Wave in a Perfect LIH Dielectric

In a stationary perfect LIH dielectric, expression (17.122) holds, according to which:

a=0 ; pB=w{ulk (19.43)

and the wave impedance of a perfect LIH dielectric is described by the expression:

= [t j [t
7 =dWH_JWW_H_, s =g (19.44)
y jB £
It follows that the wave impedance of a perfect LIH dielectric has only a real part, and in this case,
the term wave resistance of a perfect LIH dielectric is also used.
From expression (17.44), it follows that the wave impedance (wave resistance) of a vacuum is:

Zy=Zn=2o= \/g =376.730313668 Q (19.45)

Letit be ¢;p =@, =0. In this case, according to zxpressions (17.37) and (17.38), it is:
E(z,1) =2 [E, Ros(wd - B1Z) + 2 [E, [bos(wli + fZ) (19.46)
H(z, t)=x/EEl§—1Etos(wB—,8Ht)—\/§E|ZE—2R:os(a)B+,8Ht) (19.47)

It follows that the forward components of the magnetic field intensity and the forward components
of the electric field intensity are in phase.

Ep (2. 1) =2 [E, Ros (wld - B17) (19.48)
Hy, (2,1) :ﬁgg—lﬂtos(wﬂ - B3) (19.49)

whereas the reverse components have opposite phase:

E,, (z,1) =2 [E, [os(wld + B[Z) (19.50)
Hrev(z,z):—ﬁEl;—?Ecos(wm+ﬁ&) (19.51)

In the special case when @ =@, =0 and E, = E,, it is referred to as a standing wave, where the
wave nodes remain stationary. From expressions (19.45) and (19.46), with the substitution E; = E,, it
follows that:

E(z,1) =2 [E, eos (wE - B2) + cos(wid + B1T)] (19.52)
H(z, z)=J§G§—1Eﬁcos(wa—ﬁﬂz)—cos(wmﬁaz)] (19.53)
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from which it follows that:

E(z,1) =2 R/2 [E, [os(BZ) os (wld) (19.54)
H(z,1)=2032 Elf—l Bin (8 &) Bin (w() (19.55)

Over the distance of one wavelength (1), the spatial phase changes by 2- 7T so the following holds:

Bid=2in . A=2=2T (19.56)
B
where v is the wave velocity, and fis the wave frequency.
It follows that for f= 50 Hz in the air, the wavelength A = 6000 km = 6 Mm.
The forward and reverse waves carry energy, which is described by the Poynting vector:
[=E,xH, =E H & (19.57)
[,=E,xH,=E,[H, Eﬁ—E) (19.58)

From expression (12.30), it follows that the average value of the surface density of the forward wave
power, or the surface density of the forward wave active power, is given by the following expression:

P =1, :Re(Em?f‘) (19.59)
whereas the surface density of the reverse wave active power is:
P =r,,, =Re (Ez (H, ) (19.60)

In the air, the energy contained in the forward and reverse waves is transmitted at the speed of light.

19.4. Solved Examples

Example 19.1. Using the complex Poynting theorem, calculate the internal impedance, resistance, and
internal inductance per unit length of a rectangular copper conductor through which a sinusoidal electric
current flows, assuming that ¢ >>a >>b. Letit be given: a=1cm, b =0.05 cm, k£ =56 MS/m, t/= l,,
@ =10’ rads. Neglect displacement electric currents.

Y\NI

Y

Figure 19.1. Rectangular copper conductor
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Solution:

From the given assumptions, it follows that in a good conductor, the magnetodynamic approximation
of a linearly polarized uniform plane electromagnetic wave is used. The phasors of the electric field
intensity vector and the magnetic field intensity vector lie in the (y, z) plane and depend only on the
variable x. The following holds:

E=E,G=E§J : H=H,k=HKk (19.61)

The phasor of the magnetic field intensity and the phasor of the electric field intensity are described
by the 1D homogeneous Helmholtz differential equations:

—
A17=Z[j =y’(H (19.62)
X
— 9*E_ _, —
AE = ol (E (19.63)
X

where ) is the propagation constant of a good conductor, which is described by the expression:

7=a+ j=(+j))& ; a=p8= % (19.64)

The particular solution of the Helmholtz differential equation (19.62) is:

H=H " +H,"™ (19.65)
where H, | and H , are the unknown complex constants, which must satisfy the boundary conditions.
Since:

H| _=0 (19.66)
x=0
it follows that:
H +Hy,=0 ; H,=-H, (19.67)
and it is:
H=H, [ﬂem —e‘m)zztﬁzﬁinh(m) (19.68)

The remaining complex constant H. , can be determined using Ampere's law, according to Figure 19.2.

1

/

-
<

Figure 19.2. Integration curve C

According to Figure 19.2, the following holds:
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§HW@ =§H,Giz= §H Gz =1 (19.69)
C C C

from which it follows that:

Wz + 0=1 (19.70)

X==

-a
[H
a

If expression (19.68) is substituted into expression (19.70), it follows that:

a
)C:bl]l’Z +0+ J‘H
-a

-2 2[H, Binh (7 ) + 2&[2[H, Binh (- yB)=1 (19.71)
from which it follows that: B B
Hy=-— ' g=-1 %nh(}_/DC) (19.72)
8 [ Binh (y [b) 40 sinh(p )

The phasor of the electric field intensity vector can be determined from Maxwell's first differential
equation, which in this case reads:

i j ok
Ezl 9 4 o =—laa—j (19.73)
K | 0x - K 0x
0 0 H
from which it follows that:
- - 1 0H -
E=E, =E[j=—; 3 g (19.74)
X
and it is:
E:ZDI OSh(i/DC)=ZmDI osh(i/Dc) (19.75)
K 40 sinh(yb) 40 sinh(y D)
where:
z _ Y
Z,= P (19.76)
is the wave impedance of a copper conductor, neglecting displacement electric currents.
In this case, the phasor of the Poynting vector is described by the expression:
F=ExA =Em djxk) =EH G (19.77)

whereas the complex apparent electromagnetic power entering the unit length of the conductor is
described by the expression:

Supin =P+ =1y =~§[ WS =-§r A GHES (19.78)
s S
which reduces to the integration over two rectangular surfaces perpendicular to the x-axis (Figure 19.3):

Supin = — | JEH O OGS +jED75[T[ﬁ—Y)DHS (19.79)
Sy S,
from which it follows that:
Supin == [ ETHTS + [ E CHTS (19.80)
S S,
S =-(E0Y) ., 2m+[EFHY) 2w (19.81)
ap,in x=b x=—b .
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Im

Figure 19.3. Integration surfaces

If expressions (19.72) and (19.75) are substituted into expression (19.81), the following expression
is obtained:

Fmal = 2
5. =7, 44 L??Sh({’m’) =7 0ot (yB)=1* 7}, (19.82)
4Lh s1nh(y[b) 4Lk

ap, in

from which it follows that the per-unit-length internal impedance of the conductor is described by the
expression:

= y_1 Z
Zl = Yo ot (p) = 2m oth (7 b 19.83
nt K 4 |]l (y ) 4 Bl (y ) ( )
For the conductor, it holds:
ZL =R+ jL, =R+ jIX,, (19.84)

where:
R - the per-unit-length resistance of the conductor,

L. . - the per-unit-length internal inductance of the conductor,

int
X[ int - the per-unit-length internal inductive reactance.
For y = (1 + j) L&r, the following expression holds:

sinh (2 (& (k) — j3in (2 [ [k)
cosh (2 L&y Dc) = Cos (2 Ley Dc)

coth (yx) = (19.85)

By substituting the given data, it follows that:

a=1/% =1875.78884 m™' ; 2[alb=1.87578884 (19.86)

coth (yb) =0.9137847048 0 —16.66524733° (19.87)

Z,, =4.737082174x107 0 45° Q (19.88)

Z1, =1.082168309x 10720 28.33475267° Q/m (19.89)
R=9.525133293x107* Q/m ; Xy, =5.136210755x10™ Q/m (19.90)
Liy :al)[xum =5.136210755x10™ H/m (19.91)
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Example 19.2. Using the complex Poynting theorem, calculate the internal impedance, resistance, and
internal inductance per unit length of a rectangular copper conductor. Let the conductor be placed in a
slot and carry a sinusoidal electric current with a frequency of f= 50 Hz. Assume that the permeability
of iron is infinite, all magnetic field lines in the copper conductor are parallel to the x-axis, and the
magnetic field intensity along the field lines in the copper conductor is constant. The following is given:
h=2cm, b=8 mm, k=57 MS/m. Neglect displacement electric currents.

I
h ®,u0:K Mpe —> ©

N
S e
Y=

Figure 19.4. Rectangular copper conductor in a slot
Solution:

From the given assumptions, it follows that in a good conductor, the magnetodynamic approximation
of a linearly polarized uniform plane electromagnetic wave is used. The phasors of the electric field
intensity vector and the magnetic field intensity vector lie in the (x, y) plane and depend only on the
variable z. The following holds:

E=E,G=E§J : H=H/O=HO (19.92)
The phasor of the magnetic field intensity is described by the 1D Helmholtz differential equation:
y—
af =2 i’ =y*H (19.93)
0z
whose particular solution is:
H=H R +H," (19.94)

where H, | and H , are the unknown complex constants, which must satisfy the boundary conditions:
]

=— 19.95
5 ( )

from which it follows that:

Eziﬁm (19.96)

b sinh (y (k)

The phasor of the electric field intensity vector can be determined from Maxwell's first differential
equation, which in this case reads:

i j kK
Ezlmo o 2 |-1L H[] (19.97)
K 0z K 072
H 0 0
from which it follows that:
EzEijziszl Hfj (19.98)
K 0z



and it is:

Ezldﬁﬂ L goshv ) osh (y (2) (19.99)
K b h) ~™ b sinh (y [h)

where Z_ is the wave impedance of the copper conductor, which is described by expression (19.76).

In this case, the phasor of the Poynting vector is described by the expression:

F=ExA"=Ema djxi) =E @ &) (19.100)
whereas the complex apparent electromagnetic power entering the unit length of the conductor is
described by the expression:

Supin =P+ 0 =17 Wy = - § L WS §/‘Elmmis (19.101)
s
which reduces to integration over the part of the surface z = & that belongs to the unit length of the
conductor:

Sup.in = j(E )., [k &)ws = (E 7)., o (19.102)
S,
If expressions (19.96) and (19.99) are substituted into expression (19.102), It follows that:
= " cosh (y I:h)
Suoin =Zy 40 =7, D[—Ecth h)=1%Z, 19.103
ap, in b sinh (y Eh) Y (y ) int ( )

from which it follows that the per-unit-length internal 1rnpedance of the conductor is described by:
Zl =R+ jwL,, Z%@oth(?ﬂz)=27mﬂzoth(}7&z) (19.104)
K

For y = (1 + j) L&r, the following expression holds:
sinh (2 [&r (h) - jBin (2 (& 1)

coth (}7 Ul) - cosh (2 Le [h) - cos (2 Ler [h) (1910
By substituting the given data, it follows that:
= J7T0Y T Tk =106.0723763 m™" ; 2[a (7 =4.242895053 (19.106)
coth (y k) =0.9870867411 0 1.468072449° (19.107)
n =2.631736722x10°045° Q (19.108)
Zl =3.247190531x107* [ 46.46807245° Q/m (19.109)
R =2.236530654x10™* Q/m ; X, =2354182868x10~° Q/m (19.110)
Ly = Cld (X, =7.493596808%1077 H/m (19.111)

Example 19.3. Let there be n identical rectangular good LIH conductors with the same characteristics
(u, ) placed in the slot of an electric machine surrounded by a medium with infinite permeability. Let
the conductors be connected so that a sinusoidal electric current of the same RMS value flows through
them. Using the complex Poynting theorem, determine the increase factor of the resistance and the
decrease factor of the internal inductance due to the skin effect for each conductor. Assume that all
magnetic field lines in the conductors are parallel to the x-axis and that the magnetic field intensity along
these lines is constant in the conductors. Neglect displacement electric currents.
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Figure 19.5. Rectangular conductors in a slot
Solution:

The per-unit-length resistance of the i-th conductor carrying a direct electric current (DC) is given
by the expression:

R = ! (19.112)
Kbh

where b is the width of the slot and # is the height of a single conductor. Since all conductors have the
same dimensions and are made of the same material, the per-unit-length resistance of each conductor is
identical.

It follows from the assumptions introduced that the distribution of the magnetic field intensity in all
conductors carrying direct electric current can be described by the same expression given by:

1%
HDC :ﬂ (19113)
where [ is the direct electric current.

It follows that the magnetic energy stored in the magnetostatic field, per unit length of the i-th
conductor, is described by the following expression:

i

wes =Ho [ HZD Dtlz:%ll?rft,iﬂz (19.114)
(i-1)m

from which it follows that the per-unit-length internal inductance of the i-th conductor carrying a direct

electric current is given by the expression

Lo =%Eﬁ3Eﬂi—l)+l] (19.115)

Based on the introduced assumptions, it follows that in the case of sinusoidal electric current in a
good conductor, the magnetodynamic approximation of a linearly polarized uniform plane
electromagnetic wave is used. The phasors of the electric field intensity vector and the magnetic field
intensity vector lie in the (x, y) plane and depend only on the variable z. The following holds:

E=E,G=EJ ; H=H,0=H0O (19.116)

The phasor of the magnetic field intensity in the conductors is described by the 1D Helmholtz
differential equation:

,—
AH=6—IZ=;72DLI (19.117)
Z

whose particular solution in the i-th conductor is given by:
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H=ALR 2 +BR"™ ; (i-)h<z<ilh (19.118)

where Zi i Ei are the unknown complex constants, which must satisfy the boundary conditions::

— _(-ng —_id
H‘z=(i—1)l11_ b : L:m‘? (19.119)
from which it follows that:
7o 1 jBinh[yT - pi-1)@] - (- 1)Binh [y & - y G 3] (19.120)

b sinh (y (&)

From expression (19.97), it follows that the phasor of the electric field intensity in the i-th conductor
is given by the expression:

G(Z_Z:%%E(&osh[y& - 7(i-1)@] - (i 1) osh[y & - y G (1] (19.121)

E=
sinh (y (1)

1
K
If the complex Poynting theorem is applied to the unit length of the i-th conductor:
I* Wiy =~ §L S =~ § 7 Gi S = § E CH "k Gi S (19.122)
s s s
it follows that:
21— dE gt o rE g
I” [z, —b[ﬂE [(H )z=im b[ﬂE (H )z=(i—1)m (19.123)

int,i

from which it follows that the per-unit-length internal impedance of the i-th conductor is given by:

51 _ . _y . V) _ 2 i—1
Ziii =Ry + j0L, = T EE(:Z +(i-1) )Etoth (ym)- % (19.124)
Since:
i2+(i-17 =200 -1)+1 (19.125)
the expression (19.124) can be written in the following form:
= y _ . h(yh)-1
Z! . =Y ficoth(ym) + 200 —1) 2V 22 19.126
int,1 b D( EE (y ) [ﬂl ) Sil’lh (J_/ |]1) ( )
If the following substitution is introduced into expression (19.126):
b = (1+j))k=(1+j)F ; é&=alh (19.127)

then the following expression is obtained:

- _(1+j)afEEsinh(2z)—jmin(2H)+2D[qi_1)@inh(f)+jﬂin(f)} (19.128)

T bk h cosh(ZlZ) - cos (25') cosh (E) + cos (E)

From expression (19.128), it follows that the per-unit-length resistance of the i-th conductor carrying
a sinusoidal electric current is given by the following expression:

R =—& s (28) +5in(208) ;5 ) [ea (€)=sin(¢) (19.129)
bk [h cosh(2@') — cos (2@') cosh (f) + cos (E)

and that the per-unit-length internal inductance of the i-th conductor carrying a sinusoidal electric current
is given by the expression:

366



_ s1nh ) - sin (2@') sinh (f ) +sin (E )
L _bD(Uzﬂtd cosh )—cos(2@') +2D[ﬂl ) cosh({)+cos(§) (19.130)

Since:

2
az‘/_wEUD( L6 @ _ o _ K _HB (19.131)
2 K ko ke 2 20F

- __ MM sinh (2@') - sin (2@') sinh (f ) +sin (E )
Fin b2 cosh(2@') —cos (2@') +2l [ﬂ ) cosh (E) + cos (E) (19.132)
If there are n identical conductors of height % placed in a rectangular slot (Figure 19.5), all carrying

the same sinusoidal electric current, then the current crowding due to the skin effect increases from the
lowest conductor (conductor 1) to the highest conductor (conductor n).

it follows that:

The increase factor of the resistance of the i-th conductor due to the skin effect is defined by the
following expression:

R.
ki = RiDlC (19.133)

whereas the decrease factor of the internal inductance of the i-th conductor is defined by the expression:

_ L
kLi - ch

int, i

int, i

(19.134)

If expressions (19.112) and (19.129) are substituted into expression (19.133), it follows that the
resistance increase factor (which is also the power loss increase factor) due to the skin effect in the i-th
conductor is described by the following expression:

ke =0 (€) +illi-) W, (6) ; é=aln (19.135)
where: ( ) ( )
_ sinh (2 [f) + sin (2 CF

#e(6)=¢0 cosn (28] - cos 212) (19.136)
_ sinh (E ) - sin (E )

W (é)=210 oo (6] 7 eonC] (19.137)

If expressions (19.115) and (19.130) are substituted into expression (19.134), it follows that the
decrease factor of the internal inductance due to the skin effect in the i-th conductor is described by:

Vs g (&) +itli-1)(e)] : é=aln (19.138)

k. =
b 351[@

where:
I sinh(20F)-sin 2F)
2L cosh (2 EF) COS( EF)

¢.(6)= (19.139)

y, (£)=1 g Sinh (¢) +sin(¢) (19.140)

& cosh (&) +cos (&)

At very high frequencies, the following approximations can be used:

ks =20 -1)+1)F o k= 2?&55&:)5?1] (19.141)
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Example 19.4. Calculate the internal impedance, resistance, and internal inductance per unit length of a
rectangular copper conductor. Assume that the conductor is placed in a slot and carries a sinusoidal
electric current with a frequency of f= 50 Hz. Assume that the permeability of the iron is infinite, that
all magnetic field lines in the copper conductor are parallel to the x-axis, and that the magnetic field
intensity along each field line in the conductor is constant. The following parameters are given: h =
2 cm, b =8 mm, k=57 MS/m. Displacement electric currents should be neglected. Solve the problem
using analytical expressions for increasing the resistance and decreasing the internal inductance of the
conductor in the slot. The conductor is shown in Figure 19.4.

Solution:

This example is identical to example 19.2, but should be solved using a different approach. In the
case of a single conductor in the slot (i = 1), according to expressions (19.135) and (19.136), the increase
factor of the resistance due to the skin effect in the conductor is given by the expression:

o _ o sinh20F)+sin(20F) L
kR_le_¢R(E)_EDcosh(2D,‘)—cos(2D,‘) » e=ath

whereas, according to expressions (19.138) and (19.139), the decrease factor of the internal inductance
due to the skin effect in the conductor is given by the expression:

3 sinh (20£) - sin (2F)

(19.142)

ky =k ;=3 = ; =alh 19.143
L=k =30 (¢) 20  cosh(2[F) - cos (2 [F) ¢ ( )
By substituting the given data, it follows that:
a = rrlf [y, Lk =106.0723763 m™' ; F=alh=2.121447527 (19.144)
kg =2.039715957 ; k; =0.7155857841 (19.145)

According to the expression (19.112), the per-unit-length resistance of a conductor carrying a direct
electric current is given by the expression:

R, =R™ = Di[h =1.096491228x10™* Q/m (19.146)
K

whereas, according to expression (19.112), the per-unit-length internal inductance of the given copper
conductor carrying a direct electric current is given by the expression:

56 =15 = ‘;(’;’ =1.047197551x10™° H/m (19.147)

It follows that the per-unit-length resistance of the conductor carrying a sinusoidal electric current is:
R = kg R, =2.236530654 x 107 /m (19.148)

whereas the per-unit-length internal inductance of the conductor carrying a sinusoidal current is:

L, =k 5% =7.493596808x10”" H/m (19.149)

and the per-unit-length inductive reactance of the conductor carrying a sinusoidal electric current is:
X = WL, =2.354182868 % 107 Q/m (19.150)
Finally, the per-unit-length internal impedance of the conductor carrying a sinusoidal electric current is:
Zpe =R+ jIX, . =3.247190531x107* 0 46.46807245° Q/m (19.151)

Example 19.5. Calculate the internal impedance, resistance, and internal inductance per unit length of a
rectangular copper conductor carrying a sinusoidal electric current, assuming that: ¢ >>a >>b. The
following is given: a=1cm, b =0.05 cm, K =56 MS/m, (/= l4,, ® = 10° rad/s. Solve the problem using
analytical expressions for increasing the resistance and decreasing the internal inductance of the
conductor in the slot. The conductor is shown in Figure 19.1.
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Solution:

This example is identical to example 19.1, but should be solved using a different approach. The given
conductor can be considered as a special case of a rectangular conductor placed in a slot of an electrical
machine, since each half of the conductor behaves as if it were located in a slot (Figure 19.4). In this
case, the slot width is 2-a, whereas the height of the considered half of the actual conductor in the slot
is b. The magnetic field intensity is zero both in the center of the conductor and at the bottom of the slot.
Therefore, half of the conductor is treated as if it were in a slot, and the resistance increase factor as well
as the internal inductance decrease factor due to the skin effect are the same for both the half and the
entire conductor.

In the case of a single conductor in the slot (i = 1), according to expressions (19.135) and (19.136),
the increase factor of the resistance due to the skin effect in the conductor is given by the expression:

sinh (2 [F) + sin (2 [F)
cosh (2 [£) - cos (2 [F)

whereas, according to expressions (19.138) and (19.139), the decrease factor of the internal inductance
due to the skin effect in the conductor is given by the expression:

o _ 3 _sinh(20F)-sin(2F)
kL_kLl_3WL(E)_2D,‘Dcosh(2ff)—cos(2ff) . E=alb (19.153)

By substituting the given data, it follows that:

kg = kg, = @g (£)= &0 . &=alb (19.152)

a =1/%20D( =1875.78884 m™' ; &=alb=0.93789442 (19.154)
kg =1.066814927 ; k; =0.9809439966 (19.155)

According to Figure 19.1, the per-unit-length resistance of the entire conductor carrying a direct
electric current is given by the expression:

R,. =R/ -1 =8.928571429x10™* Q/m (19.156)
K4 Lh D
whereas, according to Figure 19.1, and under the introduced assumptions that reduce the problem to the
magnetodynamic approximation of a linearly polarized uniform plane electromagnetic wave, the
magnetic field intensity in the conductor carrying a direct electric current is given by the expression:

HDC=—Iei=— [ ; —b<x<b (19.157)

20a 4La b
where [ is the direct electric current. It should be noted that, in the calculation of the magnetic field
intensity, the integration path passes through the center of the conductor, where the magnetic field

intensity is zero.

It follows that the magnetic energy stored in the magnetostatic field, per unit length of the entire
copper conductor, is described by the following expression:
nt

b
W :%DJH]fCEIDthZx=%DLPC 712 (19.158)
-b

from which it follows that the per-unit-length internal inductance of the entire conductor carrying a
direct electric current is given by the expression:

int

[PC = f’zog = 5.235987756x10™° H/m (19.159)

It follows that the per-unit-length resistance of the entire conductor carrying a sinusoidal electric
current is:

R=kgR,. =9.525133279x10™* Q/m (19.160)

369



whereas the per-unit-length internal inductance of the entire conductor carrying a sinusoidal electric
current is:

L, =k [0S =5.136210755x10™ H/m (19.161)

nt

and the per-unit-length inductive reactance of the conductor carrying a sinusoidal electric current is:

Xpi = WL, =5.136210755%107* Q/m (19.162)
Finally, the per-unit-length internal impedance of the conductor carrying a sinusoidal electric current is:
Zilm =R+ jIX;, =1.082168309 x 10730 28.33475267° Q/m (19.163)

Example 19.6. Using the complex Poynting theorem, calculate the per-unit-length impedance of a two-
wire electric line carrying a sinusoidal electric current, under the assumption that: ¢ >>a >>b. Given:
a=1lcm,b=c =0.05cm, K =56 MS/m, /= l4,, 0 = 10° rad/s. Displacement electric currents should
be neglected.

Y ¥ /

Figure 19.6. Two-wire electric line
Solution:

From the given assumptions, it follows that in a good conductor, the magnetodynamic approximation
of a linearly polarized uniform plane electromagnetic wave is used. The phasors of the electric field
intensity vector and the magnetic field intensity vector lie in the (y, z) plane and depend only on the
variable x. The following holds:

E=E/G=E§j : H=H,k=HKk (19.164)

The phasor of the magnetic field intensity is described by the 1D Helmholtz differential equation:

=y’H (19.165)
whose particular solution is:
H=H " +H,"™ (19.166)

where H, , and H , are unknown complex constants that must satisfy the given boundary conditions.
Under the introduced assumptions, the following holds:

H=0 for |x 2c+20 (19.167)
H =const. for |x| <c (19.168)

The function describing the distribution of the magnetic field intensity is an even function of x,
whereas the function describing the distribution of the electric field intensity is an odd function of x.
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=1

The internal impedances of the conductors are the same. It is therefore sufficient to determine the
internal impedance per unit length of only one conductor. Let this be the right-hand conductor (x > 0)
(19.169)

from Figure 19.6. If Ampere's law is applied as shown in Figure 19.7:

§Eﬂi[=§ﬁzﬂiz = §Eﬂlz= ]I‘ELC:CWZ
c c c -a
- _
H| _ 3G (19.170)

it follows that:

~

K ’
’
’ /
’ ’
’ 7
’ /
/ ’
z /
’
’
’
’
4 >
>

Figure 19.7. Integration curve C

Thus, the distribution of the magnetic field intensity in the right-hand conductor is described by the
(19.171)

I . 3 _
x=c+2[b
(19.172)

’

expression (19.166), whereas the boundary conditions are as follows:
H =0

=20

from which the system of linear equations follows:
El@_?m +[72|} }7|E :L
204
(19.173)

e~ 17[09+2|B)

T |
27 om o200 _ 200

whose solutions are:
7 o 7{e +2)
H, = 20 25 _ W
It follows that the magnetic field intensity in the right-hand conductor is described by the expression:

=yllv-c-28) _ yilv-c-20)
20

—_ 1
" e ¢ 20 _
The phasor of the electric field intensity vector can be determined from Maxwell's first differential

]

SR
|
L]

x | —
(7]
=

equation, which in this case reads:

E=—
K

|

i

9
O0x
0O O

from which it follows that:
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|

E=Ey@=E§=—% - 5] (19.177)
and it is: - ) " )
[ o if-c-2m) 4 pilr-c-20
E=Zn5 f JEET (19.178)
where:
z =Y (19.179)
K
is the wave impedance of the copper conductor, neglecting displacement electric currents.
In this case, the phasor of the Poynting vector is described by the expression:
F=ExA =EmR {jxk) =EH S (19.180)

whereas the complex apparent electromagnetic power entering the unit length of the right-hand
conductor is given by the expression:

Supin =P+ =1 Zh =-§F WS =-§F OGS (19.181)
s s
which reduces to an integration over the surface S; lying in the plane x = ¢ (Figure 19.8):
Sapin =~ jE tH g [ﬁ— i)ms = (E D?D)H =1 (19.182)
S

because the phasor of the Poynting vector on surface S> is equal to zero and lies within the remaining
four integration surfaces.

n T
_ iy
Sl S2
Im

Figure 19.8. Integration surfaces
From expression (19.178), it follows that:
_Z, O _ 20y 200 7O

- m
x=¢c 2[4k Dezﬁim_ 200 oy B:oth(2[}ﬂ;) (19.183)

whereas from expression (19.174), it follows that:

70
x=c 2 ]
By combining the expressions (19.186), (19.184) and (19.182), the following expression is obtained:

HY (19.184)

%]

(19.185)

ap,in int

- )
=Zn %Eﬁoth(Z yb)=7Z, G;E@oth(ZE}'/Dv)=lz z!

from which it follows that the per-unit-length internal impedance of the conductor is given by:

1 = Zn
[—lz—mﬂcoth(Z[;’/Db)— = [doth (2 7 [b) (19.186)

AN

71

mt
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The per-unit-length internal impedance of the electric line is given by the expression:

S

2 =207l =

int-linea int

oth (27 b) =R + j (L, (19.187)
a

where:

R - per-unit-length resistance of the electric line,

L, - per-unit-length inductance of the electric line.

For y = (1 + j) [&r, the following expression holds:

sinh (4 [&r (b) - j3in (4 &7 )
cosh (4 (& (b) - cos (4 [&r [b)
The per-unit-length external inductance of the electric line can be easily calculated from the magnetic

flux that flows between the conductors along the z-axis and is generated by a homogeneous magnetic
field. The following holds:

coth(2 ) = (19.188)

v U H| R
L=t =0 7" f (19.189)
I I a
The total per-unit-length impedance of the electric line is given by the expression:
leine = Zilnt—line + ] |]:")ll‘ext =R+ J D:‘)[ﬁl‘int + Lext)= R+ ] LwlL (19'190)

where L is the total per-unit-length inductance of the electric line.
By substituting the given data, it follows that:

a:‘/%;m( =1875.78884 m™' ; 4lalb= 3.75157768 (19.191)

coth (2 [b) =0.9622413654 (1 1.54185187° (19.192)

Z,, =4.737082174x107° 0 45° Q (19.193)

Z) e =4.558216419% 1072 46.54185187° Q/m (19.194)

X, = WL, =6.283185307x107° Q/m (19.195)

Zy =7 o+ K, =1.009129131x1072 0 71.89924283° Q/m (19.196)
R=3.135253113x107 /m ; X, =9.591889712x107 Q/m (19.197)

The per-unit-length resistance of a single conductor is::

R g =1.567626557x107° Q/m (19.198)

cond —

According to expression (19.90), an isolated conductor with the same dimensions as in example 19.1,
under the same assumptions, has a per-unit-length resistance of:

=9.525133293%107* Q/m (19.199)

The percentage increase in the per-unit-length resistance of the conductor due to the proximity effect
of the two conductors is:

R.

iso—cond

AR = Rcond —

R

Riso-cond 0 = 64,5779% (19.200)

iso-cond
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Note: The per-unit-length internal impedance of a single conductor can also be calculated using the
resistance increase factor and the internal inductance decrease factor of an identical conductor placed in
the slot of an electrical machine. In this case, the width of the imaginary slot is 2-a, whereas the height
of the conductor in the slot is 2:b. According to the expression (19.152), the resistance increase factor
in the conductor due to the skin effect is given by the expression:

o _ oy sinh(20F) +sin(2F)
kR_le_¢R(£)_EDcosh(2D,f)—cos(2Df) . E=2lalb (19.201)

whereas, according to expression (19.153), the decrease factor of the internal inductance due to the skin
effect in the conductor is given by the expression:

3 L sinh (20F) - sin (2 )

ky = kg, =30, (&)= 2 P eosh L) - cos2d) E=2lalb (19.202)

By substituting the given data, it follows that:
20 =4lalb= 3.75157768 (19.203)
kg =1.755741743 ; ky =0.789894992 (19.204)

According to Figure 19.6, the per-unit-length resistance of the conductor carrying a direct electric
current is given by the expression:
1

R, =R = P 8.928571429x10™* Q/m (19.205)
K

and it is:

R g = kxR, =1.567626557007° Q/m

cond —

where R is the per-unit-length resistance of the two-wire electric line.

According to expression (19.115), with the substitutions i =1, & — 2-b, b — 2-a, the per-unit-length
internal inductance of a single copper conductor carrying a direct electric current is given by the
expression:

2¢ = ‘3’05’ =2.094395102x107% H/m (19.206)
and it is:
Xiicona = @k MRS =1.654352202%x107° Q/m (19.207)

It follows that the per-unit-length internal impedance of the conductor is:

Z = Rung * 7 Kiprcona = 2.27910821x1072 0 46.541851863° Q/m (19.208)

and thus, the per-unit-length internal impedance of the electric line is:

Z! =2[Z) =455821642x107°[ 46.541851863° Q/m (19.209)

int-line int

The last decimal places of the results from expressions (19.194) and (19.209) differ due to rounding
errors.

Example 19.7. P Using the complex Poynting theorem, calculate the total per-unit-length internal
impedance of a system consisting of two identical parallel conductors carrying a sinusoidal electric
current, under the assumption that: £ >>a >>b. Given:a=1cm, b =c¢=0.05cm, K =56 MS/m, = (4,
w =10’ rad/s. Displacement electric currents should be neglected.
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Figure 19.9. Two parallel copper conductors
Solution:

From the given assumptions, it follows that in a good conductor, the magnetodynamic approximation
of a linearly polarized uniform plane electromagnetic wave is used. The phasors of the electric field
intensity vector and the magnetic field intensity vector lie in the (y, z) plane and depend only on the
variable x. The following holds:

E=E,G=E§ : H=H,k=HKk (19.210)
The phasor of the magnetic field intensity is described by the 1D Helmholtz differential equation:
y—
Al =9 il =y’H (19.211)
0x
whose particular solution is:
H=H " +H,"™ (19.212)

where H, | and H , are unknown complex constants that must satisfy the given boundary conditions.
Under the introduced assumptions, the following holds:

H=0 for |q<c 19.213)

E=L for x=2c+2[b EZ—L for XS_(C"'z[B’) (19.214)
) 20k

The conductors in this and the previous example are identical, and the distributions of the magnetic
field intensity and the electric field intensity within the conductors are of the same type in both cases,
since the boundary conditions for the magnetic field intensity are equivalent. Therefore, the per-unit-
length internal impedance of a single conductor in this problem is equal to the per-unit-length internal
impedance of a single conductor obtained in the previous example. According to expression (19.208),
the following holds:

Z = Reona + F Kincona = 2.27910821x1072[1 46.541851863° Q/m (19.215)

con 1nt-con

thus, the total per-unit-length internal impedance of the two parallel conductors is:
71
Zlm_system = Z;‘t =1.1395541105% 10730 46.541851863° Q/m (19.216)

Note: The per-unit-length internal impedance of a single conductor can be calculated either using the
complex Poynting theorem or by applying the resistance increase factor and the internal inductance
decrease factor of an identical conductor placed in the slot of an electrical machine. In this case, the
external inductance is considered infinite because the hypothetical return conductor is located at infinity.
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Example 19.8. A copper conductor of height & and width b is placed in a rectangular slot and carries a
sinusoidal electric current with a frequency of f = 50 Hz. Assume that the permeability of the iron is
infinite, that all magnetic field lines within the copper conductor are parallel to the x-axis, and that the
magnetic field intensity along each field line in the copper is constant. Displacement electric currents
are to be neglected. If the phasor of the electric field intensity is given as E = E, =0.00650 24° V/m
at the upper edge of the conductor (y = /), calculate the phasor of the electric field intensity at the lower
edge of the conductor (y = 0) and the phasor of the electric current. Given: =1 cm, b =5 mm, k=57
MS/m.

7y
I
h ® Hy, K Hre —>®©
]
v o
< b >

Figure 19.10. Rectangular copper conductor in a slot

Solution:

From the given assumptions, it follows that in a good conductor, the magnetodynamic approximation
of a linearly polarized uniform plane electromagnetic wave is used. The phasors of the electric field
intensity vector and the magnetic field intensity vector lie in the (x, z) plane and depend only on the
variable y. The following holds:

E=E,k=ER ; H=HO=HO (19.217)
The phasor of the magnetic field intensity is described by the 1D Helmbholtz differential equation:
y—
AHza—’Z:yZEH (19.218)
dy
whose particular solution is:
H=HR" +H,2" (19.219)

where H,  and H , are unknown complex constants that must satisfy the following boundary conditions:
I

=— 19.220
5 ( )

from which it follows that:

H =£@M (19.221)

The phasor of the electric field intensity vector can be determined from Maxwell's first differential
equation, which in this case reads:

i j ok
Ezlmo A . (19.222)
K y K 0Oy
H 0
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from which it follows that:

E=Em=Ek=-12 g
K 0y
and it is:
F=_ Y gosh(rB)
k b sinh(ph)
Given that:

E,=E,| =E| Zdwzoowsmwvm
Kk b sinh(yh)

ferl < Zda l - zda 1
E, =E =—- -Z
0 |y=0 K b smh(yﬂz) ™b smh(y )
From the expressions (19.225) and (19.226), it follows that:
=_ E . T__ED _
cosh (}7 [h) ! Z, (y Ul)

where:

sinh (7 [h) = sinh (@(h + j(&r(h) = sinh (o Ch) [¢os (alh) + j[&osh (alh) Bin (alh)

cosh (7 (h) = cosh (ar(h + jl&r(h) = cosh (« (k) [&os (a[k) + jBinh (a[k) Bin (a[h)

By substituting the given data, it follows that:

=70 T, Tk =106.0723763 m™" ; @ [h=1.060723763
sinh ( (k) =1.541877778 0 66.26502004°
cosh (y[h) =1.361669857 0 54.5557039°
Z. =2.631736722x107°045° Q
E, = 4.773550626 x 1070 - 30.5557039° V/m

1 =13.983601720170.7093161° A

(19.223)

(19.224)

(19.225)

(19.226)

(19.227)

(19.228)

(19.229)

(19.230)

(19.231)

(19.232)

(19.233)

(19.234)

(19.235)

Example 19.9. In a rectangular slot of width b, there is: a) a copper conductor of height 2-h carrying a
sinusoidal electric current 2 [, b) two copper conductors of height 4, each carrying a sinusoidal electric
current /. Assume that the permeability of the iron is infinite, that all magnetic field lines in the copper

conductor are parallel to the x-axis, and that the magnetic field intensity along each field line in the
copper is constant. Displacement electric currents are to be neglected. Determine the ratio of electric

power losses in these two cases. Given: A =1 cm, k=57 MS/m, f=50 Hz.
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Figure 19.11. Copper conductors in a slot

Solution:

From the given assumptions, it follows that in a good conductor, the magnetodynamic approximation
of a linearly polarized uniform plane electromagnetic wave is used. This means that the expressions for
the resistance increase factor in the conductors due to the skin effect can be used.

a) A single conductor in the slot

According to expressions (19.135) - (19.137), for a single conductor of height 2-A, the resistance
increase factor is given by the expression:

e = ()= ep SR T 0TE) o, (19.236)
cosh (2 I__f) - cos (2 I__f)
By substituting the given data, it follows that:
a =l L, lk =106.0723763 m™ . 2lalh=2.121447526 (19.237)
kg, =2.039715956 (19.238)

b) Two conductors in the slot

According to expressions (19.135) - (19.137), for two conductors of height £, the resistance increase
factor is given by the expressions:

A sinh (2 [£) + sin (2 [§)

cosh (2 I__f) - cos (2 BF)
sinh (f ) —sin (E )

; &=alh (19.239)

krpy = kgp; T4 5 sl (f) P (f) (19.240)

By substituting the given data, it follows that:
a =m0y i, [k =106.0723763 m™' ; a[h=1.060723763 (19.241)
krp =1.107367415 3 kgpyy =1.910212277 (19.242)

The required ratio of electric power losses is:
Foo 2R 351888700 (19.243)

By kgpr tkgp

Example 19.10. In a rectangular slot of width b, there is: a) a copper conductor of height 5-4 carrying
a sinusoidal electric current 501, b) five copper conductors of height 4, each carrying a sinusoidal
electric current 7. Assume that the permeability of the iron is infinite, that all magnetic field lines in the
copper conductor are parallel to the x-axis, and that the magnetic field intensity along each field line in
the copper is constant. Displacement electric currents are to be neglected. Determine the ratio of electric
power losses in these two cases. Given: h = 6 mm, A =57 MS/m, f=50 Hz.
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Figure 19.12. Copper conductors in a slot

Solution:

From the given assumptions, it follows that in a good conductor, the magnetodynamic approximation
of a linearly polarized uniform plane electromagnetic wave is used. This means that the expressions for
the resistance increase factor in the conductors due to the skin effect can be used.

a) A single conductor in the slot

According to expressions (19.135) - (19.137), for a single conductor of height 5-4, the resistance
increase factor is given by the expression:

sinh (2[£) + sin (2 [§)

kga :¢R($)Z£Dcosh(2BF)—cos(2BF) . &=5lalh (19.244)

By substituting the given data, it follows that:
a =m0y iy [k =106.0723763 m™" ; Slalh=3.182171289 (19.245)
kg =3.194003913 (19.246)

b) Five conductors in the slot

According to expressions (19.135) - (19.137), for five conductors of height 4, the resistance increase
factor is given by the expressions:

_ .o sinh(20F)+sin(208)
kgp; = mcosh(zaf)—cos(zrf) . é=alh (19.247)
_ sinh (E ) —sin (f )
krpo = kgt +4LE 0 cosh () + cos (¢) (19.248)
_ sinh (E ) —sin (f )
krps = kgpp +120 5 cosh () + cos (¢) (19.249)
_ sinh (&) - sin (&)
krps = krp + 24053 cosh (£) + cos (¢) (19.250)
_ sinh (&) - sin (&)
krps = krp + 4005 3 cosh (£) + cos (¢) (19.251)
and it is:
5 . e
ko = X Ky = 5 gy, +80F B (€)-sin(¢) (19.252)

e cosh (&) + cos (&)
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By substituting the given data, it follows that:

a =mlf Qu, Tk =106.0723763 m™" ; alh=0.6364342578 (19.253)
kpp =1.014492957 1 kg, =7.245559817 (19.254)

The required ratio of electric power losses is:
P, _ Slkg,

=2.204111203 (19.255)
B, kb

Example 19.11. In a rectangular slot of width bb, there are five copper conductors of height 4, each
carrying a sinusoidal electric current I. Assume that the permeability of the iron is infinite, that all
magnetic field lines in the copper conductor are parallel to the x-axis, and that the magnetic field
intensity along each field line in the copper is constant. Displacement electric currents are to be
neglected. Let the resistance increase factor of the first conductor be 1.04, and let the resistance increase

factor of the third conductor be 2.12. Calculate the resistance increase factors for the remaining three
conductors.

A Hpe —> ©

Figure 19.13. Five conductors in a rectangular slot
Solution:

From the given assumptions, it follows that in a good conductor, the magnetodynamic approximation
of a linearly polarized uniform plane electromagnetic wave is used. This means that the expressions for
the resistance increase factor in the conductors due to the skin effect can be used.

According to expressions (19.135) - (19.137), for five conductors of height 4, the resistance increase
factor is given by the expressions:

Pr =¢R(5) . =‘//R(<t) s ki = PR 5 kro =@r 2% (19.256)
kpy =@r +6%R ; kpa=@r +120%; kgs =¢r +20%% (19.257)

Based on the given data, the following system of equations can be formed:

kgpi =@r =1.04 krzs =@r + 6% =2.12 (19.258)
from which it follows that:
gr =1.04 %R =0.18 (19.259)
and it is:
kpo =14 5 kpa =32 ; kgs=4.64 (19.260)
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Example 19.12. Determine the functions that describe the distribution of sinusoidal magnetic flux
density and surface density of the electric current in an LIH ferromagnetic sheet of thickness d, electrical
conductivity x, and magnetic permeability x. Let the magnetic flux density vector be parallel to the z-
axis, and assume that the magnetic field intensity H = H, o 1s given at the edges of the sheet (for x = +
df2). Solve the problem using the magnetodynamic approximation of a linearly polarized uniform plane
wave in a good conductor.

Figure 19.14. Ferromagnetic sheet

Solution:

Since the magnetodynamic approximation of a linearly polarized uniform plane electromagnetic
wave is used, the following holds:

E=E,=EJ ; H=H,k=HXk (19.261)

The phasor of the magnetic field intensity is described by the following 1D Helmholtz differential
equation:

y—
Aﬁz‘;il =y’H (19.262)
X
whose particular solution is:
H=H " +H," (19.263)

where H,  and H , are unknown complex constants that must satisfy the following boundary conditions:

H| _ . =H, (19.264)
from which it follows that:
H=H, C:S";l(l}_/(’;i Bj)z) (19.265)
and thus, the distribution of the magnetic flux density is described by the expression:
B=B,=uH =uH, cosh ( 1) (19.266)

* “cosh (VBi /2)

The phasor of the vector of the surface density of the electric current can be determined using
Maxwell's first differential equation, which in this case is given by:
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i j Kk
J= 9 o o =—6—H[] (19.267)
0x 0x
0 0 H
from which it follows that:
. 0H -
J=Jg=-—0 (19.268)
dy
and it is:
J=J, =-yH E—IM (19.269)

y =TV cosh(}_/ﬂi/Z)

It is important to note that J is the phasor of the surface density of the eddy current, which opposes
the change in the magnetic flux linkage.

Example 19.13. Let there be N conductors on each side of an LIH ferromagnetic core, each carrying a
sinusoidal electric current with an RMS value I and angular frequency w. Determine the equivalent
impedance of the core. Solve the problem using the magnetodynamic approximation of a linearly
polarized uniform plane wave in a good LIH conductor. Neglect the magnetic reluctance of the
surrounding medium.

Figure 19.15. Core and conductors carrying electric current
Solution:

Since the magnetodynamic approximation of a linearly polarized uniform plane electromagnetic
wave is used, the following holds:

E=E,k=ER ; H=H,0=HG (19.270)

The phasor of the magnetic field intensity is described by the following 1D Helmholtz differential
equation:

y—
Aﬁz‘;? =y’H (19.271)
X
whose particular solution is:
H=H " +H,"" (19.272)

where H,  and H , are unknown complex constants that must satisfy the following boundary conditions:
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== (19.273)

from which it follows that:

NO Eg:osh (}7 Dc)

H 19.274
h  cosh (}7 Bl) ( )
The phasor of the electric field intensity vector can be determined from Maxwell's first differential

equation, which in this case reads:

ij K
E:l[]"_ 0o o|=1fg ; EzEZEFbEEE:l H g (19.275)
K | 0x K 0x - K 0x
0 H 0
and it is:
F=Y v sinh(y¥) -z MY ginh(y¥) z =Y (19.276)
kK h cosh (y Diz) h  cosh (y Bz) K
In this case, the phasor of the Poynting vector is described by the expression:
F=ExA’=EmH ix]) =- EH G (19.277)
whereas the complex apparent electromagnetic power entering the core is described by the expression:
§ap’in=P+j@=12Ef=—§ﬁﬂi§ =§Fﬁ[ﬂims (19.278)
S s

which reduces to an integration over the surface S, lying in the plane x = —a, and the surface S», lying
in the plane x =a (Figure 19.16):

S, =—(ED75)x:_aEsl+ (ED?D)x:aEszzlzu? ; §,=8,=blh (19.279)

ap,in

since the phasor of the Poynting vector lies within the remaining four integration surfaces.

Figure 19.16. Integration surfaces

If the expressions (19.274) and (19.276) are substituted into the expression (19.279), the following
expression for the equivalent impedance of the ferromagnetic core is obtained

2[hIN?

Z= [Z, [anh (P &)= R + julL (19.280)

where R is the equivalent resistance of the core, and L is the equivalent inductance of the core.
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The following holds:
sinh (2@ &) + jBin (2 @ (&)
cosh (2 (&r (&) + cos (2 (@ &)

tanh (V&) = tanh (o & + j (& (&) = (19.281)

Note: According to the complex Poynting theorem in its integral form, the same solution for R and L in
this example can also be obtained, in a more complicated way, using the expressions:
2
RO’ =cJEE @y ; H=l
v 2 2

A H @y (19.282)
1%

where it becomes necessary to use the following expressions:

cosh (2 I Dc) —cos (2 Ld Dc)

sinh (7 &) fsinh (7 &))” = sinh (7 &) |* = 5 (19.283)
cosh (7 ) feosh (7)) = cosh (7 ) F = <20 e D“); cos (24 ) (19.284)
and it is also useful to know the following expressions:

sinh (7 ) feosh ( ))? = 500 Lzg) ’; jsin (204 ) (19.285)
cosh (7 ) fsinh (7 )7 = S0 o) ; jsin(204 ) (19.286)

From expressions (19.283) - (19.285), the previously used expressions can be easily derived:
tanh (73 = sinh (&) _ sinh (2@ &) + ji8in (2 (%) (19.287)

cosh (}7 Dc) cosh (2 L Dc) + cos (2 L& Dc) ‘

coth () = cosh (y &) _ sinh (2@ &) ~ jlBin (2@ ) (19.288)

sinh (&) cosh (2@ X) - cos (2 [2r (&)

Example 19.14. A coil of length ¢ wound tightly around a solid straight ferromagnetic core of square
cross-section contains a total of N turns. The core is made of an LIH (linear, isotropic, and homogeneous)
material with electrical conductivity x and magnetic permeability . The coil carries a sinusoidal electric
current with an RMS value I and angular frequency w. Determine the equivalent impedance of the core
and the electric power losses in the core, assuming that the skin depth of the electromagnetic wave is
much smaller than the edge length a of the core. Neglect the effects at the ends of the core. Solve the
problem using the magnetodynamic approximation of a linearly polarized uniform plane wave in a good
conductor.

!

Figure 19.17. Coil wound around a solid straight ferromagnetic core
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Solution:

Based on the assumption that the skin depth of the wave in the core is much smaller than the edge
length (d =1/a <<a), and by neglecting the influence of the core ends, each of the four boundary
surfaces can be analyzed separately. In other words, only one quarter of the winding, positioned in front
of the ferromagnetic medium that extends to infinity, is considered (Figure 19.18).
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Figure 19.18. Quarter of the winding in front of the ferromagnetic medium

Since the magnetodynamic approximation of a linearly polarized uniform plane electromagnetic
wave is used, the following holds:

E=E,=E[ ; H=H,[k=H[k (19.289)

The phasor of the magnetic field intensity is described by the following 1D Helmholtz differential
equation:

y—
ag =2 Ij =y’H (19.290)
0x
whose particular solution is:
H=H " +H,"™ (19.291)

where H, ; and H , are unknown complex constants that must satisfy the following boundary conditions:
= H =0 (19.292)

from which it follows that:

R (19.293)

The phasor of the electric field intensity vector can be determined from Maxwell's first differential
equation, which in this case reads:

N

i K
Ezlm— 0 0l=-1 Hj (19.294)
K | Ox K Ox
0 0 H
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from which it follows that:

Eziyﬁziijz—l Hfj (19.295)
K 0Ox
and it is:
EzZGNT@‘W =ZmDNT ras (19.296)
K
where:

z =Y (19.297)
K

is the wave impedance of the ferromagnetic core, with displacement electric currents neglected.
In this case, the phasor of the Poynting vector is described by the expression:

F=ExA"=Emdjxk) =EH G (19.298)
whereas the complex apparent electromagnetic power entering the core is described by the expression:
Supin =P+j0=1"Z=-44 S =-4] G GLS (19.299)
s
which reduces to an integration over surface Si, lying in the plane x = 0, so that:
Sap,in =4 [ﬁf D7D)x=o 5, =I°Z ; S, =all (19.300)

If the expressions (19.293) and (19.296) are substituted into the expression (19.300), the following
expression for the equivalent impedance of the ferromagnetic core is obtained:

2 —
Z:4[—lN€—BIE.K=R+thdHL=R+jEXL (19.301)
K

where R is the equivalent resistance of the core, L is the equivalent inductance of the core, and X is
the equivalent inductive reactance of the core.
Since y = (1 + j) Lay, it follows from expression (19.301) that:
2 ol
R=X —4[—I— 4[—!— Sk (19.302)

and the electric power losses in the core are:

2 2
p=12R=4pN B plot (19.303)
L 2k
whereas the reactive power in the core is:
2 2
0=1"x, =4 2 ‘;g =p (19.304)

Example 19.15. In an infinitely long slot cut into a half-space with infinite magnetic permeability, there
are two thin electric conductors in the form of narrow current-carrying strips, each with a per-unit-length
resistance RR. Let the strips be connected at both ends - at the beginning and at infinity - and let a total
sinusoidal electric current with an RMS value I flow through them. Determine: a) the electric current in
each conductor, b) analyze the effect of conductor transposition on the distribution of the total electric
current between the conductors. Assume that the magnetic field between the strips is homogeneous and
that the field lines are parallel to the y-axis.
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Figure 19.19. Two current-carrying strips in an infinitely long slot

Solution:

a) Distribution of the total electric current between the conductors

The phasor of the magnetic field intensity between the current-carrying strips is described by the
expression:

=Hy§ :[—7@: g (19305)

[
SE el

A unit length of the slot and current-carrying strips is considered, and the equivalent circuit shown
in Figure 19.20 is used. For the imaginary loop, Faraday's law of electromagnetic induction applies:

Eing =—Jﬂwﬂf=—jﬂw%dbiﬂz (19.306)
where:
5=#OB%@DI=AIOB%D}1 (19.307)

is the magnetic flux per unit length of the slot, while End is the EMF induced in the imaginary loop.

I <
R I,
I - I
Eind
R I
‘ | — &
< Im ”

Figure 19.20. Imaginary loop associated with a unit length of the slot

The induced EMF drives an electric current through the imaginary loop, which is described by the
expression:

. E I,
[ = —0d = — iy, 32— 19.308
nd = S T S R ( )

while the phasors of the electric currents in the strips are described by the expressions:
N - I -
I :E_Iind ; I, =E+Iind (19.309)

From the system of three linear equations, described by expressions (19.308) and (19.309), the
following expressions are obtained:
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h

1+ j Ll H—
~ J Lot RD - B 1 B
I, = . o ; I,= . u (19.310)
2+ j Lo, — 2+ j vl —
J OB IO
For & =0 the following holds:
I, =1,= I (19.311)
2
whereas for « — oo it holds that:
_1 :]_ ; ]_2 =0 (19312)

b) The effect of transposition on the distribution of the total electric current between the conductors

The purpose of conductor transposition is to ensure that equal electric currents flow through the
conductors, i.e., that expression (19.311) holds.

Example 19.16. Calculate the frequency of a plane electromagnetic wave propagating through a
conducting LIH medium with a phase velocity v = 2.236 m/s. The properties of the medium are given
as follows: K =10 MS/m, 4.=1000, &, =11.

Solution:

From expressions (17.120) and (17.121), it follows that the phase constant of the conducting medium

is given by the expression:
,Bz\/a)&h/(a)ﬁr)z + K q/# (19.313)

whereas the phase velocity of the wave is described by the expression:

y=2 (19.314)
B
From expressions (19.313) and (19.314), it follows that:
2 Eéwl}+ (wz)? +K2JG“’2Q=w2 (19.315)
and it is:
(WEf +4* =w 2 S (19.316)
uo
from which, after squaring expression (19.316), the following expression is easily obtained:
. MED?
W= —F——— (19.317)
20/1- uEG?
Thus, the frequency of the plane wave is:
2
f= HKD =4.999696 kHz (19.318)
407Gl - pE o2
If the displacement electric currents are neglected, then:
2
F=HEDT 4999606 kHZ (19.319)
40r

which means that the numerical result remains the same.
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Example 19.17. Calculate the phase velocity of a plane electromagnetic sinusoidal wave with a
frequency of f= 10 MHz, propagating in a conducting LIH medium. The properties of the medium are
given as follows: x =10 MS/m, . =1000, &, =11.

Solution:

The phase velocity of the wave, according to the previous example, is given by the following expression:

=99.99999997 m/s (19.320)

w w
py=—=
o \/wl}"h/(a)ﬁt)z +K* E{/WZDJ

where w=2[nlf.
If the displacement electric currents are neglected, then:

v= /@ =100 m/s (19.321)
J74V.¢

Example 19.18. Calculate the phase velocity of a plane electromagnetic sinusoidal wave with a
frequency of f =50 MHz, propagating through an LIH soil. The properties of the soil are given as follows:
k =0.001 S/m, . =1, & =10.

Solution:

The phase velocity of the wave, according to the previous examples, is given by the following
expression:

y =

=7.070969467 x10° m/s (19.322)

=8

oo e g4

where w=2[nlf.
If the displacement electric currents are neglected, then:

V= /E =7.071067812%10° m/s (19.323)
ULk

Example 19.19. Let the electric field intensity in the air be described by the following expression:
E (z,t) =50[¢os(wd - p k) [ V/m. Determine the expression for the instantaneous and average value
of the electromagnetic power passing through an imaginary circle lying in the plane z =a, with its
center on the z-axis of a Cartesian coordinate system. Let the radius of the circle be » = 2.5 m. Assume
that a linearly polarized plane wave is propagating in the direction of the z-axis.

Solution:
The given electric field intensity is described by the expression:
E(z,1)=5000s(wd - A0 V/m (19.324)

and then, based on expressions (19.48) and (19.49), it follows that:

H(z1) =§—0 Ros(wd - AZ)G A/m (19.325)

m

where, according to expression (19.45), the wave impedance of air is:
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Z,=Z,= /% =376.730313668 Q (19.326)
0

The instantaneous value of the electromagnetic power passing through the given circle is described
by the expression:

p=r

K =(ExA). K5 =Ea ) H G0 (19.327)

=
where the Poynting vector r, by its physical meaning, represents the surface density vector of the
instantaneous electromagnetic power, and its unit of measurement is W/m?.

If the expressions (19.324) and (19.325) are substituted into expression (19.327), the following
expression is obtained:

2
p =52l@os2(w d- A (19.328)

m

By substituting the given data, it is obtained that:
p =130.2984746 [dos*(w @ — S k) W (19.329)

To facilitate the calculation of the average value of the electromagnetic power passing through the
imaginary circle, expression (19.329) can be rewritten in the following form:

_ 130.2984746 [ﬁ

5 1+Cos(2l]uﬁ—2lfﬂﬂh)] W (19.330)

from which it follows that the required average value of the electromagnetic power is:

p = 130.2984746

av

=65.1492343 W (19.331)

The same result is also given by the following expression:

P =E O 0= 130.297

=65.1492343 W (19.332)

where:

E,; - effective, or RMS, value of the sinusoidal electric field intensity,

H,; - effective, or RMS, value of the sinusoidal magnetic field intensity.
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20. SINUSOIDAL PLANE WAVE AT THE BOUNDARY BETWEEN TWO MEDIA

Let the boundary separating the two half-spaces be a plane. Assume that each half-space is filled
with a linear, isotropic, and homogeneous (LIH) medium.

When an electromagnetic plane wave from the first medium strikes the boundary plane, it causes
polarization in the second medium and induces eddy currents if the second medium is conductive. The
second medium resists the penetration of the wave through polarization and the induced electric currents
in a way that corresponds to the effect of the secondary winding of a transformer. This resistance of the
medium leads to reflection and refraction of the electromagnetic wave. The electromagnetic field of the
polarized dipoles and the eddy currents is superimposed on the incident electromagnetic field.

20.1. Snell's Laws of Reflection and Refraction

It is important to emphasize that an electromagnetic plane wave behaves analogously to light when
incident at the boundary between two LIH media.

Let a linearly polarized plane electromagnetic wave from medium 1 be incident on the boundary of
medium 2. Let the incident wave propagate in the direction of the unit vector 7, the reflected wave in
the direction of the unit vector 7; and the transmitted wave in the direction of the unit vector 7, (Figure
20.1). All three unit vectors lie in the same plane. Assume that the plane electromagnetic wave is
sinusoidal.

N
15
q
XN |& /.
_ N |7/ 7,
Ve X
— R F ” 7z
72 i,
9
Zv

Figure 20.1. Incident, reflected and transmitted wave

The incident plane wave strikes the boundary between the two media at an angle &, with respect to
the unit normal 7 to the boundary surface. The reflected wave is reflected at an angle &, with respect
to the unit normal # to the boundary surface. The transmitted wave forms an angle 52 with the z-axis,
which is, in the general case, a complex quantity (Figure 20.1). The properties of the two LIH media are
contained in the wave constants of those media: )4 and ).

For the incident sinusoidal electric field intensity, in the phasor domain, the following equation holds:
E; =E /% =E 7" (20.1)

where the vectors 7, and 7 are shown in Figures 20.1 and 20.2-a.

o -
> r

v’

b) c)
Figure 20.2. Projection of the vector 7 onto the unit vectors n,, n; and n,
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From expression (20.1), it follows that the incident wave has only a forward component, and its
propagation is described by the vector r.

In the time domain, the expression (20.1) takes the form:
E = Re[\/E (E, @f'm] =Re [ﬁ [E, [~ "1 /1807 (20.2)
At the point of incidence of the electromagnetic wave, the following holds:
s;=n,[F=0 (20.3)

For the incident sinusoidal magnetic field intensity, in the phasor domain, the following equation holds:
Hi=H, "% =H,@ """ (20.4)
It can be easily proven that the following equation holds:
- n. X E
Hy="0"20 (20.5)
Z

because:

0
EyxH,=

=/, . H,=
L o=1omy oZl

~
||On1I

(20.6)

For the reflected sinusoidal electric field intensity, in the phasor domain, the following equation holds:
E . =E @ NS =E [ no® (20.7)

where the vectors 7, and 7 are shown in Figures 20.1 and 20.2-b.

In the time domain, the expression (20.7) takes the form:
E, = Re[\/E [E, @JM] =Re[ﬁ (E, ™ VT g0 (20.8)

For the reflected sinusoidal magnetic field intensity, in the phasor domain, the following equation holds:

H =H @ "% =g g e (20.9)

T

It can be easily proven that the following equation holds:

- n xE
H =022 (20.10)
Z
because:

Elxﬂl :Z.l:/_ﬂﬁl ; 171:% (20.11)
1

For the transmitted sinusoidal electric field intensity, in the phasor domain, the following equation holds:

E =E,& "N =g, Y (20.12)

where the vectors 7, and 7 are shown in Figures 20.1 and 20.2-c.

In the time domain, the expression (20.12) takes the form:
E = Re[\/E (E, @fm] =Re [ﬁ [E, [ 72727 /" (20.13)

For the transmitted sinusoidal magnetic field intensity, in the phasor domain, the following equation
holds:

H =H,G "% =g, r%" (20.14)

t
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It can be easily proven that the following equation holds:

- i xE
H, =Xk (20.15)
7
2

because:
E,xH,=l,=Thui, ; Hy==2% (20.16)

The tangential components of the electric field intensity and magnetic field intensity must be
continuous, so the following equations hold:

ﬁx(Ei+Er):ﬁxEt ; ﬁx(ﬂi-l-ﬂr):ﬁxﬁt (20.17)
and it is:
i (Eo 2 AT 4 BT )= i x 7 (20.18)
i (2 AT 4 @ AT ) = jix 7 PR (20.19)
from which it follows that the following conditions must be satisfied:
ﬁx(Eo*'El):ﬁsz ; ﬁx(ﬁ0+ﬁl):ﬁxﬁ2 (20.20)
v, r =y =y, @, F (20.21)
From expression (20.21) and Figure 20.1, it follows that:
y, GBind, = j; GBin g, =y, GREind, (20.22)
which leads to Snell's laws:
8, =9, (20.23)
sindy = Gin (20.24)
27— 0 .

12

that is, Snell's law of reflection of the electromagnetic wave and Snell's law of refraction (transmission)
of the electromagnetic wave.

According to Snell's law of refraction (20.24), in the general case, the sine of the angle of refraction
is a complex quantity, and consequently, the angle of refraction itself is also complex. In the special
case where both media are perfect LIH dielectrics, the following relation holds:

sind, _y _ J0Q/umE _ i E _"

sindy, Vo Qi E JmE v

(20.25)

where v; and v, are the velocities of the electromagnetic wave in each medium, which do not depend
on frequency. It is important to note that, in this case, the angle of refraction is a real quantity.

Furthermore, if for perfect LIH dielectrics it holds that £4= (,, then:

sin? & E n c c
: 2 — (& — f&rl T =n, 3 mE— 5 npy=— (20.26)
Sin 190 82 Erz l’lz Vl V2

where n; and n, are the refractive indices of the perfect LIH dielectrics, n, , is the relative refractive
index between the two perfect dielectrics, and c is the speed of light in a vacuum.
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20.2. Fresnel Equations

At the boundary between the two media (z = 0), the so-called Fresnel equations for the electric field
intensity apply:

ix(E,+E,)=ixE, (20.27)
x| Mo XEo  XEy | _ o mXE, (20.28)
where:
- i XE - i XE - iiyXE
H,=—-=¢ . g ="1"= . fF =2"22 (20.29)
Z1 Zl ZZ

It is particularly important to consider two specific cases when:

a) the electric field intensity vector is perpendicular to the plane of incidence,

b) the electric field intensity vector lies in the plane of incidence.

According to Figure 20.1, the plane of incidence is the plane in which the unit vectors n,, n;, n,,
and 7 lie.

In the general case, the electric field intensity vector can be decomposed into these two components.
Fresnel equations (20.27) and (20.28) are used when the electric field intensity vector is perpendicular
to the plane of incidence. In this case, the magnetic field intensity vector lies in the plane of incidence.

At the boundary between the two media (z = 0), the Fresnel equations for the magnetic field intensity

apply:

ix(f,+d,)=ixH, (20.30)
Z,Gix iy x H, + i xH,) = Z,Gix i, <, ) (20.31)

where:
Eoz_zl [ﬁﬁoxﬁo) ; Elz_zl [ﬁﬁlxﬁl) ; Ezz_zz Eﬁﬁzxﬁz) (20.32)

Fresnel equations (20.30) and (20.31) are used when the electric field intensity vector lies in the plane
of incidence. In this case, the magnetic field intensity vector is perpendicular to the plane of incidence.

20.3. Electric Field Vector Perpendicular to the Plane of Incidence

Let the electric field intensity vector be perpendicular to the plane of incidence (Figure 20.3). In this
case, Fresnel equations (20.27) and (20.28) for the electric field intensity can be used to determine the
expressions for the reflection and transmission coefficients, since the electric field is tangential to the
boundary plane. The continuity of the tangential components of both the electric and magnetic field
intensity vectors must be satisfied. For the tangential components of the electric field intensity vector,
the following holds:

Ey=E, ; E,=E ; E, =E, (20.33)
where, according to Figure 20.3, for the tangential components of the magnetic field intensity vector,

the following holds:
H,, =-H,[8osd, ; H, =H,ltosd, ; H, =-H,Bosd, (20.34)

from which it follows that:
H, =-="[dosd, ;: H, =%Etos:90 . H,, =—%Ecos:§2 (20.35)
1 2

N|n1|
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Y

Figure 20.3. Electric field intensity vector perpendicular to the plane of incidence

From the requirement that the tangential components of the field intensities be continuous, it follows
that:

EOY +Ely :EZy ;o Hox +Elx =172x (20.36)

and, taking into account the expressions (20.33) and (20.35), the following system of linear equations is
easily obtained:
E,+E, =E, (20.37)

E,[0sd, - E,[¢os S, = % [E, [¢0s 9, (20.38)
2

To obtain the expressions for the reflection and transmission coefficients of the electric field
intensity, equations (20.37) and (20.38) can be expressed as follows:

E, - E, =E, (20.39)
E+A5%hE o F (20.40)
Z, cosd,

from which it follows that:

LHQMJ E, :Eotﬁl—é acﬂj (20.41)

(1 + L G%J (E, =2[E, (20.42)

From expressions (20.41) and (20.42), it is easily obtained that:

cosd, — Z [Gos,
V4 — — 2[cosd,

E = Zz E, ; E,= = (E, (20.43)
cosd, + =1 [dos I, cosd, + =1 [dos I,
ZZ ZZ

The reflection coefficient for the electric field intensity is defined as the ratio of the tangential
components of the electric field intensity vectors:
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pE==2r==l= 2 (20.44)

g_Ey _E 2 [dos _
Ee =t B =1+ (20.45)
7 _
cosd, + = [dos I,
Z,
From expressions (20.35) and (20.45), it follows that the reflection coefficient for the magnetic field
intensity is given by the following expression:

Zl
— [¢tosd cos?
7 2 0

_u_H, E _ _
pi=fx B ge_ 2 (20.46)
H E, Z 9
—[¢os, +cosd,
Zy

or, written differently:

cosd, — % [¢os
pH = 21 (20.47)

cosd, + 2y [dos T,
Z

From expressions (20.35) and (20.45), it follows that the transmission coefficient for the magnetic
field intensity is given by the following expression:

o= Moy By (08D i\ Ros,  20osd, (20.48)
H,,  E, Z,[dosd, Z, [dos 3, cosT, +é Ros,
Z
and it holds that:
£ =1 M (20.49)

The reflection and transmission coefficients are complex quantities, which means that the reflected
and transmitted waves differ from the incident wave in both magnitude and phase.

20.4. Electric Field Vector Lies in the Plane of Incidence

If the electric field intensity vector lies in the plane of incidence, then the magnetic field intensity
vector is perpendicular to the plane of incidence (Figure 20.4). In this case, to determine the expressions
for the reflection and transmission coefficients, Fresnel equations (20.30) and (20.31) for the magnetic
field intensity can be used, since the magnetic field is tangential to the boundary plane. The continuity
of the tangential components of both the electric and magnetic field intensity vectors must be satisfied.
For the tangential components of the magnetic field intensity vector, the following holds:

Hy=H,; Hy=H, ; Hy =H, (20.50)

whereas, according to Figure 20.4, for the tangential components of the electric field intensity vector,
the following holds:

E,, =E,[80s8, ; E, =-E[80s8, ; E,, =E,tosd, (20.51)

from which it follows that:
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E, =Z,[H,[dosd, ; E, =-Z,[H,Bosd, ; E, =Z,[H,[@dosd, (20.52)

X

- A -
. E n E -
ZAON ' ®H,
_ iND| %
N X
72 i, r
9,
Zvy I:I & Et

Figure 20.4. Electric field intensity vector lies in the plane of incidence

From the requirement that the tangential components of the field intensities be continuous, it follows
that:

Hy +H, =H,, : Ey +E, =E, (20.53)

and, taking into account expressions (20.50) and (20.52), the following system of linear equations is
easily obtained:

H,+H =H, (20.54)
H,[¢osd, — H,[Bos I, =?2 [, [Gos I, (20.55)
1

To obtain the expressions for the reflection and transmission coefficients of the magnetic field
intensity, equations (20.54) and (20.55) can be expressed as follows:

H -H,=H, (20.56)
H+ 2% g g (20.57)
Z, cosd,

from which it follows that:

(1 L 90&’92} H, =H, EEI 4 BC%J (20.58)

Z, cosd, Z, cosd,
1+ 228950 g o, (20.59)
Z, cosd,

From expressions (20.58) and (20.59), it is easily obtained that:

7z —
B cosd, —?2 [¢osd, B B 5 lcos B
H, = Zl H, ; H,= > ! H, (20.60)
cos s, + == [Bosd, cosdd, + =2 [Bosd,
Z, Z

The reflection coefficient for the magnetic field intensity is defined as the ratio of the tangential
components of the magnetic field intensity vectors:
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_ Z
Po =—=— === = (20.61)

_ H, H. 2 [dosd _
Ty =——==2= — =1+ (20.62)

Z _
cosd, + =2 [dos I,
Z

From expressions (20.52) and (20.61), it follows that the reflection coefficient for the electric field
intensity is given by the following expression:

i % [Gosd, — cos I,
ﬁ;ir - Lix =_le_ﬁ;£l‘r =2 (20.63)

22 [Bosd, +cosd,
Z

or, written differently:

cosd, — % [dosd,
P = 2 (20.64)

cosd, + Z [dos 3,
Z;

From expressions (20.52) and (20.62), it follows that the transmission coefficient for the electric field
intensity is given by the following expression:

e = In =% 0089y folbosd 20055, (20.65)
0x 0 2y osd, Z, oy cosd, 4 [¢osd,
Zy
and it holds that:
Toar =1+ Do (20.66)

In this case as well, the reflection and transmission coefficients are complex quantities, which means
that the reflected and transmitted waves differ from the incident wave in both magnitude and phase.

It is important to emphasize that, according to expressions (20.46) and (20.63), the following holds:

pi=-pt . pE.=-pm (20.67)

20.5. Normal Incidence of a Sinusoidal Plane Wave

Let a linearly polarized plane electromagnetic wave from medium 1 be normally incident on the
boundary of medium 2. In this case, both the electric and magnetic field intensities have only tangential
components, and there are infinitely many planes of incidence.

Normal incidence of a plane electromagnetic wave can be considered a special case of the two
previously discussed cases of oblique incidence of a plane electromagnetic wave, for which the
following holds:

5y=59,=3,=0 ; cosd,=cosd =cos, =1 (20.68)

In this special case, the Fresnel equations for the electric field intensity (20.37) and (20.38) take on
a new form:
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E,+E =E, ; E,-E ==LIE, (20.69)

ﬁE:gzzz 2L Ty =2 =1+pp =— 2 (20.70)
E, Z,+Z, E, Z,+Z,
_ _ _Z-Z _ _ _ 2rz,
I()H:—I()E:_l—_2 ; TH:1+IOH:% (20.71)
Z,+Z, Z, %2,

In this special case, the Fresnel equations for the magnetic field intensity (20.54) and (20.55) take on
a new form:

5 (20.72)

_ _H, Z _ _H _ _ 20z
pH :le_l _2 ; H=72:1+ H:— i (2073)
Hy, Z,+2Z, H, 2y *+2,
ﬁE:__ :EZ _El : TE:1+_ __zmz (2074)
Z,+Z, Z,*+Z,

Conclusion: For the tangential components of the electric and magnetic field intensities of a sinusoidal
plane wave, the following holds:

1+P=T 5 1+pg=Tq ; 1+Pp =Ty (20.75)

However, in the application of the method of images in electrostatics, magnetostatics and stationary
current fields, the reflection factor ki and the transmission factor kt satisfy the following:

kg +kp =1 (20.76)

20.6. Plane Wave at the Dielectric-Conductor Boundary

Let a linearly polarized plane electromagnetic wave from a perfect LIH dielectric (medium 1) strikes
the boundary of a good LIH conductor (medium 2) at an angle, as shown in Figure 20.5.

A\ 4

Zvy

Figure 20.5. Incidence of a plane wave from a perfect dielectric onto the
boundary with a good conductor
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The following expressions apply to a perfect LIH dielectric:

Vi = Jo 1 L (20.77)

whereas the following expressions apply to a good LIH conductor:

Vo =l Tk, /74 (20.78)

According to expressions (20.24), (20.77), and (20.78), the following holds:

sind, = Ging, =e/™4 | YA i g (20.79)
Z) MLk,
{% =0 (20.80)
MLk

even for very high frequencies on the order of GHz, it follows that:

Since it holds that:

sind, =0 ; 9, =0 (20.81)

which means that the transmitted electromagnetic wave in a good conductor propagates approximately
perpendicular to the surface of the conductor, i.e., approximately perpendicular to the boundary plane
between the perfect dielectric and the good conductor (Figure 20.5).

In this case, the following holds:

Zy _ T _ s Q/M ~0 (20.82)
M, Hlk,

and from the expressions (20.44) - (20.47) or alternatively from the expressions (20.61) - (20.64), it
follows that the reflection and transmission coefficients of the electric and magnetic field intensities are:

Pe=-1 : Tg=0 ; py=1 ; Ty=2 (20.83)

which means that the transmission coefficient of the electric field is negligible compared to that of the
magnetic field. It is important to emphasize that the skin depth of the electromagnetic wave into a good
conductor is very small, and that the electromagnetic wave does not penetrate a superconductor at all.

20.7. Solved Example

Example 20.1. Let the incident electric field intensity vector be described by the following expression:
Ei =100 Gos(w @ -6 0rx) 0 V/m. Leta linearly polarized sinusoidal plane electromagnetic wave be
normally incident on the boundary plane between medium 1 (4 =1, &, = 4, K = 0) and medium 2
(Up=4, £,=9, K,=0) at time ¢ = 0. Write the expressions describing the time dependence of the
electric field intensity vector and the magnetic field intensity vector for the incident, reflected, and
transmitted waves.

] E

H;

s & X

Ho, & l
z

Figure 20.6. Normal incidence of a plane wave on the boundary between two perfect LIH dielectrics
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Solution:

The given electric field intensity vector of the incident linearly polarized plane wave is described by
the expression:

E, =100 Zos(wd - £X) 0 =100 Gos(w E -6 7)) 0 V/m (20.84)
from which it follows that the phase constant of medium 1 is:
B =wl/u & =601 (20.85)

and the phase constant of medium 2 is:

— :ur2 |1r2 — —
2 ! url Dfrl ! ( )

The wave impedance of medium 1 is given by the expression:

7, = | H =188.3651568 (20.87)
&

whereas the wave impedance of medium 2 is given by the expression:

Z,= | 2 = 251.1535424 @ (20.88)
&

The reflection and transmission coefficients for the electric field intensity are:

Zy-z 12 8

= D oT,= = (20.89)
Z,+Z, 7 Z,+2Z, 1

E

From expression (20.84), it follows that the incident magnetic field intensity vector is described by
the following expression:

H, = % 0 = 0.5308837456 [2os (0 @ - 6 7%) [j A/m (20.90)
1

The reflected electric field intensity vector is described by the expression:

100

E, = p, 100 os(w @ +607) 0 V/m === [tos (o[ +6rk)d V/m (20.91)

and the reflected magnetic field intensity vector is described by the following expression:

H =- % 0 = - 0.07584053509 [os (w [ + 6 7(%) ] A/m (20.92)
1
The transmitted electric field intensity vector is described by the expression:
~ = 800 =
E =1, 000Los(wd-18UrlE)d V/m :T Los(wd —-18Lrlk)d V/m (20.93)
and the transmitted magnetic field intensity vector is described by the following expression:

H, = ? 0 = 0.4550432105 [bos (0 @ - 18 7X) [ A/m (20.94)
2

401



21. ELECTRIC POWER TRANSMISSION LINES

An electric line is an assembly of one or more conductors, insulators, and various other equipment
used for the transmission, distribution, and routing of electrical energy, or for telecommunication
purposes. Electric power transmission lines are used for the transmission of electrical energy over long
distances and for its distribution. They are generally high-voltage lines and can be classified as overhead
(aerial) transmission lines and cable transmission lines. Cable transmission lines may be installed
underground or underwater.

Telecommunication transmission lines are used for the transmission and distribution of analog or
digital signals in public and private networks, as well as in telecommunication installations within
buildings and other structures. In electronics, hollow metal tubes known as waveguides are used to
transmit electromagnetic energy at high frequencies, whereas dielectric waveguides are used at very
high frequencies.

In this textbook, intended for students in electric power engineering, the focus will be solely on the
theory of electric power transmission lines. For numerical modeling of electric power transmission
lines, electromagnetic models based on Maxwell’s differential equations can be used, in which all parts
of the power line are electromagnetically coupled. However, electromagnetic models of electrical
networks — of which transmission lines are a part — belong to the category of advanced numerical models
and will not be considered in this textbook. In this chapter, a numerical model of the electric power
transmission line will be considered (TLM — Transmission Line Model), which is an approximation of
the behavior in the electromagnetic field derived from Maxwell’s differential equations.

The simplified theory of electric power transmission lines is derived from electromagnetic field
theory, in which the vectors of electric and magnetic field intensity are replaced by electric currents in
the conductors and electric voltages between the conductors (transverse voltages). Essentially,
transmission lines are modeled as electrical networks with lumped parameters — meaning that
Kirchhoff’s laws are applied, but the transmission line parameters are distributed. This means that the
(transverse) voltage and electric current vary along the length of the transmission line. Such a simplified
model enables numerical analysis of electric power transmission lines under steady-state, sinusoidal,
and transient current conditions. In other words, the TLM is used for numerical modeling of sinusoidal
electrical networks and transient phenomena in electrical networks and on power transmission lines.

21.1. Equations of a Two-Wire Electric Power Transmission Line

Let R, L, C, and G be the resistance, inductance, capacitance, and conductance per unit length of the
electric power transmission line. These are also known as the primary parameters of the transmission
line. Both the electric voltage between the conductors and the electric current in the conductors depend
on the position along the line, i.e., on the coordinate z (Figure 21.1).

—
> Z
_————————————————
Figure 21.1. Two-wire electric power transmission line

It is important to remember that the electric voltage in a time-varying electromagnetic field depends
on the integration path, so that the voltage between two points on an electric line is not uniquely defined.
The transverse electric voltage is a special case of the electric voltage between two points, which is
equal to the difference of the electric scalar potentials between these points. In this context, the term

“electric voltage” refers specifically to the transverse electric voltage, whereas the electric voltage along
the line (longitudinal electric voltage) can be referred to as the voltage drop.

A change in electric voltage (electric potential) along a conductor also occurs in electrical networks
with lumped parameters, but a change in electric current along the conductor is a new concept. This
occurs for two reasons: first, the insulator between the conductors is not perfect; and second, there is
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capacitive coupling between the conductors, allowing the capacitive component of the electric current
to flow from one conductor to the other.

The differential equations of a two-wire electric power transmission line are derived from Maxwell’s
differential equations for an infinitesimal segment of the transmission line of length dz.

The first differential equation of a two-wire electric power transmission line can be derived from
Kirchhoff’s first law, which applies to an infinitesimal segment of the transmission line of length dz
(Figure 21.2).

. . 0
i = —> [+ —dz
0z S
u u+—-dz| — 5 i —> 1+ﬂ-dz
Z 0z
. . O
| < — | +—-dz ul
L dz | =

Figure 21.2. Electric voltages and currents in an infinitesimal segment of a
two-wire electric power transmission line

According to Kirchhoff’s first law, the sum of the electric currents entering a volume enclosed by
the surface S (Figure 21.2) is equal to the sum of the electric currents leaving that volume:

< t

i=[i+%sz+(sz)m+(cmz)a‘? (21.1)

where, for the conduction electric current through the infinitesimal conductance Gldz and the
displacement electric current through the infinitesimal capacitance Cldz, it is assumed that the electric
voltage u is constant along the infinitesimal segment of the electric power transmission line.

From expression (21.1), the well-known first differential equation of the two-wire electric power
transmission line is obtained, and it reads:

—2=GH+C£E (21.2)
0z ot
and it can be represented by the equivalent circuit shown in Figure 20.3.

i >i+ﬁ-dz
I

C-dz

T

L dz A,l

LS

Figure 21.3. Equivalent circuit for the first differential equation of the two-wire
electric power transmission line

The second differential equation of the two-wire electric power transmission line can be derived from
Faraday’s law of electromagnetic induction, i.e., from Maxwell’s second integral equation (6.95), which

reads:
§E 7 __o¥__o2 (21.3)
- ot ot

which also applies to an infinitesimal segment of the two-wire electric power transmission line
(Figure 21.4).
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) . Oi
i > j+—-dz

A B oz
u
U u+_'dZ — S5z
Oz
VD CV 81
| < i+—-dz
dZ 62

Figure 21.4. Infinitesimal segment of the two-wire electric power transmission line

Inside the conductors, the electric field intensity vector has a longitudinal component, whereas
between the conductors, there is a transverse component of the electric field intensity vector. The
rectangular integration path C, indicated in the expression (21.3), is defined by points A, B, C, and D,
as shown in Figure 21.4.

According to the expression (21.3) and Figure 21.4, the following holds:

B_. R C_. R D_’ R A_’ ~ i
[Etur +[Ew7 + [ET +jEDW:—LmuzzBZ—t (21.4)
A B C D

where L., is the per-unit-length external inductance of the electric power transmission line.
Furthermore, it holds that:

B _ i
jEmﬂjEm”:meuﬁmmzaa— (21.5)
A - ot
<. 2 Ou Ou
jEmijW:(m—m&j—u:—mz (21.6)
5 o 07 07

where L, is the per-unit-length external inductance of the electric power transmission line.

From expressions (21.4) - (21.6), the well-known second differential equation of the two-wire
electric power transmission line is obtained, and it reads:

_0u g+ 21.7)
0z ot

where:
L= Llnt + Lext (218)

The per-unit-length resistance R and the per-unit-length internal inductance L, of the electric power
transmission line correspond to the total electrical resistance and the total internal inductance of both
conductors of the two-wire transmission line. These parameters are frequency-dependent, but in
numerical models they can be approximated by their values corresponding to a direct electric current.

The second differential equation of the two-wire electric power transmission line (21.7) can be
represented by the equivalent circuit shown in Figure 21.5.

By applying Kirchhoff’s second law to the equivalent circuit shown in Figure 21.5, the following
equation is obtained:

RWzE+LBz%+u+g—uBiz—u=0 (21.9)
t Z

from which the second differential equation of the electric power transmission line (21.7) can be derived.
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dz ]

&
< el

Figure 21.5. Equivalent circuit for the second differential equation of the two-wire
electric power transmission line

Therefore, the differential equations of the two-wire electric power transmission line” are:

S0 e (21.10)
0z ot

9 e Q21.11)
0z ot

and they are first-order partial differential equations that do not take into account the mutual
electromagnetic coupling between infinitesimal segments of the line.

The differential equations (21.10) and (21.11) can be differentiated with respect to z and ¢, leading to
the following expressions:

2 . 2. 2 . 2.
I L e A ey Lo (21.12)
97> 0z 070t 070t ot 012

2. 2 2. 2
B N AL A L B3 LTS A (21.13)
07> 0z 070t 0z 0t ot 012

From differential equations (21.10) - (21.13), the following second-order partial differential
equations can be derived':

2 2
a_;‘:Rm;m+(Rm:+Lm;)gal+mjaa_;‘ (21.14)
0z ot ot

2. . 2.
a—;=REGD]+(RBZ‘+LE3)Ga—l+LB?Ba—Zl (21.15)
0z ot ot

In the phasor domain, the first-order partial differential equations of the line (21.10) and (21.11) are
transformed into the following partial differential equations

a—z=—(R+jEﬂL)m (21.16)
g—iz—(G+jM)[l[7 (21.17)

whereas the second-order partial differential equations of the line (21.14) and (21.15), similarly to the
case of a plane electromagnetic wave, are transformed into the homogeneous Helmholtz differential
equations:
y—
U VP (21.18)

2
<

* Some authors refer to partial differential equations (21.10) and (21.11) as the telegrapher’s equations.
T Some authors refer to partial differential equations (21.14) and (21.15) as the telegrapher’s equations.
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)=
a—izy ] (21.19)
0z

where the propagation constant ) of the transmission line is defined by the following expression:

7=y (R+j@L){G + j WIT) (21.20)
The solutions of the homogeneous Helmholtz differential equations (21.18) and (21.19) are given by

the following expressions:
U=ALR " +4, 0" (21.21)

=B "% +B, " (21.22)
where Zl, ZZ, B,, and B, are unknown complex constants that are determined based on satisfying the

given boundary conditions.

If the expressions (21.21) and (21.22) are substituted into expression (21.16), the following
expression is obtained:

i AR 7R + A,07% )= - (R+ j o) (B 72 + B, ") (21.23)
from which it follows that:
[- 7@, + (R+ j o) B, | 272 +[ya, + (R + j L) B, |2/ =0 (21.24)
and it is:
~yOA, +(R+ j [L)B, =0 (21.25)
VA, +(R+ jIL)[B, =0 (21.26)

From expressions (21.25) and (21.26), it follows that:
A _ AR+

i =7 (21.27)
B, 2 /4 ¢

S|

where Z_ is the characteristic impedance of the transmission line, also known as the wave impedance
or the surge impedance of the transmission line.

From expressions (21.21) and (21.27), it follows that the characteristic impedance of the transmission
line is given by the expression:

7 =RHjWL_ ¥y _ R _ s (21.28)
y G+ jlwlC G+ jlwlC

Although an analogy can be drawn between the equations of a two-wire electric power transmission
line and those of a plane wave, the characteristic impedance of a transmission line should be physically
distinguished from the wave impedance of a medium, which appears in the case of a sinusoidal plane
wave.

The propagation constant of the transmission line can be described by the following expression:

y=a+jlp (21.29)
where @ is the attenuation constant of the transmission line, and [ is the phase constant of the
transmission line.

The propagation velocity of the electromagnetic wave along the transmission line, also known as the
phase velocity, is defined by the following expression:

(21.30)

_ W
yv= —
B
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Let it be:
A =ARPY A=A R (21.31)

B, =B, . B, =B,/ (21.32)

From expressions (21.21), (21.22), (21.31), and (21.32), it follows that:

U = A2/ - (@B 4 o %2 la+iB)a (21.33)
7 :Blg?j@“ g~ (a+iB)E 4 Bzgj@zi rpla+itB)z (21.34)
and it is:
U =A@ G PR-0u) 4 4 oG ilAE+du) (21.35)
T=B B 3-0) 4 p patile+e,) (21.36)

From expressions (21.35) and (21.36), it follows that the electric field intensity and the magnetic
field intensity in the time domain are described by the following expressions:

M(Z, t) = ufor(Z’ t) + urev(Z’ t) :\/5 DA1 ra a4 [¢os (CL)B - IB|1 + ¢lu)
(21.37)

+32 0, @ 7% Gos(wii+ B2 +4,,)

i(2,1) g, (2, 1) + iy (2, 1) =2 (B 27 7% [Gos (wld - BT + @y,
(21.38)

+2 0B, @ 7 os(wli + BLE + ¢y)

The forward electromagnetic wave propagates in the direction of the z-axis, whereas the reverse
electromagnetic wave propagates in the opposite direction. Each of these waves attenuates in the
direction of its propagation.

The phase angles of the electric voltage and electric current are related by the phase angle of the
transmission line's characteristic impedance. The following holds:

A A its -4 ;
LM @J[(]leu #ii) :ZC@j@c (21.39)
B, B
ﬁzﬁ @j[@’zu‘(ﬁzi) =—7 /% =7 @j[@ﬁﬁﬂ) (21.40)
B2 B2 C C
from which it follows that:
A
Bi="0 5 #i=tud (21.41)
C
A
B, :Z_2 s P =P — P —TT (21.42)

[

From expressions (21.37), (21.38), (21.41), and (21.42), it follows that the electric voltage and
electric current in the time domain can also be described by the following expressions:

u(z,1) =2 0 279 [dos (Wi - BE + @y, ) +V2 Ay 2 9% dos (W + BT +,,)  (21.43)
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i(z,1) =\/E|:_Q_1|}—ﬂﬂ |]:Os(a)E _ﬂ& +¢lu _¢c)

(21.44)
2R Ros(wd+ AT+ 4, - 4)
C
21.2. Lossless Two-Wire Electric Power Transmission Line
For a lossless two-wire overhead electric power transmission line, the following holds:
R=G=0 (21.45)
a=0 ; pB=wd/Lll ; y=jlwl LLC (21.46)
= L w 1
Z.=Z.=,— ; v=—= (21.47)
c C C ,B /—L s

which means that the propagation of an electromagnetic wave along a lossless two-wire electric power
transmission line is analogous to the propagation of an electromagnetic plane wave in a perfect LIH
dielectric.

In this special case, the phase velocity of the wave does not depend on the frequency, and over a
distance of one wavelength (1), the spatial phase changes by 2. 77, so the following expressions hold:

B fRlLC f

Let the conductors of an isolated two-wire electric power transmission line be spaced at a distance d
(Figure 21.6), and let the radius of both conductors be r,, with d >>r,.

giA=2ln ; A

(21.48)

Figure 21.6. Isolated two-wire electric power transmission line

Neglecting the losses of the isolated two-wire overhead electric power transmission line, as well as
its internal inductance, the per-unit-length inductance and capacitance of the line are given by the
following expressions:

L=1 =fmd . ¢ =L‘;° (21.49)
o

and, according to the expressions (21.47), the phase velocity of the wave is equal to the speed of light:

1 1
V= = =c (21.50)
\/ LI \//Jo (£,

whereas the characteristic impedance of the transmission line is given by the following expression:

Z.=z.=|L=Lptgm?-Ly m? 21.51)
C m\¢g  TT 7

where the wave impedance of air, Z, is given by the expression (19.45).
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Therefore, in the case of a lossless isolated two-wire overhead electric power transmission line,
electromagnetic energy is transmitted along the line at the speed of light.

Let the conductors of the coaxial two-wire cable transmission line be as shown in Figure 21.7.

Z

Figure 21.7. Coaxial two-wire cable transmission line

Neglecting the losses of the two-wire coaxial cable transmission line and the internal inductance of
both conductors, the per-unit-length inductance and capacitance of the line are given by the following
expressions:

L=HF m2 . =20 (21.52)
200y In’2
h
and, according to expressions (21.47), the phase velocity of the wave is:
! ! ¢ (21.53)

y= = =
VLIC Julk \/,urDt‘r

whereas the characteristic impedance of the coaxial cable transmission line is given by the following
expression:
= L 1
Zo=Z.=|==—0Em2 (21.54)
C 2t Ve n

21.3. Electric Voltage and Current Along a Two-Wire Transmission Line

Let the electric voltage and electric current be sinusoidal. In that case, they are described by
expressions (21.21) and (21.22), which read:

U=AL7"+A,0"% ; 1= " +B,0" (21.55)
and according to expression (21.27):

U=AL7+4A 0" i:%@‘m—%@m (21.56)

C C

The system of linear equations (21.56) in matrix notation is given by:

U e 7 87 IXl
; =| T8 R _ (21.57)
Z Z, 2

Let the length of the two-wire transmission line be ¢, with the beginning of the line at z = z; and the
end of the line at z = z, (Figures 21.8 and 21.9).
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1 R L C,G,/ 2 z
M

z=2z z=2zy=2z;+/

Figure 21.8. Single-wire representation of a two-wire transmission line

I 1 R L.C,G,/ 2,
>@n ®- >
U U,

Figure 21.9. Simplified representation of electric voltages and currents in
a two-wire transmission line

From expression (21.57), it follows that the electric voltage and electric current at the beginning of
the line are described by the following matrix expression:

_ ] vE ]

U, ¢ € A

- = VE - (21.58)
1 Z, 7 2

where:

171 - the phasor of the electric voltage at the beginning of the two-wire transmission line,

I, | - the phasor of the electric current at the beginning of the two-wire transmission line.

After inverting the matrix of the system of linear equations (21.58), it follows that:

1 _ - eial -V 7 e/ Zc i 7
1 Z Z 1 1
Mo Ze ‘e e 2 2 ) (21.59)
A, 2 _e’ I oV I e VA Z 253 1
Z. 2 2

From the matrix expressions (21.57) and (21.59), it follows that the distributions of the electric
voltage and current along the two-wire transmission line, expressed in terms of the electric voltage and
current at the beginning of the line, are given by the following matrix expression:

- o7 Wz e/ ZC /4 -
2 2 1

_(T| e v - _ B (21.60)
{1} . || Z g

which, after matrix multiplication, takes the following form:

7 cosh (}7 [ﬂz ] )) - ZC Binh (}7 IZQZ -z )) [71
(= 1 . _ B (21.61)
1) |~ Binh(te-a)) cosh(pile-z)) | ]
where:
yle-z) o ,-vilz-2)
cosh (y {z - z;)) = - e (21.62)

2
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ylle-z) _ -vie-2)
sinh (7 fz - 2,)) =& 26 ’ (21.63)

From the matrix expression (21.61), it follows that the electric voltage and current at the end of the
two-wire transmission line, expressed in terms of the electric voltage and current at the beginning of the
line, are given by the following matrix expression:

7, cosh (}7 R) - Z_[Binh (}7 Ef) 7,

=l - ) (21.64)
L) |7 Binh(y) cosh(yx) 7,
where:

U. » - the phasor of the electric voltage at the end of the two-wire transmission line,
I, - the phasor of the electric current at the end of the two-wire transmission line.

After inverting the matrix of the system of linear equations (21.64), it follows that:

i cosh(yd) Z.Binh(yx) i

1 2

R T 3 ~ (21.65)
{]1 } Z_c [dinh (y @) cosh (y U’) E{ ]2}

which describes the electric voltage and current at the beginning of the two-wire transmission line in
terms of the electric voltage and current at the end of the line.

21.4. Endpoint Electric Currents Expressed in Terms of Electric Voltages

From the solutions of the inhomogeneous Helmholtz differential equations of the transmission line,
described by expressions (21.56), it follows that:

[71 6—17@1 eyal Zl
= =i (21.66)

U, VB | | A

L) o [T - ] A
== 21.67
- (77 _ (21.67)

c e‘VE‘z _61752_ Ay

After inverting the matrix of the system of linear equations (21.66), it follows that:

Zl 1 817@2 _ 617@1 [71
(T galoa) _ (21.68)
4,| 2Binh(y@) | _-pm o | |,
and after substituting expression (21.68) into expression (21.67), it is obtained that:
I_l | 8‘17@1 _61751 61752 _61751 [71
(T = o o . (21.69)
I,| 2ZBinh(ya) | -yz _ e || _ v o | |D,
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which, after matrix multiplication, takes the following form:

i | 2 [tosh (y[2) -2 7
1 1
(T - (21.70)
i, 2ZBinn(y) > —20osh(pa)| W2
from which the final expression follows:
{11 | Z.Oanh(ya)  Z.Ginh(y2) E{Ul} o1
I, 1 1 U,

Z.Ginh(y@)  Z.[anh(y0)

21.5. FET-Based Equations for a Segment of a Two-Wire Transmission Line

If the Finite Element Technique (FET) is used, then for the segment of the two-wire transmission
line shown in Figure 21.9, new notations should be introduced as shown in Figure 21.10, where:

U, - the phasor of the electric voltage at local node 1 of the two-node finite element,

U,, - the phasor of the electric voltage at local node 2 of the two-node finite element,

1,,; - the phasor of the electric current at local node 1 of the two-node finite element,

I, - phasor of the electric current at local node 2 of the two-node finite element.

I, »1 R L C,G,/ 2( I,
Unl Un2

Figure 21.10. Electric voltages and currents of the two-node finite element

Based on the comparison of the quantities in Figures 21.9 and 21.10, it is easy to conclude that the
following expressions hold:

=U; 5 Up=U, : Iy=hL : In=-1 (21.72)
According to the expressions (21.71) and (21.72), in the FET, the complete local system of linear

equations for the segment of the two-wire transmission line (two-node finite element) is given by:

1 1

Z.Ganh(yd)  Z,Ginh(ya2) | (U] (L
. anl(y ) Z T (v )E{ 1}={ 1} 0173
~ Z.Ginh(yd)  Z.Ganh(y0)

whereas the incomplete local system of linear equations for the segment of the two-wire transmission
line is given by:
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! 1
Z.Oanh(y?)  Z.Ginh(ya)| |Un {0}

(21.74)

1 1 7.,
Z.Ginh(y@)  Z.Oanh(y@)

In the finite element technique, the incomplete global system of linear equations is obtained by
assembling the incomplete local systems of linear equations to form the incomplete global system. The
vectors of the electric currents entering the local nodes of the finite elements can be set to zero vectors,
since according to Kirchhoff’s first law, the sum of the electric currents entering the global nodes is
equal to zero. The incomplete global system of linear equations is then completed by including the
prescribed global electric voltages and/or prescribed global electric currents. The finite element mesh
may consist of several segments of a two-wire transmission line and, in the general case, other types of
finite elements, such as lumped-parameter elements.

21.6. Loaded Two-Wire Transmission Line

Let the two-wire line be loaded with an impedance Z;. Then the solutions of the homogeneous
Helmholtz differential equations of the transmission line, given in (21.18) and (21.19) and described by
expressions (21.56), are as follows:

U=AL7+A0R"5 i:%@‘m—%@m (21.75)

C C

and can be written at node 2 (at the end of the line, as shown in Figure 21.9) in the following form:

N A
U2 = Ufor + Urev ) 12 = Zf:r - Z—riv (21.76)
where:
U,,, - forward component of the electric voltage phasor at the end of the line,
l7rev - reverse component of the electric voltage phasor at the end of the line.
The system of linear equations (21.76) can be written in matrix notation as follows:
L. U, Uu,| |L&Z zZ
for 2 2 =L _ L
1 -1 ek N Gk =1, 21.77)
ZC ZC Urev I 2 I 2 1
where:
vu,=z.101, (21.78)
After inverting the matrix of the system of linear equations (21.77), the following is obtained:
Efor I_ 1 Zc ZL I_ ZL + Zc
= ?2 = 72 (21.79)
ljrev 1 - ZC 1 ZL - Zc
from which it follows that:
— _|zo+z )0 — _lz.-z )0
for:( - 20) : ; Urev:( - 20) : (21.50)

It follows that the reflection coefficient and the transmission coefficient of the electric voltage are given
by the following expressions:
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po=div 22z pooyyg = 2 (21.81)
Ufor ZL +Zc ZL +ZC

whereas the reflection coefficient and the transmission coefficient of the electric current are given by
the following expressions:
- _Z.-Z __ 20z
— — “c L F o= - c
=-p, T=—= ; Lol p = =—% 21.82
A=-P= LT =A=os (21.82)

In the case where the load impedance is equal to the characteristic impedance of the transmission line:
Z, =7, (21.83)

such a load is called the natural load of the transmission line, or the load is said to be matched to the
transmission line. In this case, there is no wave reflection, because the following holds:

pPy=p=0 ; T,=T =1 (21.84)
In the case of an open circuit, the load impedance is infinite:
Z, - (21.85)
and the following holds:
p=1: 1,=2 ; p=-1:; T[,=0 (21.86)

1

In the case of a short circuit, the load impedance is equal to zero:

Z, =0 (21.87)
and the following holds:
p,=-1,; 1,=0 ; p=1; T[,=2 (21.88)

21.7. Measurement of the Characteristic Impedance of a Two-Wire Transmission Line

The characteristic impedance of a two-wire transmission line can be determined from the data
obtained through open-circuit and short-circuit tests.

From the solution of the inhomogeneous Helmholtz differential equations, the following system of
linear equations (21.65) is obtained:

7 cosh(y@) Z.Binh(y0) 7
{ 1}= E{ 2} (21.89)

Zi Binh(y2) cosh(y)

Iy

I

where the electric voltage and current at the beginning of the two-wire transmission line are expressed
in terms of the electric voltage and current at the end of the line.

In the open-circuit condition (I_ 5= 0), the electric voltage and current at the beginning of the two-
wire transmission line are measured and, according to expression (21.89), are expressed in terms of the
electric voltage at the end of the line:

7 73 = 7 U2 oc - —
Ul,oc = U2,0c [¢osh (y |j) 5 Il,oc = Z—’Blnh (y @) (2190)

C
from which it follows that the open-circuit input impedance of the two-wire transmission line is:
= _ ljl,oc i —
Zip oo == =Z_[Zoth (y @) (21.91)

in,oc
Il,oc
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In the short-circuit condition (17 5 = 0), the electric voltage and current at the beginning of the two-
wire transmission line are measured and, according to expression (21.89), are expressed in terms of the
electric current at the end of the line:

Upwe =l Z Binh (y@) 3 I =1, [osh(y ) (21.92)
from which it follows that the short-circuit input impedance of the two-wire transmission line is:

= _ Ul,sc

nse T = Z, Oanh (y ) (21.93)
1,s¢c
It follows that:
- o — 72 = = — 72
Zin o in e = 22 oth (y ) Qanh (y @) = Z (21.94)
and it is:
Z, =\Zipoe Zin e = (21.95)

Therefore, according to expression (21.95), the characteristic impedance of the two-wire
transmission line can be calculated from the measured voltages and currents at the beginning of the line
under open-circuit and short-circuit conditions.

21.8. Wave Behavior at the Boundary Between Two Lossless Transmission Lines

Let a wave of arbitrary shape propagate along a homogeneous, lossless two-wire transmission line
with a characteristic impedance Zi, approaching the boundary with another homogeneous, lossless two-
wire transmission line with a characteristic impedance Z, (Figure 21.11).

The characteristic impedance of a lossless transmission line is independent of frequency, and at the
boundary between two lossless two-wire transmission lines, the following equations hold in the time
domain:

wptu, =u ;5 ki =0 (21.96)
where:

u; - the incident electric voltage,

u, - the reflected electric voltage,

u, - the transmitted electric voltage,

i; - the incident electric current,

i, - the reflected electric current,

i, - the transmitted electric current.

Figure 21.11. Incident wave at the boundary between two lossless transmission lines

The following holds:
I = Do =-_1 ; it:_ (2197)



and the system of linear equations (21.96) can also be written in the following form:

U _ U _ U

woAu =u o —-—L="t 21.98
P Z 7y Z, ( )
from which it follows that:
U, — U =~ U (21.99)
u, +§Dltt =u (21.100)

2

If the reflection and transmission coefficients of the electric voltage are to be determined, the
reflected and transmitted electric voltages must be expressed in terms of the incident electric voltage.
From the system of linear equations (21.99) and (21.100), it follows that:

1+ 480G = 1-4 |G, (21.101)
Z2 Z2
Zl —
1+20 |G, =20y (21.102)
Z2

pu=ﬁ=22—zl : Z-uzﬂ:—:1+pu (21.103)
ui Z1+Z2 ui ZI+ZZ

whereas the reflection and transmission coefficients of the electric current are:

_ _4 -2, _ _ 2%,
P==pP = ;o L =l+p =
Z,+7Z, Z+2Z,

(21.104)

21.9. Petersen’s Rule

The reflection and transmission of a wave at the boundary between two lossless two-wire
transmission lines, as discussed in the previous subchapter, can also be analyzed using Petersen’s rule,
for which the equivalent circuit is shown in Figure 21.12.

Zl it
+

() &

Figure 21.12. Equivalent circuit of Petersen’s rule

According to Figure 21.12, the transmitted electric current is given by the following expression:

2w (21.105)

Zy+Z,

I, =
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and according to (21.97), the transmitted electric voltage is given by the following expression:

217,
Z,+7,

u =i [Z, = O (21.106)

from which it follows that the transmission coefficient of the electric voltage is:

. PAVAS
Z,+Z,

(21.106)

u
U;

After that, the remaining reflection and transmission coefficients can be easely obtained, because:

P =T, =1 p=—p,=1-1, ; 1,=1+p =2-1, (21.107)

21.10. Lumped Resistor Between Two Lossless Two-Wire Transmission Lines

Let a lumped resistance R be inserted between two lossless two-wire transmission lines
(Figure 21.13). Let a wave of arbitrary shape propagate along a homogeneous, lossless two-wire
transmission line with a characteristic impedance Z;. The task is to determine the expression for the
voltage drop across the resistor R.

Uj

Z, R Z,
A B
Figure 21.13. Lumped resistor R between two lossless two-wire transmission lines

From expressions (21.103) and (21.104), it follows that the reflection and transmission coefficients
of the electric voltage at points A and B are given by the following expressions:

o =t - (Lt R)-Z (21.108)
Tow 2, +(2,+R)
ro=a o 205+ R) {z, + R) (21.109)
Yow z+(2,+R)
rp == 2 (21.110)

w (2,+R)+2Z,

which means that, at the point under consideration, the lumped resistance and the characteristic
impedance of the transmission line to which the point does not belong are added together.

The electric voltage drop across the resistor R, i.e., the longitudinal electric voltage across resistor R,
is given by the following expression:

2[R
ug = (TuA - TuB)mi =

= mﬂti (21.111)
1 t4, +

The same solution can be obtained using Petersen’s rule, and in this case, the equivalent circuit of
Petersen’s rule is shown in Figure 21.14. The following holds:

— 2 Ly

= ="t 21.112
Zl+(ZZ+R) ( )

Iy =ha 4B

and it is:
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2[R

U, =1 = — [ 21.113
R Z,+Z,+R ( )
whereas:
27
up =i X, = ——2 [ 21.114
tB t 2 Zl+Z2+R i ( )
|
it
A
+ R
Z,

Slika 21.14. Petersen's equivalent circuit for a lumped resistor between lossless lines

The reflected and transmitted wave electric voltages at node A are:

urA = utA _ui (21115)
- 20z, +R)
u =i R+7,)=———=—"< [ 21.116
w =R Zo) = ey (21.116)
from which it follows that:

+
up = 2428 g 21.117)

Z,+Z,+R

21.11. Branching of Lossless Two-Wire Transmission Lines

Using Petersen’s rule, it is also possible to analyse the incidence of a wave at a node where lossless
transmission lines branch (Figure 21.15), where R,, is the grounding resistance. The corresponding
equivalent circuit based on Petersen’s rule is shown in Figure 21.16.

Figure 21.15. Branching of lossless two-wire transmission lines
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Figure 21.16. Equivalent circuit of Petersen’s rule for branching
of lossless transmission lines

The impedance Z, of the parallel-connected lines at point B, including the grounding resistance, is

given by the following expression:

1
z,= _ (21.118)
1 1
Les
Ry (=i R+ 2

From the equivalent circuit shown in Figure 21.16, it follows that the transmitted electric current is
given by the following expression:
2 [ui
i Sl “g= ————— (21.119)
t tA tB Zi + Ri + Zp

and the electric voltage drop across the resistor R; is given by the following expression:

ug, =i B = 2R (i (21.120)
! Zi+tR +Z,
whereas the electric voltage at point B is:
2
=ug =i £, = ——— [ 21.121
The reflected and transmitted wave electric voltages at node A are:
Up = Uy — U (21.122)
20R +7,)
up =ugp =i QR +Z, )= —— L2 [ 21.123
A tA t[ﬁl p) Zi+Ri+Zp i ( )
from which it follows that:
— (Zp + Ri) ~Zi

Uy = i 21.124
A m i ( )

21.12. Series Connection of Two-Wire Transmission Line Segments

In the phasor domain, segments of a two-wire transmission line can be modelled as quadripoles (also
known as four-terminal or two-port networks). Before the development of advanced numerical methods,
quadripole theory played an important role in the analysis of electric power transmission lines.

Two series-connected quadripoles are shown in Figure 21.17, and their simplified representation is
given in Figure 21.18.
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nod 2 3 I
> C o — e
U, U, Usl
I, I
: L @ < ]
Figure 21.17. Two series-connected quadripoles
n 2 3 I
> Oummms—— ———————>
Ul (72 (73

Figure 21.18. Simplified representation of two series-connected quadripoles

According to the expression (21.65), the following expression holds for the first quadripole:

7, cosh (4 @)  Z, Ginh (4 @,) U, _ U,
=[T1] (21.125)

I _. = o
i 7. Rinh (74 7,)  cosh (7 ;) I, I

where:

cosh (}71 @1) ch [dinh (}71 D’l)
(21.126)

[il=

_L [inh (}71 Rl) cosh (171 DZ1)

cl

is the transfer matrix of the first quadripole, i.e., the transfer matrix of the first segment of the two-
wire transmission line.

According to the expression (21.65), the following expression holds for the second quadripole:

Uz cosh (}72 ﬂ’z) ZcZ [dinh (172 @2) U3 [ ] U3
_ L ] ) =T (21.127)
I, 7, ih (7 2,)  cosh(py @,) I 2 I
c2

where:
cosh (172 @2) Z, Binh (172 @2)

BE (21.128)

1 Rinh (y, Z,) cosh (5, )
c2

is the transfer matrix of the second quadripole.

Since electric voltage and current are continuous at the junction of the two quadripoles, the following
expression holds for the two series-connected quadripoles:

B e -

If the two-wire transmission line consists of n series-connected quadripoles, then the following
expression holds:
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Ui| =1 [Uin
Cl=Fld T L i=120n (21.130)

i liy

where the transfer matrix of the i-th quadripole is given by the following expression:

cosh (75 ;) Z; Ginh (3 ;)
7=
[ 1] ZL Binh (7 @;) cosh (7 @;)

C1

(21.131)

It follows that the electric voltage and current at the beginning of the entire two-wire transmission
line can be expressed in terms of the electric voltage and current at the end of the line as follows:

"l ]

Un+1 [— Un+1
7] (21.132)

1 n+l 1 n+l
where, therefore, the transfer matrix of the entire line [7_"] is given by the following expression:

Fl=lE]- 1= ] (1.133)

21.13. Solved Examples

Example 21.1. A lossless overhead two-wire electric power transmission line with a characteristic
impedance of Z; =400 Q transitions into a lossless cable transmission line with a characteristic
impedance of Z> = 50 Q. Determine the voltage and current reflection and transmission coefficients at
the boundary between the overhead line and the cable transmission line.

Z, . Z

Figure 21.19. Transition from an overhead line to a cable line
Solution:

According to subchapter 21.8, starting from the system of two linear equations:

w  u, _u
woAu =u ; —--L="t 21.134
1 r t Z1 Zl Z2 ( )
the expressions for the voltage reflection and transmission coefficients can be easily obtained:
Z,-Z 7 AVA 2
po==2"0 - L 2o 22 oy =2 (21.135)
u  Z,+7, 9 u Z,+7, 9
whereas the current reflection and transmission coefficients are:
Z,—-Z, 1 20z 16
p=-p,="1"L=— , r=1+p-= L =— (21.136)
zZ+z, 9 zZ+z, 9

The same solution can also be obtained using Petersen’s rule, as described in subchapter 21.9.
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Example 21.2. A lossless two-wire electric power transmission line consists of two sections: an
overhead transmission line (L, =3.48 mH/km; C,, =0.0219 pF/km ) and a power cable transmission
line (L, =0.696 mH/km; C_, =0.438 uF/km). A rectangular electric voltage surge wave with an
amplitude of 17.3 kV impinges from the overhead line side. Determine the transmitted and reflected
components of electric voltage and electric current at the transition point between the overhead
transmission line and the cable transmission line.

Solution:

If the losses of the two-wire line are neglected, the line's characteristic impedance is described by the
expression:

Z=Z=|= (21.137)

where L and C are the per-unit-length inductance and capacitance of the line, respectively.

It follows that the characteristic impedance of the overhead transmission line is:

x -3
7,227, = | Lo =] 3.48x10 — =398.6277833 Q (21.138)
Coy  V0.0219%10

whereas the characteristic impedance of the cable transmission line is:

-3
7,27, = | La =Jm><10_6 =39.86277833 Q (21.139)
Ca  V0.438x10

The electric voltage reflection and transmission coefficients are:

Lu Ly Sl /. DT, W 212y =1+ p, -2 (21.140)
u 7, +7, 11 u Z,+Z7, 11
and the reflected component of the electric voltage is:
u, = p,h; =—14.15454545 kV (21.141)
whereas the transmitted component of the electric voltage is:
u, =T, =3.145454545 kV (21.142)
The incident electric current is:
i =? =43.39888168 A (21.143)
1
whereas the reflected component of the electric current is:
i, = —% =35.50817592 A (21.144)
1
and the transmitted component of the electric current is:
i = % =78.9070576 A (21.145)
2
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Example 21.3. A lossless two-wire electric power transmission line consists of two sections: an isolated
overhead transmission line (7, =5mm;d =1m;r, <<d ) and a power cable transmission line
(rp=1lcm;r, =2cm; & =2.1; 4. =1). A rectangular voltage surge with an amplitude of 17.5kV
impinges from the overhead line side. Calculate the electric voltage at the transition point between the
overhead and cable transmission lines at the moment the wave reaches that point. When calculating the
per-unit-length inductance and capacitance, assume that both the overhead line and the cable line are
infinitely long. Neglect the internal inductance of the conductors and the influence of the ground on the
characteristics of the overhead line.

d ® <4
i

Figure 21.20. Parameters of the two-wire overhead line and the two-wire cable line

Solution:

For an isolated two-wire overhead electric power transmission line, with the aforementioned
simplifications, the following expressions for the per-unit-length (external) inductance and capacitance
are easily obtained:

L, =bmd . ¢ =" [20 (21.146)
o

whereas for the two-wire cable transmission line, with the aforementioned simplifications, the per-unit-
length inductance and capacitance are given by:

L., = Hogp 2 C,, _2Lnlgle (21.147)
2t Ul an
4l

It follows that the characteristic impedance of the overhead transmission line is:

Z,=7, = /i =l D/& I:I]ni =635.358235 Q (21.148)
C,y mT\¢g I

whereas the characteristic impedance of the cable transmission line is:

7,27, = | =L gl g, 29567916565 0 (21.149)
C, 2om\&k r

The electric voltage at the transition point between the overhead and cable transmission lines, at the
moment the wave reaches that point, is equal to the transmitted voltage:

_ 2@,
Z,+7,

lh; =1.511617865 kV (21.150)

Uy
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Example 21.4. A lossless power transmission line with a characteristic impedance of Z = 400 Q is
interrupted, and a lumped resistor of R = 100 Q is inserted at the point of discontinuity. Determine the
voltage drop across the resistor, the transmitted voltage, and the reflected voltage if a rectangular voltage
surge of u; =U, =17 kV impinges on the discontinuity point.

Uy

A B
Figure 21.21. Incidence of a voltage surge at the discontinuity point

Solution:

This example can be solved using Petersen’s rule (Figure 21.22).

—
| IS |
Z In
t R
G)
V4

Figure 21.22. Equivalent circuit for Petersen’s rule

According to Petersen’s rule, the transmitted electric current is given by the following expression:

. . 2W,
I Slp g =——— 21.151
t tA tB 2@ +R ( )
whereas the electric voltage drop across the resistor is:
. 2[R
uy, =i [R=———=W,=3.7777777778 kV (21.152)
2[Z +R
Furthermore, the transmitted electric voltage at point B is:
u =u —iEZ—£[6] =151111111111 kV (21.153)
t tB t zm +R 0 . :
whereas the reflected electric voltage at point A is:
U, =up =uy tupg—U —L[ﬂ] =& 1 8888888889 kV (21.154)
T rA R tB 0 ¥ +R 0 ) : :

Example 21.5. A perfect inductor with inductance L is inserted between two lossless power transmission
lines. Determine the transmitted voltage at point B, the voltage drop across the inductor, and the reflected
voltage at point A as functions of time, assuming that at time ¢ = 0, a rectangular voltage surge u; =U,,
impinges on the inductor.

U,
Z L Z,

A B

Figure 21.23. Incidence of a voltage surge at the discontinuity point
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Solution:

This example can be solved using Petersen’s rule (Figure 21.24).

| S
Z, l
+ L
Z2

Figure 21.24. Equivalent circuit for Petersen’s rule

According to Petersen’s rule, the following holds:
2w0=itmzl+zz)+Ldei (21.155)
t

from which the following differential equation is obtained:

; 2
iy =20 oL (21.156)
dt 7, +27, Z,+2,

where T is the time constant.

The differential equation (21.156) can be solved using the method of separation of variables, by first
rewriting it in the following form:

di, dt
—_— = 21.157
oW, T (21.157)
' z,+2,
then both sides of expression (21.157) are integrated. After integration, the result is:
2 t
InK +In|i, - Wo | __1 (21.158)
Z,+Z, T
or, written differently:
in| & i, -2 Lo || =-L (21.159)
Z,+7Z, T
It follows that:
K it—ﬂ =e T (21.160)
Z,+2Z,
=2y Lg-ur (21.161)
Z+Z, K
Expression (21.161) must satisfy the given initial condition:
l|,q =0 (21.162)

from which it follows that:
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1 21U,

— == (21.163)
K Z,+Z,
and the final expression describing the transmitted electric current is:
i =i = [ﬁl ‘”T) 21.164
wT (21.164)
The transmitted electric voltage at point B is described by the following expression:
2W,Z -
w, =ug =i %, = 20,2y [ﬂl ’/T) (21.165)

Z,+72,

The transverse voltage drop across the inductor (lumped inductance) is described by the following
expression:

=L[f;li=2wo P (21.166)

t

The reflected electric voltage at point A can be obtained from the following expression:
urAzutA_UO:ML +utB_U0 (21167)

and from the three previous expressions, it follows that:

-z 207, -
Uop :UOEZZ Lyy,=—L """ (21.168)
2+ 2, 2+ 2,

In the special case when Z, =Z, =Z, the following holds:

i Sl =ip =%[ﬁl—e_’”) : T=ﬁ (21.169)
U, =g =itEZ=U0[ﬁl—e_’/T) (21.170)

u, =2, """ (21.171)

u, =U, 77 (21.172)

Example 21.6. A perfect capacitor with capacitance C is connected in parallel between two lossless
power transmission lines. Determine the expressions for the capacitor voltage, the transmitted voltage,
the reflected voltage, the transmitted current, the reflected current, and the capacitor current as functions
of time, assuming that at time ¢ =0, a rectangular voltage surge u; =U, impinges on point A. Assume
that the capacitor is initially uncharged at the beginning of the transient.

Uy

—> Z, Z,

A
_:II:_C
Figure 21.25. Incidence of a voltage surge at the discontinuity point
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Solution:
This example can be solved using Petersen’s rule (Figure 21.26).

Z

I 1
T

. -
.y It

Figure 21.26. Equivalent circuit for Petersen’s rule

According to Petersen’s rule, the following holds:

2, =27, i, +i.)+Z, G, (21.173)
The voltage across the capacitor is equal to the transmitted voltage at point A, and it holds that:
1 t
u, =u, =— i, Gt =i, [, (21.174)
€9
from which it follows that:
i =CEZZ@ (21.175)
dt
If expression (21.175) is substituted into expression (21.173), the following differential equation is
obtained:
iy = 2We o, CIHT (21.176)
dt Z,+Z, Z+Z,

where T is the time constant.

The differential equation (21.176) can be solved using the method of separation of variables, by first
rewriting it in the following form:

di, __dt
—l 3, == (21.177)
b7+ 7,
then both sides of expression (21.177) are integrated. After integration, the result is:
InK +1n| i, ~—Po_ | =L (21.178)
Z,+Z, T
or, written differently:
n| ki -2 Po || oL (21.179)
Z,+Z, T
It follows that:
K it—ﬂ =e T (21.180)
Z1+7,
i = 2Wy L g-ur (21.181)

Z,+7Z, K
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Expression (21.181) must satisfy the given initial condition:

i =0 = 0 (21.182)
from which it follows that:
i:_ 2, (21.183)
K Z,+Z,

and the final expression describing the transmitted electric current is:

i = 2L, [ﬁl ‘”T) (21.184)
Z,+Z,

The voltage across the capacitor and the transmitted voltage at point A are described by the following
expression:
. _2W,Z, /T
u, =u, =i, [¥ 1- 21.185
c t t==2 = Z] + 22 I:ﬁ ) ( )

whereas the reflected electric voltage at point A is described by the following expression:

u, =u, —U, (21.186)
and from the previous two expressions, it follows that:
w =u,d2" 4y 2% gt (21.187)

Z,+Z, ' Z,+Z,

From expressions (21.175) and (21.184), it follows that the electric current through the capacitor is:

z-CEzzgd— Gzigl— T = 2[”]0@’” (21.188)

dt Z,+27Z,
The reflected electric current is described by the following expression:
u UO Zz U 2 @2

i=te Uoli=2y Uy 2%y -ur (21.189)
7, Z, Z)+Z, Z, Z,+Z,

whereas the incident electric current is described by the following expression:

= =20 (21.190)

In the special case when Z; =Z, =Z, the following holds:

Uy ~t/T cx
Yoy, . =% 21.191
4 i ) ; (21.191)
up =u =i Z =U,[1-e"'7) (21.192)
u, =-U,B""T (21.193)
i =2Wogmur o g o U (21.194)
z z
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